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Abstract

We present an example-based exposition and review of recent advances in symbol-based spectral analysis. We consider
constant- and variable-coefficient, second-order eigenvalue problems discretized through the (isogeometric) Galerkin
method based on B-splines of degree p and smoothness C¥, 0 <k <p — 1. For each discretized problem, we compute the
so-called symbol, which is a function describing the asymptotic singular value and eigenvalue distribution of the associated
discretization matrices. Using the symbol, we are able to formulate analytical predictions for the eigenvalue errors
occurring when the exact eigenvalues are approximated by the numerical eigenvalues. In this way, we recover and extend
previous analytical spectral results. We are also able to predict the existence of p — k spectral branches, one “acoustical”
and p — k — 1 “optical”, when discretizing the one-dimensional Laplacian eigenvalue problem. We provide explicit and
implicit analytical expressions for these branches, and we quantify the divergence to infinity with respect to p of the largest
optical branch in the case of C° smoothness (the case of classical finite element analysis).

1 Introduction Functional analysis typically provides stability bounds,
convergence proofs and error estimates in integral norms,
The two primary classes of mathematical techniques for  and is applicable to unstructured meshes on complex
studying finite element methods are functional analysis and ~ geometries. It is fair to say that it is the mathematical
spectral analysis. The purposes they serve tend to be  standard for the finite element method. However, it often
complementary. only provides asymptotic information, for example, the rate
at which a measure of error decreases as mesh refinement is
taken to the limit. In engineering, computations are not
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performed in the limit. There may be, at most, a few
meshes of different resolution, but usually there is only
one, and the results for it are influenced by all eigenmodes
composing the system, even ones that are not resolved at
all, that is, not in the asymptotic range. This is well known
in engineering circles and an issue of significant practical
importance [18].

Spectral analysis typically provides a global portrait of
all the modes comprising a discretization, that is, for a
particular mesh, it reveals the precise errors in each
eigenvalue and eigenfunction, from which the total error
may be constructed for various classes of boundary and
initial-value problems [20]. It often also provides results in
analytical form, including explicit information about how
parameters influence results. However, it is traditionally
only applicable to highly structured situations, for example,
uniform meshes with constant-coefficient differential
operators, which are more typical of finite differences than
finite elements. Consequently, it has played a minor role
compared to functional analysis in the mathematical finite
element literature.

Recent advances of spectral analysis have occurred in
the mathematics literature that have extended its realm of
applicability. As an example, we may mention that it is
now possible to apply spectral analysis to differential
equations with smoothly-varying, non-constant coeffi-
cients, using a geometry map and varying material prop-
erties. These advances have emerged from a deeper study
of the symbol, a function associated with a sequence of
Generalized Locally Toeplitz (GLT) matrices, which often
arise in finite element and isogeometric discretizations of
problems of practical interest. When the matrices are
Hermitian (in particular, symmetric), one can extract
information about the distribution of eigenvalues from the
symbol.

In [20], the authors made the case for the importance of
spectral analysis in understanding finite element and
spline-based discretizations. Significant differences in the
behavior of discretization procedures are often manifestly
evident in spectral analysis, but entirely missed by func-
tional analysis, and these are of the utmost importance in
practical engineering problem solving. The purposes of this
paper are to present an elementary, example-based expo-
sition and review of the recent developments in symbol-
based spectral analysis, accessible to the computational
engineering community.

Consider a discretized version of a linear differential
problem defined on a (uniform) mesh characterized by a
discretization parameter n (related to the number of mesh
elements), and let L, be the matrix associated with the
linear discrete problem. The size of L, grows as n
increases, that is, as the mesh is progressively refined, and
ultimately we are left with a sequence of discretization
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matrices L, such that size(L,) — oo as n — co. What is
often observed in practice is that the sequence {L,}, is a
GLT sequence and we can associate with {L,}, a special
function e, the so-called symbol. The symbol describes the
asymptotic distribution of the singular values of L,. In
many cases, it also describes the asymptotic distribution of
the eigenvalues of L,; this happens, for example, if (but not
only if) the matrices L, are Hermitian. The symbol may
take values in the space of s X s matrices for some s inde-
pendent of n.

The theory of GLT sequences is a mathematically
complicated machinery [25, 26] and will not be presented
herein; the interested reader is referred to [14] for an
introduction to this subject and to [1, 13-15, 17] for
advanced studies. The precise definitions of asymptotic
singular value and eigenvalue distributions for a given
sequence of matrices {L,},, are technical concepts and are
stated in Appendix. Throughout this paper, we use the
notation {L,}, ~gLre to indicate that {L,}, is a GLT
sequence with symbol e. Moreover, we write {Ln}n ~ g€
(resp., {L,},~,e) whenever {L,}, has an asymptotic
singular value distribution (resp., eigenvalue distribution)
described by e. If both the relations {L,},~ e and
{Ly}, ~ e are satisfied, we sometimes write {L,}, ~ e
for brevity.

In Sects. 2 and 3, which deal with the constant- and
variable-coefficient cases, respectively, we will analyze
several one-dimensional second-order eigenvalue problems
discretized through the (isogeometric) Galerkin method
based on B-splines of degree p and smoothness C¥,
0 <k <p — 1. In this specific context, we will illustrate:

e the practical procedures for computing symbols, that is,
for proving relations such as {L,}, ~ cLre;

e the practical meaning and the engineering implications
of the eigenvalue distribution {L,}, ~ se.

Among the implications, we will see that the symbol e
allows us to formulate analytical predictions for the
eigenvalue errors occurring when the exact eigenvalues are
approximated through the numerical eigenvalues. In this
way, we will be able to recover and extend some of the
analytical spectral results that have already appeared in the
engineering literature [5, 20, 21, 23]. Using the symbol, we
will also predict the existence of p — k spectral branches
when discretizing the one-dimensional Laplacian eigen-
value problem by the Galerkin method based on B-splines
of degree p and smoothness C*. The first branch is known
as the “acoustical branch” and provides good approxima-
tions to the Laplacian eigenvalues, while the other p — k —
1 branches are the so-called “optical branches”, which are
spurious and do not provide approximations to the Lapla-
cian eigenvalues. In the case of maximal smoothness crl,
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which is representative of Isogeometric Analysis (IgA)
[4, 19], we will provide the analytical expression for all
degrees p of the unique branch (the acoustical branch). In
the case of minimal smoothness C°, which is typical of
classical Finite Element Analysis (FEA) [18], we have p
different spectral branches (one acoustical and p — 1 opti-
cal); we will provide implicit analytical expressions of
these branches and we will quantify the divergence to
infinity of the largest optical branch with respect to p.

2 Galerkin Discretization of the Laplacian
Eigenvalue Problem

Consider the one-dimensional Laplacian eigenvalue
problem:
—u" = .U
{ u; (x) = Auj(x), x€(0,1), 2.1)
ui(0) = u;(1) = 0.

The corresponding weak formulation reads as follows: find
eigenvalues /; € RT and eigenfunctions u; € H} ([0, 1]), for
j=1,2,...,00, such that, for all v € H}([0, 1]),

a(uj, v) = 4(uj, v),

where
1 1
a(uj,v) ::/0 i (x)v' (x)dx, (uj,v) ::/O uj(x)v(x)dx.

In the Galerkin method, we first fix a set of basis
{o1,...,on} CH([0,1]) and define the
approximation space ¥, := span(¢,..., ¢y ). Then, we
obtain approximations of the exact eigenpairs

functions

A = 2, uj(x) = sin(jnx), j=1,2,... 00,

by solving the following Galerkin problem: find 4;, € R*
andu;, € # ,, forj=1,...,N,, such that, forallv, € #,,

(2.2)

a(ujwﬂv Vn) = ;Lj‘n(uj,m Vn)-

Assuming the numerical eigenvalues 4;, are arranged in
non-decreasing order, the pair (4;,,u;,) is taken as an
approximation of the pair (4;,u;) for all j = 1,...,N,. The
corresponding quantities
ij"”_}hj—)ﬂ—l

% N
are referred to as the (relative) eigenvalue errors.

In view of the canonical identification of each function
va € W, with its coefficient vector with respect to the basis
{®y,...,0y,}, solving the Galerkin problem (2.2) is
equivalent to solving the generalized matrix eigenvalue
problem

Knuj,n = )Lj.,nMnuj,ny (23)

where u;, is the coefficient vector of u;, with respect to

{@1,..., 05, } and
K, := [a(p;, 0]} = Uol w}(X)<p§(x)dX]Zf]7 (24)
M, = [((pj,w,-)]x;: [/01 <P,»(X)<P,-(X)dx}:1 (2.5)

The matrices K,, and M,, are, respectively, the stiffness and
mass matrices. Both K, and M,, are always symmetric
positive definite, regardless of the chosen basis functions
@1 - @y, Moreover, it is clear from (2.3) that the
numerical eigenvalues 4;,, j=1,...,N,, are just the
eigenvalues of the matrix

L, := (M,) 'K,. (2.6)

2.1 Basics on B-Splines

We aim to use B-splines of various degree and smoothness
on uniform meshes as the basis functions ¢, ..., @y in the
discretization of (2.1). To this end, we start by recalling
some basic properties of the B-splines of interest. For
0<k<p-—1, let V7,4 be the space of functions in
C*([0, 1)) that are piecewise polynomials of degree at most

ioitl
n’ n

p on each subinterval [ ) i=0,...,n— 1. In formulas,

Vn,b),k] = {v S C"([07 1)) : VHL%) cP,fori=0,...,n— ]},

n

where P, is the space of polynomials of degree at most p.
We denote by

Bi,Lp,k]v i:l,...,n(p—k)—l—k—i—l, (27)

the B-splines of degree p and smoothness Cf
(0<k <p — 1) defined on the knot sequence

{ll I I tlz(pfk)+p+k+2} =

1 12 2 n—1 n—1
{u’n""’n’n""’n’m’ pant EE , 1 ,1}
pil ——— N — —————— il

p—k p—k p—k

The B-splines (2.7) form a basis for the space 77, |, . The

support of the i-th B-spline is given by

i=1,...n(p—k) +k+ 1.
(2.3)

Supp(Bi ) = [tis tisp+1],

Except for the first and the last one, all the other B-splines
vanish on the boundary of [0, 1], i.e.,

B,-’b,k](O) :Bi,[p,k](l) :O7 l:2,,n(p—k)+k

@ Springer
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Moreover, we have

Bl,bmk] (0) = 17
Bl,@,k](l) = 07
We refer the reader to [2, 22, 24] for details on B-splines.

Figures 1, 8, 14, 21, 27, 33 show the graphs of the B-
splines (2.7) forp =1,2,3 and 0 <k <p — 1.

Bn(p—k)+k+l,b7,k] (0) =0,
=1.

Bup—k)+kt1,p4) (1)

2.2 Linear C° B-Spline Discretization

In the linear C° B-spline discretization of (2.1) on a uni-
form mesh with stepsize %, the basis functions @y, ..., @y
are the so-called “hat-functions”, that is, the C°
B-splines of degree 1 defined on the knot sequence
{0, 0,%,%, .. .,"T’l, 1, 1} (excluding the first and the last B-
spline which do not vanish on the boundary of [0, 1]).
According to the notation introduced in Sect. 2.1, the basis
functions are {B,[iq,...,B,0}: see Fig. 1. Note that
By [1,0]s - - -» Bu,1,0) are uniformly shifted-scaled versions of
the fixed reference B-spline ¢, o) depicted in Fig. 2, which
is simply the C° B-spline of degree 1 defined on the knot
sequence {O, 1,2}. The resulting normalized stiffness and
mass matrices are given by

and

._
NN
—

nM,, :

AN =

1 4 1

1 4

Now, if g : [-7,n] — C is a function in L!([—=, nt]) and g,
are its Fourier coefficients,

1 n

=5 g(0)e *0dg, kez,
us —T

the matrix

[ & &4 - & (m-1) |

8
Tu(g) == (2.9)
8-
_gmfl gl gO J

is referred to as the m-th Toeplitz matrix generated by g. In
particular, for any fixed r € N and y_,,...,7, € C we have

2 —1
—1 2 -1
_Kn = ’ T, s . )
n
—1 2 —1
—1 2
Fig. 1 Linear C° B-splines 1
{Bi1,0)s - Bur110} defined 08 L |
on the knot sequence ’
{0,0,ﬁ,%,...,"n;l,l,l} for 0.6 7
n=10
04 m
0.2 -
0
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Fig. 2 Reference linear C* B- 1 T T T T T T T T
spline ¢y, ) defined on the knot
’ 0.8 [~ o
sequence {0,1,2}
0.6 [ m
04 m
0.2 m
0 1 1 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
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Yoo V-1 V-t
1
Tt
Yo M Yo V=1t Y=t =Tun(9),
V-t
-1
Ve 2 S ]
(2.10)
where
t
g(0) == e, (2.11)
(=—t
Indeed, by the orthogonality relations
T 2n, if k=1,
/ e k040 = , (2.12)
x 0, if k#Y,

the function g in (2.11) satisfies
~ Vks if ke{_tv"'7t}a
8k = 0

otherwise,
and so (2.10) follows from (2.9). The matrices %K,, and nM,,
are then the (n— 1)-th Toeplitz matrices generated by,
respectively,

f(0) ;= e +2 -7 =2 —2cos0,

and

1, . ; 2 1
h(0) := g (6'0 +4+ e"o) =3 + 3008 0.

It is known that {T,(g)},, ~cLrg for all g, and so we
obtain the relations

{%Kn}n ~ aLtf (0),

{nMn }n ~Lrh(0).

(2.13)

(2.14)

In other words, f(0) and h(0) are, respectively, the symbol
of the sequence of normalized stiffness matrices {ﬁ K.},
and the symbol of the sequence of normalized mass
(M,)) 'K, we
observe that ,,]—an is an algebraic combination of nM,, and

matrices {nM,},. As for the matrix L, :=

1K,, namely 1L, = (nMn)fl(% K,). Since any algebraic
combination of GLT sequences is again a GLT sequence

with its symbol given by the same algebraic combination of
the symbols, we conclude that
_ 6(1 — cos 0)
h(0)'f(0) = ———
(h(0) () = 25—,
(2.15)

meaning that e(0) is the symbol of {tL,},. Figure 3
depicts the diagram used to compute the symbols f(6),
h(0), e(0). The relations (2.13)—(2.14) immediately imply
the  singular 1K, }, ~of (0),
{nM,;}, ~-h(0) and also the eigenvalue distributions
{1K,}, ~if(0), {nM,}, ~ ,h(0) (because the matrices K,
and M,, are symmetric). Since it is not clear whether L, is
symmetric or not, the relation (2.15) apparently ensures
only the validity of the singular value distribution

value  distributions

LL,}, ~se(0). However, a symmetrization argument can
be applied to show the validity of the eigenvalue distri-
bution {5L,}, ~ ;e(0). This argument is detailed in the
following items:

e LL,= (nM,,)fl(%Kn) is similar to the symmetric

LL, = (nM,,)”*(LK,))(nM,,)""/?;

o (LY, ~ar(h(0) 7 2F(0)(h(0) 7 =e(6) by (2.13),
(2.14) and the theory of GLT sequences;

o {LL,},~e(0)because {5L,},~crre(0) and 5L, is
symmetric;

o {LL,},~ e(0) because L L, has the same eigenvalues

matrix

1
as -y L.

It is worth emphasizing that if a GLT relation such as
{EL,}, ~cLre(0) is satisfied, the corresponding eigen-
value distribution {-5L,}, ~ ,e(0) is often satisfied as well,
even if a formal proof could be quite involved.

Figure 4 shows the graph of the symbol f(6) over [0, 7]
and the eigenvalues of %Kn for n = 40. The eigenvalues
)Lj(%K,,), j=1,...,n—1, are sorted so as to match the
graph of f(0) (i.e., in increasing order) and are represented
by the red asterisks placed at the points (Z,%(1K,)),
j=1,...,n—1. We see from the figure that the eigen-
values are (in this case) exact samples of the symbol f(0)
over a uniform grid in [0, 7]. This is no surprise as it is
known for this case that

1 .
/Ij(—Kn) =2 Zcos]—n,
n n

Nevertheless, the present example highlights a general
aspect: an asymptotic eigenvalue distribution relation such
as {1K,}, ~f(0), with f(0) a scalar function, means that,
for all sufficiently large n, the eigenvalues of %K,, (except

@ Springer
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Fig. 3 Diagram for the ] ¢
computation of the symbols X, W [+ 004 - 719 =1 - 7=t 00---] . inverse - 9O0)=3" 7eei®
£(6), h(0), e(6) ourier transform =,
1
take | X,, = %Kn , nM,
1y extract the generic [0 =12 —10---] inverse 8) = 2 — 2o
non central row Fourier transform f(0)=2—2cos
extract the generic 1 inverse 2 1
nM, — 5 =>—— =[---01410--- - - =24 Lcos
" central row 6 [ ] Fourier transform h(8) 3 + 3 €08 0
1 ~1(1
note ﬁL" = (nMy) (ﬁKn)
1 same algebraic _ -1 _ 6(1—cosb)
n? Ln combination of the symbols e(0) = (M)~ f(6) = 2+ cosf
4 T T T T T ¥ 1% T T T T T
35+ symbol f(0) il symbol h(6)
*  eigenvalues of n'WKn 08| *  eigenvalues of nM_ | |
st ]
25 1 06 F
ol ]
15 g 041
/L ]
02 1
05 ]
0 1 . . . . L 0 . . . L L L
0 05 1 15 2 25 3 0 05 1 1.5 2 25 3

Fig. 4 Linear C° B-spline discretization: comparison between the
symbol f(0) and the eigenvalues of 1K, for n = 40

possibly for a small number of outliers) are approximated
by the samples of the function f(6) over a uniform grid in
its domain. In our case the domain of f(0) is [—=, n], but
since f(0) is symmetric around 0 = 0, the eigenvalues of
%K,, are also approximated by the samples of f(0) over a
uniform grid in [0, #], as shown in Fig. 4. Figures 5 and 6
are the analogs of Fig. 4 for the cases of the symbols %(0),
e(0) and the matrices nM,,, ,,]—sz Note that, contrary to the
eigenvalues of %Kn and H%L,,, the eigenvalues of nM,, are
arranged in decreasing order, so as to match the graph of
h(0). Also the eigenvalues of nM, and ;leLn are exact
samples of the symbols /(6) and e(6) over a uniform grid
in [0, 7], because

2 1 j
)Lj(l’an): §+§COS]§, _].:17...711—17
1 6(1 — cosiZ .
+ cos<-

This agrees with the interpretation of the relations
{nM,,},, ~ ,h(0) and {nlan}n ~ e(0).
Considering that the eigenvalues of nl—zL,, (sorted in

increasing order) are given by the uniform samples e(j;“),

@ Springer

Fig. 5 Linear C° B-spline discretization: comparison between the
symbol 4(0) and the eigenvalues of nM,, for n = 40

12 T T T T T
symbol e(0)

10r %  eigenvalues of n'ZLI,| T
sl ]
6 ]
e ]
o ]
0 L | | | | |

0 0.5 1 1.5 2 25 3

Fig. 6 Linear C° B-spline discretization: comparison between the
symbol e(0) and the eigenvalues of L, for n = 40

j=1,...,n—1, the eigenvalues of L, (i.e., the numerical
eigenvalues Z;,, j=1,...,n—1) are given by nze(j;“),
j=1,...,n— 1. Consequently, we have

2 e(®

U | :_(—"2— 1, j=1,...,n—1

T

In Fig. 7 we plot the analytical predictions e(Z)/ @ -1

and the eigenvalue errors 4;,/A; — 1 versus j/(n — 1), for
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: n .,. : : : : - g 1 —1 _

041 analytical predictions

045 F == == gigenvalue errors _1 6 _ 2 _ 1

031 -1 -2 6 -2 -1

025 1

02f n K, = 6 . . . . ,
015 -1 =2 6 -2 -1

-l -1 -2 6 -1
0.05 -

0 L -1 -1 8 |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Fig. 7 Linear C° B-spline discretization: analytical predictions ~ and
e(j;) / (f;)2 —1 and eigenvalue errors 4;,/4; — 1 versus j/N,, j= 40 25 1 -
1,....,N, (N, =n— 1, n = 500)
25 66 26 1
1 26 66 26 1
1

. . nM,, ;= —
j=1,...,n—1 and n = 500. Clearly, the analytical pre- 120 ) ) ) ’
diction is perfect (in this case). 126 66 26 1

1 26 66 25

2.3 Quadratic C* B-Spline Discretization 1 25 40]

We now consider quadratic B-spline discretizations
of (2.1) on uniform meshes, first the C! case and then the
C° case.

2.3.1 Quadratic C' B-Spline Discretization

In the quadratic C' B-spline discretization on a uniform
mesh with stepsize %, the basis functions ¢y, ..., @y are
chosen as the C! B-splines of degree 2 defined on the knot
sequence {0,0,0,1,2 . =111 1} (excluding the first

spind g 0

and the last B-spline which do not vanish on the boundary
of [0, 1]). According to our notation, the basis functions are
By 2.1]5 - - +» Bay1,2,1)> see Fig. 8. Note that, except for the
two boundary functions By 5 and B, depicted in
cyan, all the other B-splines Bs ;.- ., By 2,1 are uni-
formly shifted-scaled versions of the fixed reference B-
spline ¢, ;) represented in Fig. 9, which is simply the c!
B-spline of degree 2 defined on the knot sequence
{0,1,2,3}. The resulting normalized stiffness and mass
matrices are given by

In view of (2.10)~(2.11), it is clear that 1K, and nM,, are
small-rank perturbations of the Toeplitz matrices T, (f) and
T, (h) generated by, respectively,

1 . . . .
f(g) — 6 (—6210 _ 2e1() 16— 26_]0 _ e—21())
2 1

=1- 308 0 — §C05(20),

and
1 . . 4 4
h(0) 1= 155 (€ + 266" + 66 4 2667 + e72)
11 13 1
=0 + 30°% 0+ @005(20).

More precisely, the rank of the difference %Kn —T,(f) is
bounded by 4, so the ratio between rank(: K, — T, (f)) and
the matrix size n goes to 0 as n — oo. The same is true for
the rank of the difference nM,, — T,,(h). Therefore, thanks
to the relations {T.()}, ~cLrf(0) and
{T,(h)}, ~ cLrh(0), the theory of GLT sequences yields

{%Kn}nNGLTf(e)v (2.16)

Fig. 8 Quadratic C' B-splines 1 T T
{Bi1); - s Buyapy} defined 08

on the knot sequence ’

{0707077117%7' "7%7 17 1’ 1}

forn =10

@ Springer
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Fig. 9 Reference quadratic C! 1 T T T T T
B-spline ¢y, ;) defined on the 08 - i
knot sequence {0, 1,2,3} '
0.6 - B
0.4 n
02 n
0 Il Il Il Il Il
0 0.5 1 1.5 2 25 3

{nM} ~ cur h(0). (2.17)

LL, := (nM,) '(1K,) is an algebraic

Moreover, since s %

combination of nM,, and 1 K,, we get
n

oL} ~aure(0) = (1(6))7(0)
_20(3 —2cos 0 — cos(20))
33 +26¢0s 0 + cos(20)
(2.18)

this GLT relation holds for the same reason that we have
seen in Sect. 2.2: any algebraic combination of GLT
sequences is again a GLT sequence with its symbol given
by the same algebraic combination of the symbols. In
conclusion, f(0), h(0), e(0) are the symbols of {1K,},,
{nM,;},,. {:5L,},. respectively. Note that the diagram used
to compute these symbols is conceptually the same as in
Fig. 3. Indeed, the generic central row of %Kn is

1[ 0 —1

g -26 -2 —10 -],

and the generic central row of nM,, is

1
—J...01 2 26 1 0 ---].
120 [ 0 6 66 26 1 0 ]
The relations (2.16)—(2.18) immediately imply the singular
value distributions  {1K,}, ~.f(0), {nM,},~ -h(0),

{LL,},~se(0) and also the eigenvalue distributions
{1K,}, ~if(0), {nM,}, ~ ;h(0) (because K, and M, are
symmetric). The eigenvalue distribution {5L,},~ ;e(0)
follows from (2.18) and from the same symmetrization
argument that we have applied in Sect. 2.2.

Figures 10, 11 and 12 show the graphs of the symbols
f(0), h(0), e(0) over [0,n] and the eigenvalues of 1K,,
nM,, ,leLn for n = 40. The eigenvalues of %K,, are sorted
so as to match as much as possible the graph of the cor-
responding symbol f(6), and are represented by the red
asterisks placed at the points (j;”,ﬂvj(%K,,)), j=1,...,n.
The same is true for the eigenvalues of nM,, and H%Ln. We
see from the figures that the eigenvalues of the three

. 1 l .
matrices ; K,, nM,, .;L, are approximately samples
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14 symbol (6) %k
12+ % eigenvalues of n'1Kn T
L 4
08 T
06 [ T
04 T
02 T
0 L L L L L L
0 0.5 1 15 2 25 3

Fig. 10 Quadratic C! B-spline discretization: comparison between the
symbol f(0) and the eigenvalues of 1K, for n =40

1 T T T T T
symbol h(6)
08t % eigenvalues of nMn i
06 [
04
02
¥
0 L L L L L L
0 0.5 1 15 2 25 3

Fig. 11 Quadratic C' B-spline discretization: comparison between the
symbol i(0) and the eigenvalues of nM,, for n = 40

(apparently, exact samples) of the symbols f(60), h(0), e(0)
over a uniform grid in [0, 7). This agrees with the inter-
pretation of the asymptotic eigenvalue distributions
1K}, ~ £ (0), {nML}, ~ h(0), (L.}, ~e(6) given
before (see Sect. 2.2).

Considering that the eigenvalues of H%Ln (sorted in
increasing order) are approximated by the uniform samples
e(j;“),j =1,...,n, the eigenvalues of L, (i.e., the numerical
eigenvalues 4;,, j = 1,...,n) are approximated by nze(’%),
j=1,...,n Consequently, we have

Ajn e()
=1l
)vj (J_“)

n

-1, j=1,...,n

In Fig. 13 we plot the analytical predictions e (%) /(Z)* — 1

n n

and the eigenvalue errors 4;,/4; —1 versus j/n, for
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10 T T T T T
symbol e(f)

8 %  eigenvalues of n'2Ln g
6 1
4t 1
o} 1
0 b L L L L L

0 0.5 1 15 2 25 3

Fig. 12 Quadratic C' B-spline discretization: comparison between the
symbol e(0) and the eigenvalues of L, for n = 40

T T T T T T T T
0.12 analytical predictions
== == gigenvalue errors
0.1
0.08 -
0.06
0.04 -
0.02 -
o e -
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 13 Quadratic C' B-spline discretization: analytical predictions
e(j;“) / (/;")2 — 1 and eigenvalue errors 4;,/4; —
1,...,N, (N, = n, n =500)

1 versus j/N,, j=

j=1,...,nand n = 500. Clearly, the analytical prediction
is excellent.

2.3.2 Quadratic C° B-Spline Discretization

In the quadratic C° B-spline discretization on a uniform
mesh with stepsize %, the basis functions @, ..., @y are
chosen as the C° B-splines of degree 2 defined on the knot
sequence {0,0,0,1 1,22 n=l n=l 71 1 11 (excluding
the first and the last B-spline which do not vanish on the
boundary of [0, 1]). According to our notation, the basis

functions are By 5, - - -, Bag,2,0; see Fig. 14. Note that all
the basis functions B, ), - - -,
ted-scaled versions of the fixed reference B-splines

®1.2.0)» P2,p,0) depicted in Fig. 15, which are simply the C°

By 2,0 are uniformly shif-

B-splines of degree 2 defined on the knot sequence
{0,0,1,1,2}. The resulting normalized stiffness and mass
matrices are given by

I 2
-2 8|-2 -2
2 4 =2
2|2 8|-2 -2
1K": l
Y 3 . .
2 4 =2
2|2 8|-2 -2
2 4 -2
2|2 8]-2
L 72 4 .
and
3 -
3 12| 3 1
31 4 3
1] 3 12| 3 1
1
nM,, 30
31 4 3
1 3 1213 1
314 3
113 123
L 3 4 .
Now, if g:[—=n,n] > C™ is an s x s matrix-valued

function whose components g : [—7m,n] — C belong to
L'([-m,n]), we define its Fourier coefficients g, as the
following s X s matrices (or “blocks”):

L[ —ik0 1 _ L/n k0]
7ﬂg(9)e do = {2” %g,_,(H)e do .

8k 12%

ke”.

The ms x ms matrix

Fig. 14 Quadratic C° B-splines 1
{B120)- - -»Bont1,2,0} defined 08
on the knot sequence ’
{0007n n’n’n”'7n11 ’ n ’l 1 1} 06
for n = 10 04 b
0.2 \
0
0 0.1

VAVATAVVAVATA

0.9 1
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Fig. 15 Reference quadratic C° 1 T T T T T T T
B-splines ¢, 5 ), ¢2,p,0) defined
= - 0.8 [- .
on the knot sequence
{Oa0717172} 0.6 -
0.4 - .
0.2 - i
0 I | | | | | I
0 0.2 0.4 0.8 1 12 1.4 16 1.8 2
i ng g—l g—(m—l)- £(0 .:l 0 -2 i0 4 -2 0 0 —if
R ()'30—26+—2 8+—2 —2e
81 B l 4 —_2_ 2610
Tu(g) == (2.19) 3| —2—2¢ 8—4cosh |’
R X gjl and
L&8n—1 - 0 8 2o hg._l 03], [4 3 0 01 .,
is referred to as the m-th (block) Toeplitz matrix generated ©) “30\[o 1]° * 3 12 - 3 01)°
E}zxg In IE)arncular, for any fixed t € N and y_,,...,y, € 1 4 3 4 3¢l
we nave S 30(343e i 12+2cosh |
[ Yo Y1 o Yt
v Since {T,.(g)},, ~cLrg for all g, the theory of GLT
: sequences yields
Vi 1
o | {EK,, }n ~rrf(0), (2.22)
0 7R ¢ Wle 1 Wl S W e ' = Ton(g),
: S : {nM} ~ curh(0). (2.23)
7?' Moreover, since any algebraic combination of GLT
" sequences such as L, := (nM,) ' (LK,,) is again a GLT
YoM v | sequence with its symbol given by the same algebraic
(2.20) combination of the symbols, we get
1 1
where {;Ln}n ~arre(0) := (h(0)) £(0)
t
. i0
g(0) := Z e (2.21) _ 4 1545 cos'H (cos 0 — 6)(2 + 2¢')
i— 3—cosl| —5— 571 11 —cos 0

Just like (2.10)—(2.11), Egs. (2.20)—(2.21) follow from the
orthogonality relations (2.12), which imply that the matrix-
valued function g in (2.21) satisfies

. Yo, if ke{—t,... 1},
8 = 0

otherwise.
The matrix %Kn (resp., nM,,) contains as a principal sub-
matrix the Toeplitz matrix T,_;(f) (resp., T, (h)), where
£(0) and h(0) are the 2 x 2 matrix-valued functions given
by

@ Springer

(2.24)

In conclusion, f(0), h(0), e(0) are the symbols of {1K,},.
{nM,,},. {:5L,},. respectively. Figure 16 depicts the dia-
gram used to compute the symbols f(6), h(6), e(f). The
relations (2.22)—(2.24) immediately imply the singular
value distributions  {1K,}, ~f(0), {nM,},~ ;h(0),
{LL,},~.e(0) and the eigenvalue distributions
{1K,}, ~£(0), {nM,}, ~ ;h(0) (because K, and M, are
symmetric). The eigenvalue distribution {;L,}, ~ e(0)
follows from (2.24) and from a symmetrization argument
completely analogous to the one in Sect. 2.2.
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t
extract the generic [ .. ... inverse _ ico
™ central block row [+ 00, RANA 7= 00:-] Fourier transform &) _L'Z e
=—t
take | X, = 1K, , nM,
1 extract the generic 1 |---|0 0|0 -2 4 -2 0 0[O0 O]--- inverse 1 4 —9 — 9if
n " central block row = 3|...[{0 0[{0 —=2|=2 8|-2 =20 0|---| Fourier transform f(9)=§ —2—-92¢710 8§ _4cosh
M extract the generic 1 [---[0 0{0 374 310 0{0 Of--- inverse 1 4 3+ 3elf
™ central block row 30 |.--[{0 0|0 1|3 12|3 1|0 0|---| Fourier transform h(()):@ 3+3e71% 124+ 2cos6
1 _ ~1(1
note n—an = (nMy) (ﬁKn)
1 same algebraic _ -1 _ 4 15+ 5cosf  (cosf — 6)(2 + 2¢19)
771‘” combination of the symbols e(f) = (n(8))™"£(6) = 3 —cosf | —5—be~ 10 11 —cosé

Fig. 16 Diagram for the computation of the symbols £(0), h(0), e(0)

The eigenvalues of f(0), h(6), e(0) are given by
hall(0) =2~ 2cos0 53 V3T 000,

4 1 1
Z12(h(0)) = E-F%COSGZF%\/344—26cos6)+cos2 0,
. 4(13 4+ 2cos 0 F V124 + 112cos ) — 11cos? 0
nate(o)) = )

3 —cosl

Figure 17 shows the graphs of the eigenvalue functions
212(£(0)) over [0,7], and the eigenvalues of 1K, for
n=40. The eigenvalues 4;(1K,), j=1,...,2n—1, are
sorted so as to match the graphs of the eigenvalue functions
(i.e., in increasing order) and are represented in the fig-
ure by the red asterisks placed at the points (’7” 4(EK,)),

(j=n)m

j=1,..,n and (= 40K, j=n+1,....2n—1.
We see from the figure that the eigenvalues of %Kn can be
subdivided into two different subsets of approximately the
same cardinality, and the eigenvalues of the first (resp.,
second) subset are approximately samples of A;(f(0))
(resp., 42(f(0))) over a uniform grid in [0, #]. This high-
lights a general aspect: an asymptotic eigenvalue distri-
bution relation such as {1K,}, ~ f(0), with f(0) an s x s

4 T T T T T SERANK
*******
35 **** 4
FHH
3+ e ]
HeHH
IV s S
25 -
5 1st eigenvalue function A, (f(6))
2nd eigenvalue function Az(f(ﬂ))
s x eigenvalues of n'1Kn %
1k
05
0 ke
0 0.5 1 15 2 25 3

Fig. 17 Quadratic C° B-spline discretization: comparison between the
symbol £(0) and the eigenvalues of 1K, for n =40

matrix-valued function, means that, for all sufficiently
large n, the eigenvalues of %K,, can be subdivided into s
different subsets of approximately the same cardinality;
and the eigenvalues belonging to the i-th subset (except
possibly for a small number of outliers) are approximated
by the samples of the i-th eigenvalue function A;(f(0)) over
a uniform grid in the domain of f(0). In our case the
domain of f(0) is [—n, 7], but since the eigenvalue func-
tions A;,(f(0)) are symmetric around 0 = 0, the eigen-
values of %K,l are also approximated by their samples over
a uniform grid in [0, 7], as shown in Fig. 17. It is important
to observe that the two subsets of the spectrum of %K,,
corresponding to the two eigenvalue functions 4, (f(6)) and
Jo(£(0)), ie., the subsets {4(1K,), j=1,...,n} and
{4(EK,), j=n+1,...,2n — 1}, are well separated from
each other, due to the fact that

max A1(£(0)) < mUin 72(£(9)).

For this reason we say that the spectrum of %K,, is com-
posed of two branches, which are precisely the two subsets
{lj(ﬁKn), j=1,...,n}and {/lj(ﬁK,,), j=n+1,...,2n—
1} corresponding to the two eigenvalue functions 4 (f(6))

**’r***’******v T T T T
05t *x

*
oy
Hok
fan
k.
0.4 ***

*
*********

1st eigenvalue function A (h(9))
031 2nd eigenvalue function A, (h(6)) T

% eigenvalues of nMn
02 1

0.1

Fig. 18 Quadratic C° B-spline discretization: comparison between the
symbol h(6) and the eigenvalues of nM,, for n = 40
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60 ¥ T T T T T T
% *x

L 1st eigenvalue function Ay (e(0))

50 *x * 2nd eigenvalue function A, (e(0)) T
*
40+ *x . *  eigenvalues of 2L ]
*
%
*x
30 L 1
*x
k.
Fesg. %
20 - ke 1
Fe-x. *x
%*- -k
10
0 X W W XM PR 'Y %* 1 1 1
0 0.5 1 1.5 2 25 3

Fig. 19 Quadratic C° B-spline discretization: comparison between the
symbol e(0) and the eigenvalues of 5L, for n =40

T T T T T T T T

0.6 - analytical predictions
== == gigenvalue errors

05

04

03[

02

0.1

1 1 1 1 1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 20 Quadratic C° B-spline discretization: analytical predictions
w/-/(/%’)zfl and eigenvalue errors J;,/%; — 1 versus j/N,, j=
1,...,N, (N, =2n— 1, n = 500)

and /,(f(0)). Figures 18 and 19 are the analogs of Fig. 17
for the cases of the symbols h(0), e(0) and the matrices
nM,, nian. They confirm the eigenvalue distributions
{nM,,}, ~;h(0) and {5L,}, ~ e(0), and show that the
spectra of nM,, and n%L,, are composed of two branches,
just like the spectrum of 1K,

Considering that the eigenvalues of nl—an (sorted in
increasing order) are approximated by the uniform samples
J(e@), j=1,..,n, and J(e(ZL)) j=n+1,...
2n — 1, the eigenvalues of L, (i.e., the numerical eigen-

j=n-+1,...,2n — 1. Consequently, we have

hin o Wi

i (j_n)z

a(«(r)
(o P))

In Fig. 20 we plot the analytical predictions w;/ (%“)2 -1
and the eigenvalue errors 4;,/4; — 1 versus j/(2n — 1), for
j=1,...,2n—1 and n = 500. Clearly, the analytical pre-
diction is excellent. Note that the two branches in the
spectrum of nian, which are visible in Fig. 19, also pro-

—1, j=1,...2n—1,

where

j=1,...,n,

wj =

duce in Fig. 20 two branches separated by the jump at
J/Nn~ 1/2 (N, =2n—1). The location of this jump at
1/2 is a consequence of the relation {5L,},~ se(0),
according to which one half of the spectrum of ,,Lan is
described by the first eigenvalue function 4;(e(6)) and the
other half is described by the second eigenvalue function

/a(e(0)).
2.4 Cubic C* B-Spline Discretization

In this section we address cubic B-spline discretizations of
(2.1) on uniform meshes, varying consecutively the
smoothness from C? to C°.

2.4.1 Cubic €2 B-Spline Discretization

In the cubic C? B-spline discretization on a uniform mesh
with stepsize %, the basis functions ¢y, .. ., @y are chosen as
the B-splines By 3.2, - - -, Buy2,[3,2); see Fig. 21. Except for the
four boundary functions in cyan, the basis functions are
uniformly shifted-scaled versions of the fixed reference B-
spline ¢3 5 in Fig. 22, which is the C? B-spline of degree 3
defined on the knot sequence {0, 1,2,3,4}. The resulting
normalized stiffness and mass matrices are given by

values Z;,, j=1,...,2n — 1) are approximated by the

2 I c_ 2 (2n=j)
values n*/i(e(Lr), j=1,...,n, and n°ly(e(*=L%)),
Fig. 21 Cubic C? B-splines 1 T T

{B1 32+ Bus3 sz} defined
on the knot sequence
{0:070707}77%3"'7%7 1’ 1’ 17 1}

for n = 10
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Fig. 22 Reference cubic C* B- 1 T T T T T T T
spline ¢35 defined on the knot 08 - |
sequence {0,1,2,3,4} ’
0.6 [ m
0.4 - b
0.2 - b
0
0 4
r 360 9 —-60 -3 7
9 162 -8 —-47 =2

-60 -8 160 —-30 —-48 -2
-3 —-47 =30 160 —-30 —-48 -2
-2 —-48 -30 160 —-30 —48 -2

1 1
;Kn = 240 . . . . . . )
-2 —48 —-30 160 —-30 —48 -2
-2 —48 —-30 160 —-30 —47 -3
-2 —48 —-30 160 -8 —060
-2 —-47 -8 162 9
L -3 —-60 9 360
and
r2232 1575 348 3 ]
1575 3294 2264 239 2
348 2264 4832 2382 240 2
3 239 2382 4832 2382 240 2
. 2 240 2382 4832 2382 240 2
M, := 10080 . . . . . .
2 240 2382 4832 2382 240 2
2 240 2382 4832 2382 239 3
2 240 2382 4832 2264 348
2 239 2264 3294 1575
L 3 348 1575 2232 |
Clearly, 1K, and nM, are small-rank perturbations of 1 ; ; ;
§ (]?I) annd T, 1(h), respectively, where " (0) = 10080 (267 + 2406 + 2382¢" + 4832
1 _ _ _ _ +2382e 7 + 240e 7 + 2¢ 1)
F(0) =555 (=2e™ — 48" — 30¢™ 4 160 — 30" IS0 o cosa0)
48e 20— 0e0) 315 ' 840 21 2520 '
2 lcos 0_ gcos(ZG) _ icos(S@), Indeed, the ratio between rank(1K, — T,;(f)) and the
3 4 5 60 matrix size n + 1 goes to 0 as n — oo. The same is true for
and rank(nM,, — T,1(h)). Therefore, thanks to the relations
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{Tn+l (f) }n ~ GLTf(G) and {TIH—I (h) }n ~ GLTh(G), the the-
ory of GLT sequences yields

LK} ~arf(0), (229)
{nM.} ~aurh(o), (226)
and for L, := (M,) 'K,

{51}, ~ cure(0) == (8(0)) 0 o)

~ 42(40 — 15cos 0 — 24 cos(20) — cos(30))
1208 + 1191 cos 0 + 120 cos(20) + cos(30)’

ie., f(0), h(0), e(0) are the symbols of {1K,},, {nM,},.
{717 L,},, respectively. The diagram used to compute these
symbols is the same as in Fig. 3. Through the same line of
argument used in the previous sections, one can show
that (2.25)—(2.27) imply the singular value and eigenvalue
distributions  {1K,}, ~,,f(0), {nM,},~ . h(0), and
{n_ll Ln}n ~ J,).e(e)'

Figure 23 shows the graph of the symbol f(0) over [0, 7]
and the eigenvalues of %Kn for n = 40. The eigenvalues

}uj(%Kn), j=1,...,n+1, are represented by the red
asterisks placed at the points (j;“,ij(%Kn)), j=1,...,
n+ 1; they are sorted so as to match the graph of the
symbol f(0). Note that the last eigenvalue 4,,;(1K,) is

n
positioned at “tU"
n

(outside the domain [0, ]) and we do
not associate it with any sample of f(6). We see from the
figure that, except for the last two outliers whose values are
about 1.5750, the eigenvalues are approximately samples
of the symbol f(0) over a uniform grid in [0, 7]. When
increasing n, the first n — 1 eigenvalues converge to the
graph of f(0) (i.e., the pairs (2, ;(1K,)),j=1,....,n — 1,
converge to the pairs (J,—f, (j;”)),] =1,...,n— 1), whereas
the last two eigenvalues remain outliers (and their values
remain approximately 1.5750). Figures 24 and 25 are
obtained in the same way as Fig. 23. The results of
Figs. 23-25 agree with the interpretation of the asymptotic
eigenvalue distributions {1K,}, ~;f(0), {nM,}, ~ ;h(0),
{EL,}, ~ ;e(0) given in Sect. 2.2.

Considering that almost all the eigenvalues of nizL,,
(sorted in increasing order) are approximated by the uni-
form samples e(%), j=1,...,n+ 1, almost all the eigen-

values of L, (i.e., almost all the numerical eigenvalues 4;,,

approximated by n’e(), j=

j=1,...,n4+1) are
1,...,n+ 1. Consequently, we have
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T T T T T T
symbol f(#)
% eigenvalues of n‘1Kn

05 b

0 Lok 1 1 1 1 1 1

0 0.5 1 15 2 25 3

Fig. 23 Cubic C? B-spline discretization: comparison between the
symbol f(6) and the eigenvalues of 1K, for n =40

1 T T T T T T
symbol h(6)

08t % eigenvalues of nMn A
06 [ -
0.4t 4
02 4
*

0 L L L L L L

0 0.5 1 1.5 2 25 3

Fig. 24 Cubic C? B-spline discretization: comparison between the
symbol h(0) and the eigenvalues of nM,, for n = 40

14 F T T T T T L
symbol e(6)

12 *  eigenvalues of n'ZLn 1
10 ]
sl 4
6L 4
s 4
oL 4
0 Lo ! 1 1 1 1

0 0.5 1 15 2 25 3

Fig. 25 Cubic C? B-spline discretization: comparison between the
symbol e(0) and the eigenvalues of L, for n = 40

(f_ﬂ
n
jm
)
It should be noted that the association of 4,1, with

nze(@) is purely artificial, because the point @ lies

outside the actual domain of ¢(6). In Fig. 26 we plot the

A
2~ 1=

2

o

~—

-1, j=1,...

(5]

analytical predictions e(Z)/(Z%)* — 1 and the eigenvalue

n n

errors Jj,/A; — 1 versus j/(n+ 1), forj=1,...,n+ 1 and
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oosF i i i ' n = 500. Clearly, the analytical prediction is very accurate,
analytical predictions .

0.07 || = = eigenvalue errors except at the right end of the spectrum where we have the

0.06 two outliers already visible in Fig. 25.

0.05 -

0.04 2.4.2 Cubic C' B-Spline Discretization

0.03 -

002 In the cubic C! B-spline discretization on a uniform mesh

o.o; o | . | with stepsize 1, the basis functions ¢,,..., @y are chosen
o o1 02 03 04 05 06 07 08 09 1 as the B-splines By 3 1} - - -, Banr1,3,1)5 see Fig. 27. Except

for the two boundary functions in cyan, the basis functions
Fig. 26 Cubic C> B-spline discretization: analytical predictions y y
e(’—”)/(/;")2 — 1 and eigenvalue errors J;,/4 — 1 versus j/N,, j=

are uniformly shifted-scaled versions of the fixed reference
1:'. Ny (N, =n+ 1, n = 500) B-splines ¢, 3 1, ¢, 317 in Fig. 28, which are the C' B-
splines of degree 3 defined on the knot sequence
{0,0,1,1,2,2}. The resulting normalized stiffness and
mass matrices are given by

48 0 —-12

—12 0 48 | —15 —15
—-15 -15 48 0f-15 =3
-3 —15 0 48| -15 -15

1 1
K=
no 740 . ’
—15 —15] 48 0f-15 =3
-3 -—15 0 48| -15 -15
—15 —15| 48 0f—-12
-3 —15 0 48 0
L —12 0 48 |
Fig. 27 Cubic C' B-splines 1 T T T T T T T T T
{Bi3,1]s -+ - Bansa 3,1} defined

on the knot sequence
{0707070 l l g g""7n;17n;17171717]}
for n=10

0.8 0.9 1
Fig. 28 Reference cubic C! B-splines 1 T T T T T T T T T
®13,1)> $2,3,1) defined on the knot 08 - i
sequence {0,0,1,1,2,2} ’
1 1 !
1.2 1.4 1.6 1.8 2
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and
[ 48 44 8 ]
44 1128 80 9 1
8| 80 128 | 53 9
9 53128 80| 9 1
1 9| 8 128 |53 9
1
nM,, :=
560 . .
9 53[128 80 9 1
1 9] 80 128 | 53 9
9 53128 80| 8
1 9| 80 128 |44
L 8 44 48 |

The matrix %K,l (resp., nM,,) contains as a principal sub-
matrix the Toeplitz matrix T, (f) (resp., T,—;(h)), where
f(6) and h(6) are the 2 x 2 matrix-valued functions given

1 _
{5Li} ~oure(0) := (n(0)'8(0), (2.30)
ie., £(0), h(0), e(0) are the symbols of {1K,},, {nM,},.
{ni L,},. respectively (L, := (Mn)flKn). The diagram
used to compute these symbols is the same as in Fig. 16.
As in the previous sections, (2.28)—(2.30) imply the sin-
gular value and eigenvalue distributions {1 K}, ~,,f(0),
{nM,.},, ~ 5 ;h(0), ,%an}n ~ 5..€(0).

The eigenvalues of £(6), h(6), e(0) are

6(141 — 32cos 0 — 4cos? 0) _ 61/13056 + 3856 cos 0 — 7524 cos2 0 + 1656 cos® O — 19 cos* 0

65 —36.cos 0 + cosZ 0

Figure 29 shows the graphs of the eigenvalue functions
J12(£(0)) over [0,7], and the eigenvalues of 1K, for

by
1 /[—15 —151 ., [48 0 15 -37 .
£0) = — i0 —i0
©) 40({—3 _15}: +{0 48}+{—15 —15]e )
_ 1| 48-30cosf —15¢1"—3e7"
40| -3¢0 — 157 48 —30cos6 |’
6 3 3
l12(£(0)) = g—ZcosH$E\/4+SCOSZ 0,
A (h(@))*iJricosG L\/2276+216Oc0s9+5300s29
12 ~35 280" T 280 !
Y, 0)) =
12(e(0)) 65 — 36.cos 0 4 cos? 0
and
1 /[9 53] ., [128 80 9 17 .
h — i0 —if
) 560([1 9}3’ +[80 128}+{53 9]6 )

80+53ei() +e—i{)
128 + 18 cos 0

1
" 560

128 + 18cos 0
80+ei” +5367i0

Since {Tnfl (f) }n ~ GLTf((J) and {Tnfl (h)}n ~ GLTh(H), the

theory of GLT sequences yields

{lKn} ~ grrf(0) (2.28)
n n ’

{nM} ~ cLrh(0), (2.29)
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n = 40. The eigenvalues ij(% K,),j=1,...,2n, are sorted
so as to match the graphs of 4, ,(f(6)) and are represented
by the red asterisks placed at the points (Z,%(1K,)),

j=1,..,nand (F2U% 0K, j=n+1,...,2n. We
see from the figure that the eigenvalues are approximately
samples (apparently, exact samples) of the eigenvalue
functions of the symbol f(0) over a uniform grid in [0, 7].
This agrees with the interpretation of the asymptotic
eigenvalue  distribution  {1K,}, ~,;f(0) given
Sect. 2.3.2. Note that in this case the two subsets of the

in
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T T T T T

1st eigenvalue function A (£(9))
2nd eigenvalue function )\2(f(9))

% eigenvalues of n”'K | **

Fig. 29 Cubic C' B-spline discretization: comparison between the
symbol £(0) and the eigenvalues of 1K, for n = 40

0.5 *%****Q***** T T T T T
sk Yok
Hexg. * 5
04 Kook -
ok
o
*
L™ -
03 1st eigenvalue function A, (h(0)) Foe. *ose 4
*
2nd eigenvalue function A, (h(0)) Foksge ek
0.2 *  eigenvalues of nM | i
K
01 -
3
0 L L L L L L
0 0.5 1 15 2 25 3

Fig. 30 Cubic C' B-spline discretization: comparison between the
symbol h(0) and the eigenvalues of nM,, for n = 40

fon =2 T T T T
40 - H * 4
* 1st eigenvalue function A (e(9))
L * 4
35 * * * 2nd eigenvalue function )\Z(e(f?))
L *: 4
30 *. Fo *  eigenvalues of n'2Ln
*
25 s b
Hox
Hx
20 Fos B
" ¥ose
15 Fokskge 1
Hxk Hes
10 Ko e
51 4
0 koo ) . ! !
0 05 1 1.5 2 25 3

Fig. 31 Cubic C' B-spline discretization: comparison between the
symbol e(0) and the eigenvalues of 5L, for n = 40

spectrum of %Kn corresponding to the two eigenvalue
functions 4;(f(0)) and A,(f(0)) are not separated, because

max 21(£(0)) > mein 72(£(0)).

Therefore, we observe a single branch instead of two bran-
ches in the spectrum of % K, when ordering the eigenvalues in

ascending fashion. Figures 30 and 31 are the analogs of

Fig. 29 for the cases of the symbols h(0), e() and the
matrices nM,,, H%Ln. Contrary to the case of % K, the spectra

of the matrices nM,, and H%Ln show two branches, because

T T T T T T T T

0.14 ]
analytical predictions
0.12 [ | = == eigenvalue errors

01

0.08 [

0.06 [

0.04 -

0.02

- -
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 32 Cubic C' B-spline discretization: analytical predictions
w/-/(%)z—l and eigenvalue errors J;,/%; — 1 versus j/N,, j=
1,...,N, (N, =2n, n =500)

max A1(h(0)) < mgin 72(h(0)),
max A1(e(0)) < rn()m A2(e(6)).

Considering that the eigenvalues of %Ln (sorted in
increasing order) are approximated by the uniform samples

Ji(e@),j=1,...,n and Zr(e(ZEL0)), j=n+1,...,2n,

the eigenvalues of L, (i.e., the numerical eigenvalues /;,,
j=1,...,2n) are approximated by the values nZAl(e(j;“)),

j=1,...n and n?2;(e(Z=")) j=n+41,...,2n. Conse-

quently, we have

i]‘ wj
LU, s — 1, j=1,...,2n,
b
where
)q(e(]_n))? j=1,...n,
n

Wj =

oy i
)»2<e(w>>, j=n+1,....2n.

In Fig. 32 we plot the analytical predictions w;/ (’7”)2 -1
and the eigenvalue errors 4;,/4; — 1 versus j/2n, for j =
1,...,2n and n = 500. Clearly, there is a perfect match.
Moreover, like in the case of quadratic C° B-spline dis-
cretization, the two branches in the spectrum of n%Ln
observed in Fig. 31 also produce in Fig. 32 two branches
separated by the jump at j/N, = 1/2 (N, = 2n).

2.4.3 Cubic C° B-Spline Discretization

In the cubic C° B-spline discretization on a uniform mesh
with stepsize %, the basis functions @y, ..., @y are chosen
as the B-splines By 3 - - -, B3,,3,0); see Fig. 33. The basis
functions are uniformly shifted-scaled versions of the fixed
reference B-splines ¢y 3}, P2 3,01 #3,3,0) in Fig. 34, which
are the C° B-splines of degree 3 defined on the knot
sequence {0,0,0,1,1,1,2}. The resulting normalized
stiffness and mass matrices are given by
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[l 12 3 -6
3 12 -9
-6 -9 36|-9 -6 -3

-9 12 3 —6
—6 3 12 -9

-3

-3 -6 -9 36|-9

K, = —
n 10 . ..
-9 12 3 —6
—6 3 12 -9
-3|-6 -9 36|-9 -6 -3
-9 12 3 —6
—6 3 12 -9
-3|-6 -9 36| -9 -6
—9 12 3
-6 3 12 |
and
12 9 4 1
9 12 10
4 10 40| 10 4 1
10 | 12 9 4
4 9 12 10
1 4 10 40| 10 4 1
nM,, ::i
140 .. ..
10 | 12 9 4
4 9 12 10
1 4 10 4010 4 1
10112 9 4
41 9 12 10
1 4 10 40|10 4
10 12 9
L 4 9 12 |
The matrix %Kn (resp., nM,,) contains as a principal sub- 0 0 10 12 9 4
matrix the Toeplitz matrix T, (f) (resp., T,—;(h)), where h(0) ::L 0 4le?+]9 12 10
f(6) and h(6) are the 3 x 3 matrix-valued functions given 140
by 0 1 4 10 40
0 0 O
00 -9 12 3 -6 0
(0 ="-[lo o —6le’+|[3 12 9 HBEN
10 10 4 1
00 -3 -6 —9 36 )
12 9 4 + 10e"
0 0 0 ! 9 12 10 + 4’
. = — e
+1 0 0 0 |e 140 0 ”
44+ 10e7" 10+4e ¥ 40-+2cosO
-9 —-6 -3
12 3 _6_9ei0 Since {Tn(f)}nNGLTf(Q) and {T,,(h)}HNGLTh(H), the
1 ) .
:E 3 12 —9_6ell |, theory of GLT sequences yields
—6-9¢ —9_6e7" 36—6cos0

@ Springer

{%Kn}nNGLT £(0), (2.31)
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Fig. 33 Cubic C° B-splines 1
{B13.0) - -»Bant1,30) ) defined 0.8
on the knot sequence ’
{0,0,0,0,5 50727, 06 .
1,1,1,1} for n =10 04 .
0.2 \
S
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 34 Reference cubic C° B-splines 1

®13.0)> P2.3.0) P3.3,0 defined on the 08
knot sequence {0,0,0,1,1,1,2}

0.6 [
0.4
0.2

0
0

(2.32)

{nMn}n ~aLth(0),

{%L} ~arre(0) := (h(0))""£(0), (2.33)
ie., £(0), h(0), e(0) are the symbols of {1K,},, {nM,},.
{rTlZ L,},, respectively (L, := (Mn)flK,,). The diagram
used to compute these symbols is the same as in Fig. 16.
As in the previous sections, (2.31)—(2.33) imply the sin-
gular value and eigenvalue distributions {1 K}, ~,,f(0),
{nM}, ~ 5. h(0), {7 Ln}, ~ o.2e(0).
The characteristic polynomials of £(0), h(0), e(0) are

i (6 eos0) g (1818
Cyo)(4) = 4 (6 5C0$9A+ 20 50050 )

16 1 113 1

3 2

Cho)(4) = 4" — ( + ——~cos 0)2 + (2800_ 1750050)1
3 3

~7000 28000
540 — 30cos O
Cop)(A) = A3 — )2
e(())( ) 4 4+ cos 6
B 25200 — 25200 cos 0

4 + cos 0

11520 + 1080 cos 9)
4+ cos 0

By solving the characteristic equations Cg()(4) =0,
Ch(9)(4) = 0, Cep)(4) = 0 with respect to /4 (e.g., by using
Cardano’s formula), one can find the (complicated!) ana-
lytical expressions of the eigenvalue functions Z;(f(0)),
2:(h(0)), 4i(e(0)), i = 1,2,3. Figure 35 shows the graphs
of the eigenvalue functions 2,(f(0)), 2(£(0)), A3(£(0))

1st eigenvalue function Ay (f(0))
6))
0)

2nd eigenvalue function A, (f

3rd eigenvalue function Aa(f

%  eigenvalues of n"Kn
o 4

R HAAIAFRFHE
*

K

FeHHH i
1********************i:******************h

HHHE
il
oS

0 bx A sl ! ! ! L
0 0.5 1 15 2 25 3

Fig. 35 Cubic C° B-spline discretization: comparison between the
symbol f(6) and the eigenvalues of 1K, for n =40

over [0,7], and the eigenvalues of 1K, for n = 40. The
eigenvalues 4;(1K,), j=1,...,3n — 1, are represented by

the red asterisks placed at the points (Z,%(1K,)),

j=1..,n—1, (C20r 5.(K,)), j=n,...,2n, and
(Ufi")”,)uj(%K,,)), j=2n+1,...,3n — 1; they are sorted
so as to match the eigenvalue functions of the symbol f(6).
We see from the figure that the eigenvalues are perfectly
approximated by the samples of the eigenvalue functions of
the symbol f(0) over a uniform grid in [0, ]. This agrees
with the interpretation of the asymptotic eigenvalue dis-
tribution {1K,}, ~f(0) given in Sect. 2.3.2. Figures 36
and 37 are the analogs of Fig. 35 for the cases of the
symbols h(0), e(0) and the matrices nM,, n‘—an.
Considering that the eigenvalues of n%L,, (sorted in
increasing order) are approximated by the uniform samples

J(e@), j=1,...n—1, Ja(e(Z=), j=n,...,2n, and

n
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0.35 i
0.3 4
0.25 [ 1st eigenvalue function A, (h(f)) i
o2 2nd eigenvalue function )\z(h(e)) i

3rd eigenvalue function AS(h(O))

0.15 * eigenvaluesoann *************ek
NS

041 A |
il
***************
0.05 i
09******-)k-‘-)k-*****?ﬁ************‘**************
0 05 1 15 2 25 3

Fig. 36 Cubic C° B-spline discretization: comparison between the
symbol h(0) and the eigenvalues of nM,, for n = 40

140

120

100 [

1st eigenvalue function A (e(0))

80 2nd eigenvalue function )\z(e(ﬁ)) b

f

60

3rd eigenvalue function )\S(e(ﬂ))

409 %  eigenvalues of n'2Ln g

20 F Ak

ARk e kit
0 05 1 15 2 25 3

o

Fig. 37 Cubic C° B-spline discretization: comparison between the
symbol e(0) and the eigenvalues of L, for n =40

/3 (e(@)),j =2n+1,...,3n — 1, the eigenvalues of L,
(i.e., the numerical eigenvalues 4;,, j =1,...,3n — 1) are
approximated by the values nzil(e(j;”)), j=1,..,n—1,

n2a(e(ZEDm)), j=n,...,2n, and  n?ls(e(U2),

j=2n+1,...,3n — 1. Consequently, we have

2 A
r a0 =1, 301,
T
where
)1(e<j—n>>, j=1...,n—1,
n
M —
wj = )vz e<( nn])TC , ]J=n, ..,21’!,
j— 2
lg(f}(M)), j=2n+1,...3n—1.
n

In Fig. 38 we plot the analytical predictions w;/ (%“)2 -1
and the eigenvalue errors 4;,/4; — 1 versus j/(3n — 1), for
j=1,...,3n—1 and n = 500. Clearly, there is a perfect
match. Note that the three branches in the spectrum of
n'—an, which are visible in Fig. 37, also produce in Fig. 38
three branches separated by the jumps at j/N, ~ 1/3 and
J/Nny~2/3 (N, =3n—1). Actually, the jump at j/N, ~
1/3 is hardly visible, and this is due to the fact that
maxg 41 (e(0)) ~ ming 1, (e(0)); see Fig. 37.
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Fig. 38 Cubic C° B-spline discretization: analytical predictions
wj/(/;il‘)zfl and eigenvalue errors J;,/%; — 1 versus j/N,, j=
L,...,N, (N, =3n—1, n=500)

2.5 p-Degree C* B-Spline Discretization

It is now time to generalize what we have seen in
Sects. 2.2-2.4. Consider the general Galerkin p-degree C*
B-spline discretization of the Laplacian eigenvalue prob-
lem (2.1) on a uniform mesh with stepsize % That is the
Galerkin discretization described at the beginning of
Sect. 2, where the basis functions {¢,, ..., @y } are taken
as {Byjpi; - - -» Bu(p—k)+kpx) ; defined in (2.7). The resulting
stiffness and mass matrices are given by (2.4)—(2.5) with

?; ::Bi+1,@,k]7 lzlvan(p_k)+k_17

1.e.,

1 n(p—k)+k—1
K, = [/0 B.;+l.h),k](x)B;+l,b),k](x)dx:|H 1 ;
L=
1 n(p—k)+k—1
M, = [ / Bji1pu (X)Biv1 s (x)dX}
0 ij=1

All the B-spline basis functions, except for the first k and
the last k, are uniformly shifted-scaled versions of p — k
fixed reference functions ¢y p, ;.- ¢p_i > Which are
simply the first p — k B-splines defined on the reference
knot sequence

FEIETE VA DO I IEEET n ni= p—k (234)
p—k p—k p—k

In formulas, we have

Bl 1+ (p—k) (i~ 1)+ pk) (%) = Bjpp g (nx — i+ 1),
i=1,...n—v, j=1,...,p—k,

(2.35)

where

Lo [k
=%
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Let
0 ' r
Ky = UR 5 g ()b g (x — f)dX} et £=0.1,2,...
(2.36)
p—k
bk] |:/¢J[pk d)V/k](x_ ) :| 417 £=0,1,2,...
ij=
(2.37)

Note that the integrals over R appearing in (2.36)—(2.37)
actually reduce to integrals over [0, 5], because the supports
of the reference B-splines satisfy

SUPP(¢1,Lp,k]) c SUPP(¢2,@J<]) c--C Supp(qspfk,[p,k]) =[0,n].

For the same reason, the blocks (2.36)—(2.37) correspond-
ing to indices £>7# reduce to the zero block:

(4 [
K, =M, =0, >
Define the (p —k) x (p—k) matrix-valued functions

fL”“k]’ hLvﬁk]v NE [—7, 7] — Cp=k)x(p=k) by

n—1 ' r
£1,00(0) := [ﬁ]k] +;<Kf,k1elw n (K[ﬁkﬁ e_w),

(2.38)
hy, (0) M[U?k] Z( V] eif0 (M}fj_’k])TefiK(;),

(2.39)
i) (0) = (hppig(6)) i (0). (2.40)

Due to the specific structure (2.35) of the basis functions,
the normalized stiffness matrix %Kn (resp., mass matrix
nM,,) contains as a principal submatrix the Toeplitz matrix
T, () (esp., T, ,(hyy)). Moreover, the generic
central block row of %K,, is

K (kD) (k)T 00,

just like the generic central block row of T, (f},4) with
only some additional zeros to reach the length
n(p — k) + k — 1; and the generic central block row of nM,,
is

In—1] 1]
[.4.0 0 KW‘] K[p‘k]

[n—1] [1
[“A() 0 M[,I,k MW]

M () () 0 e
justlike the generic central block row of T, (hy, 5) with only

some additional zeros to reach the length n(p — k) + &k — 1.

The proof of all these results is not difficult, but it is omitted
because it is full of technicalities. Since {T,—,(fj.)},
~ GLTf[p,k] (0) and {Tn—\’(h[p,k])}n ~ GLTh[p,k] (0), the theory
of GLT sequences yields

1

Z ~ 2.41
{I’l Kn }n GLTfLD,k] (6)7 ( )
{nM} ~ gurhy (0), (2.42)

1
{; Ln}n ~ cLre)p 1 (0), (2.43)

i.e., £),4(0), hy,.(0), e),4(0) are the symbols of {1K,},,
{nM,.},, {5L,},, respectively (L, := (M,) 'K,). The
procedure used to obtain these symbols is conceptually the
same as in Fig. 16. Note that Fig. 3 is just a special case of
Fig. 16, corresponding to the situation in which the blocks
of the matrices are 1 x 1, i.e., scalars. This happens only in

the case of maximal smoothness k =p — 1. As a conse-
quence of (2.41)—(2.43), we get

n’

LK} ~oflyu0), (2.4
{nMn }n ~ ¢,/ 49(0), (2.45)
{%Ln}n ~ 5.8 (0). (2.46)

The singular value distributions in (2.44)—(2.46) are direct
consequences of (2.41)—(2.43), as well as the eigenvalue dis-
tributions in (2.44)—(2.45) (because the matrices K, and M,,
are symmetric). The eigenvalue distribution in (2.46) follows
from a symmetrization argument applied to the matrix L.

Remark 2.1 (Properties of the symbols) We collect here
some of the main properties of the functions f,(0),
hy, 41 (0), ep, 5 (0). All of them have already been observed
in the specific examples considered in Sects. 2.2-2.4. To
keep the presentation as simple as possible, the corre-
sponding proofs are omitted. We also state an important
property that has been conjectured on the basis of numer-
ical experiments.

e f|,4(0) is Hermitian positive semidefinite for every
0 € [—mn, =l

e hy4(0) is Hermitian positive definite for every
0 € [—m, 7).

e The eigenvalue functions Z;(f},x(0)), Zi(epu(0)),
i=1,...,p—k, are real and non-negative on [—, 7|.
Moreover, they are symmetric around 6 = 0, i.e., they
are even functions.

@ Springer
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e The eigenvalue functions 4;(hj,(0)),i=1,....,p —k,
are real and positive on [—m, ). Moreover, they are
symmetric around 6 = 0.

e [Conjecture] f},;(0) is Hermitian positive definite for
0 € [—=,n]\{0} and singular (with a unique eigenvalue
equal to 0) for 6 = 0. Consequently, the eigenvalue
functions Z;(f},(0)), Ai(epu(0)), i=1,...,p —k, are
positive on [—=, 7], except for the minimal eigenvalue
functions A (£}, (0)), 41(ep4(0)), which are positive
on [—x, ]\{0} but vanish at 0 = 0.

We point out that the above conjecture was proved in [10]
for k =p — 1. For k = 0 it was proved in [16] in the case
where the p-degree C° B-spline basis is replaced by the p-
degree C° Lagrangian basis.

Remark 2.2 (Analytical predictions of the eigenvalue errors)
Let A, j=1,...,n(p—k)+k—1, be the numerical
eigenvalues (i.e., the eigenvalues of L) sorted, as always, in
increasing order. In view of the eigenvalue distribution
{5L,}, ~ ;e},,(0) and the fact that the eigenvalue func-
tions A (€j(0)), ..., 4p—k (€ (0)) are symmetric around
0 = 0 (see Remark 2.1), we can say that:

e for large values of n, the eigenvalues of n]—an (except
possibly for a small number of outliers) are approxi-
mated by uniform samples over [0, 7] of the eigenvalue
functions A;(ej,4(0)), i =1,...,p —k;

e for large values of n, the eigenvalues of L, (except
possibly for a small number of outliers) are approxi-
mated by uniform samples over [0,7] of the scaled
eigenvalue functions n?2;(ej,,(0)), i=1,....,p — k.

Therefore, also in view of the experience we have gained
from Sects. 2.2-2.4, we propose the following procedure to
compute the (asymptotic) analytical predictions of the
eigenvalue errors

i

, wnp—k)+k—1,
Zi

j=1,..

in the limit of mesh refinement (when n — 00).

e Compute the uniform samples
Lil e — y
( P (n

sort them in increasing order, and put them in a vector
y = (1, -ayn(pfk))'

e Compute the (asymptotic) analytical predictions of the
eigenvalue errors as follows:

i=1,...p—k,

(2.47)

j=1,...n,

@ Springer

(2.48)
where m := min(n(p — k),n(p — k) + k —1).

Let h:= % be the mesh stepsize and set o := 22, Then,
following a canonical notation appearing, e.g., in the
appendix of [20], the above sampling procedure, and
especially (2.48), can be formally condensed into the
formula

’1}11,2‘,.‘,,;7/{ — A _ }~1‘2,-.',p—k(e@,k](wh>) 1

; o (2.49)

Note that in general the number of components of 4 :=
(A1 -+ o An(p—t)+k—1,,) is different from the number
of components of y := (yl,...,yn(p,k>). In (2.48) we are
assuming that, when 4 is longer than y, the eigenvalue
errors corresponding to indices j exceeding the length of y
have no analytical counterpart. Actually, the number of
these  “excluded”  eigenvalue errors is  only
max(0,k — 1) <p — 2. Moreover, in the limit of mesh
refinement n — oo we have n(p — k) +k — 1 =n(p — k),
which means that asymptotically there is no difference
between the length of A and y (recall that (2.48) holds
precisely in the limit of mesh refinement). We also note
that the sampling procedure we followed in Sects. 2.2-2.4
is more precise than the sampling procedure described
here. Indeed, in Sects. 2.2-2.4 we added to (2.47) the
samples /;(e}, 4(0)) for i = 2,...,p — k, thus obtaining a
vector y longer than y, we extracted from y the subvector w
consisting of the components of y that better matched the
components of 4, and we used in (2.48) the components of
w instead of the components of y. One could therefore
decide to adopt this more precise sampling procedure
rather than the one described above. Nevertheless, again in
the limit of mesh refinement n — oo, i.e., for large values
of n, the sampling procedure described here is indistin-
guishable from the sampling procedure we followed in
Sects. 2.2-2.4. In addition, the sampling procedure
described here is simpler as it does not require the a priori
knowledge of the vector 4.

Remark 2.3 (Spectral branches) The symbols f,(0),
hy, 1(0), ), (0) are (p—k) x (p —k) matrix-valued func-
tions. Note that p — k is the number of reference functions
qﬁl"[p’k], .. .,(,bp_k’[p’k]. In view of the relations (2.44)—(2.46),
we have at most p —k branches in the spectrum of %Kn
(resp., nM,, #Ln), i.e., one branch for each of the p—k
eigenvalue functions of fy, 5(0) (resp., hy,(0), ep4(0)).
As testified by Fig. 29, however, the number of branches
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may also be less than p — k. In general, the spectrum of %K,,
is composed of §+ 1 branches, where f§ is the number of
indices i € {1,...,p—k— 1} such that

max 2i(fpx(0)) < rn()ln Ziv1(fjps(0)).

The same consideration applies to the matrices nM,, and
& L,. Concerning the symbol ey, (6), based on numerical
experiments we conjecture that

max Zi(ep(0)) < mHin Ziv1(ep(0)),

i=1,...p—k—1,

for every degree p > 1 and every smoothness 0 <k <p — 1,
which means that the spectrum of ,,Lan (and hence also the
spectrum of L, consisting of the numerical eigenvalues
/Ajn) is formed by p — k branches. The eigenvalue errors (as
plotted in Figs. 7, 13, 20, 26, 32, 38) consist of p —k
branches separated by the jumps at j/N, ~i/(p — k),
i=1,...,p—k—1, where N, is the total number of
degrees of freedom (the size of L,). Of these p — k bran-
ches, only the first one is “compressed” around the level 0,
whereas the other p — k — 1 branches are far away from O.
This means that only the smallest numerical eigenvalues
Jjn (those corresponding to the first eigenvalue function
Z1(ep(0))) are good approximations of the corresponding
Laplacian eigenvalues /A;; their number is about
N,/(p — k). The other N, — N, /(p — k) numerical eigen-
values (those corresponding to the eigenvalue functions
Zi(€p(0)) for i > 1) are spurious; they have little to do
with the corresponding Laplacian eigenvalues. According
to the engineering terminology (see, e.g., the appendix of
[20]), the first branch is referred to as the “acoustical
branch”, whereas the other (spurious) branches are referred
to as the “optical branches” (a name which intentionally
brings to mind the phenomenon of optical illusion).

It is worth noting that the results obtained in this section
allow us to create a very simple algorithm for the com-
putation of the symbols (2.38)—(2.40).

Algorithm 2.1 (Computation of the symbols) Given the
degree p and the smoothness k,

e compute the blocks K}fj i M[;)]‘k] in (2.36)—(2.37) for

0=0,....n— 1 with == [221];

e compute £y, (0), hy, 1 (0), €}, (0) using (2.38)—(2.40).

Algorithm 2.1 is particularly suited for implementation
in symbolic computing environments such as MAPLE or
MATHEMATICA, and it is not difficult to derive from it a
MaTtLAB version as well. In a symbolic environment, the
integrals in (2.36)—(2.37) are computed exactly so as to

obtain the exact expressions of the blocks Kﬁﬁkl’ M[é]’k] for
{=0,...,n— 1. In addition, the evaluation point 0 is
defined as a symbolic variable, so as to obtain from (2.38)—
(2.40) the exact expressions of £y, (0), hy,(0), €4 (0).
Once these expressions have been obtained, they can be
used to compute the characteristic polynomials wakj(o)(/l),
Chy,y(0)(4), Ce,,(0)(4), to evaluate the eigenvalue functions
3B (0)). iy, (0)). Jalepg(0)). i = 1,....p — k. and
to determine the analytical predictions of the eigenvalue
errors as explained in Remark 2.2.

In what follows we focus on some specific cases. In
particular, we study the case of maximal smoothness C”~!
and the case of minimal smoothness C°. The maximal
smoothness is representative of IgA [4, 19], whereas the
minimal smoothness is typical of classical FEA [18]. We
also consider in some detail the case of smoothness
CP=%, in which the symbols £, 5(0), hy,, (0),
e, ,—2(0) are 2 x 2 matrix-valued functions and, therefore,
some analytical computations are possible (especially, the
computation of the eigenvalue functions /;(f,,—2(0)),
Zi(hy, ,_(0)), Zi(epp—2(0)), i = 1,2, and, consequently,
the determination of the analytical predictions of the
eigenvalue errors; see Remark 2.2).

2.5.1 p-Degree CP~' B-Spline Discretization

Let ¢[p] be the B-spline of degree p corresponding to the
knot sequence {0,1,...,p+ 1}. Following a classical ter-
minology [2], we refer to ¢y, as the cardinal B-spline of

degree p. When assuming the maximal smoothness
k =p — 1, there is a unique reference function qﬁm,_]],

which coincides with the cardinal B-spline of degree p,
%;.p—l] = %7]'

The resulting symbols in (2.38)—(2.40) are scalar functions
and will be denoted by f,, &, e,, i.e.,

Jo = Lpp-)s hp =y €p = €pp-1)-
Looking at the expressions (2.36)—(2.37), we see that
K[;],p—l] and M[;)]JFH are two real numbers given by
‘
K = [ S8l = O = 4l 1 -0
(=0,1,2,...

(2.50)

' This is not computationally expensive as the integrands are
piecewise polynomials and the number of integrals to be computed

is at most 2n(p — k)z. The latter number can be further reduced by
exploiting the specific properties of the B-spline reference functions

¢I,[p.k]7 D) qﬁp—k‘[p,k]'
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M, )= /R P (W) by (x = O)dx = Py (p + 1 = 0),

0=0,1,2,...
(2.51)

The last equalities in (2.50)—(2.51) are due to a particular
feature of cardinal B-splines [10, 22]: the inner product (of
derivatives) of two shifted cardinal B-splines can be
interpreted as an evaluation (of a higher-order derivative)
of a higher-degree cardinal B-spline. In view of (2.50)-
(2.51), the symbols f,, h,, e, can be expressed as follows:

p

1p(0) = =¢ppqp+1) — ZZ Ppop+1)(p + 1 — L) cos(£0)

=
= (2 —2cos0)h,_1(0),

(2.52)
P
hp(0) = by (P + 1) +2Y bpyiy(p + 1 — £) cos(£0),
=1
(2.53)

(0 (2—2cosO)h,i(0)
WO = o = mo)
(2 =208 0)(¢ppp-1)(P) + 232071 pop-1y(p — £) cos(¢0))
Gpprn)(p+ 1) +2320 dppny(p+ 1 —£)cos(€0) 7
(2.54)

where the second identity in (2.52) was proved in [10].

Figure 39 shows the graph of e,(0) over [0, 7] for p =
1,...,6 and the graph of the function 6, which is denoted
by e (0) because e,(0) converges to 0 as p — oo [7].
Since e,(0) is increasing over [0, 7] for all p>1 [7], the
analytical predictions of the eigenvalue errors can be
expressed according to Remark 2.2 as follows:

12 T T T T T
—— p=1
101 p=2
p=3
p=4
8r p=5 b
p=6
6 . - p=o¢ 4
4t ]
ot ]
0 T ! ! ! ! !
0 0.5 1 1.5 2 2.5 3

Fig. 39 Graphs of the symbol e, (0) for p =1, ...,6 and the function
0% = eso(0)

e _e®)

EEC)
(2 - 2005%) (¢[2p—1](p) +2 25;11 ¢[2p—1](P — 1) COS(%))
I (b + 1) + 2370 by (p + 1 — ) cos(L))

-1, j=1,....m,

(2.55)

where m := min(n,n +p —2). Forp =1,...,5, Eq. (2.54)
gives

6(1 — cos 0)

=— 7 2.56

e1(0) 2+cosf ’ (2.56)
~20(3 —2cos 0 — cos(20))

e2(0) = 33 +26cos 0 + cos(20) ’ (257)

es(0) = 42(40 — 15cos 0 — 24 cos(20) — cos(30))

1208 + 1191 cos 0 + 120 cos(20) + cos(30)’

(2.58)
(0) = 72(1225 — 154 cos O — 952 cos(20) — 118 cos(30) — cos(40)) (2.59)
) T 78095 + 88234 cos 0 + 14608 cos(26) + 502 cos(360) + cos(46)’ '
11 — 2 20) — 1 — 40) —
es(0) 0(67956 + 5670 cos O — 59520 cos(20) — 13605 cos(30) — 500 cos(40) — cos(50)) (2.60)

7862124 + 9738114 cos 0 + 2203488 cos(20) + 152637 cos(30) + 2036 cos(40) + cos(50)
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In view of (2.55), Eqgs. (2.56)—(2.59) are the analogs of
formulas (117), (130), (135), (140) in [20]. Hence, (2.54)—
(2.55) can be regarded as the generalization of the latter
formulas to any degree p. Note that we can rewrite (2.55)
according to (2.49) as follows:

P _alon
A (wh)?
(2 = 2cos(wh)) (b, (P) + 2 02) Pap-1)(p — £) cos(Looh))
(wh)’ (¢[2p+1](1’ + 1) +230 by +1-0) cos(lwh))
(2.61)

Figure 40 shows the comparison between the analytical
predictions and the eigenvalue errors for p = 4,5,6,7 and
n = 500 (for p = 1,2,3 and n = 500 we refer the reader to
Figs. 7, 13, 26). We see an excellent agreement, up to a
few outliers at the end of the numerical spectra, which are
not present in the analytical predictions based on the
symbol. The number of outliers does not increase with n
and depends only on p, being p — 2 for even degrees and
p — 1 for odd degrees; see [5, 23] for more details. Ignoring
the outliers, the agreement becomes perfect in the limit of
mesh refinement n — oo. It should be noted that, as in
Fig. 26 for p = 3, also in Fig. 40 for p > 3 we have some
artificial associations, i.e., the associations of 7;, with
nzep(-%”) for j > n. Indeed, as it is clear from (2.55), the
numerical eigenvalues 4;, for j > n do not have a corre-
sponding analytical prediction, but this is not so disturbing
because these eigenvalues are outliers.

2.5.2 p-Degree CP~2 B-Spline Discretization

When assuming the smoothness k = p — 2, there are only 2
different B-spline reference functions ¢;(,, », j=1,2.
The resulting symbols f{, ,_(0), hy, ,_2(0), €[, ,—5(0) are
2 x 2 matrices for each 0, and, consequently, some ana-
lytical computations are possible as the eigenvalue func-
tions of the symbols can be computed explicitly by solving
quadratic equations. We illustrate this statement by
focusing on the eigenvalue functions of e, , 5 (0), which
immediately give the analytical predictions of the eigen-
value errors according to Remark 2.2.

For p=2,...,5, the characteristic polynomial of
ej,»—2(0) is given by, respectively,’

2 These polynomials have been obtained through a simple MAPLE
program implementing Algorithm 2.1. The program first produced the
symbolic expression of e}, , 5(0) and then computed Ce,,, (0)
therefrom. For example, for p = 2 the program returned

4 15+5cos0 (cosO — 6)(2 + 2¢1%)
3 —cosf| —5—5¢0 11 —cosf
as in (2.24), and then computed Ce[z_o](‘))()”)‘

)

ep,0(0)

1663
T T T T T
0.06 analytical predictions, p=4
== = gigenvalue errors, p=4
0.05
0.04
0.03
0.02 -
0.01
0 L 1 1 1 L
0 0.1 0.2 0.3 0.4 0.5
0 05 N T T T T T
analytical predictions, p=5
== = gigenvalue errors, p=5
0.04
0.03
0.02
0.01
0 1, 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5
T T T T T
0.04 - analytical predictions, p=6
== = gigenvalue errors, p=6
0.035
0.03
0.025 [~
0.02
0.015
0.01 [
0.005
0 1, 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
T T T T T T T
0.035 |- anaytical predictions, p=7
== == gigenvalue errors, p=7
0.03 -
0.025
0.02 -
0.015
0.01
0.005
0 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 40 p-degree CP~' B-spline discretization for p =4,5,6,7:

analytical predictions e, () / (’—")2 — 1 and eigenvalue errors 4;, /4 —

n n

1 versus j/N,, j=1,...,N, (N, =n+p —2, n=500)
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o 8(134+2cosf), 240(1 — cos0)
_ 92 _
Ce[“’](g)(/l) = 3 —cosf 3 —cosf

12(141 — 32 cos O — 4 cos? 0)

1260(3 — 4 cos 0 + cos? 0)

C 2 =17 —
ea(0)(4) = 4 65 — 36 cos 8 + cos2 0

65 — 36 cos 0 + cos? 0
48(2455 — 1107 cos 0 — 90 cos? 6 + 2 cos® 0)

4032(65 — 101 cos 0 + 37 cos® 0 — cos® 0)

C i) =27
eusy(0)(4) = 4 4711 — 3459 cos 0 + 261 cos? 0 —

cos3 0
20(1049629 — 662638 cos 0 — 16779 cos? 0 + 4016 cos® 0 —

4711 — 3459 cos 0 4 261 cos2 0 — cos3 0’

8cos*0)

Ce{s..ﬂ(@)(’l) =77 -

847269 — 760798 cos 0 + 104070 cos? 0 — 1542 cos3 0 + cos* 0

9900(4711 — 8170 cos 0 + 3720 cos? 6 — 262 cos® 0 + cos* 0)

847269 — 760798 cos 0 + 104070 cos2 0 — 1542 cos3 0 + cos* 0

Solving the quadratic equations Ce ,9)(4) = 0 for Z, we

find

134+ 2cosf F 2,0
haleno(8)) = 4( ool 9\/ ). (2.62)
6(141 —32cos 0 — 4cos? 0 F /A ) ) (2.63)
A1 2(6[3 ”(0)) - 65 — 36 cos 0 + cos? 6 ’
; o) _ 24(2455 — 1107 cos 0 — 90cos™ 0 + 2¢cos’ 0 ¥ \/BEE) (2.64)
12(€ua(0)) = 4711 — 3459 cos 0 + 261 cos? O — cos? 0 .
10(1049629 — 662638 cos 0 — 16779 cos? 0 + 4016 cos® 0 — 8 cos* 0 = /A
A12(e53(0)) = ( 1) (265)

847269 — 760798 cos 0 + 104070 cos? 0 — 1542 cos3 0 + cos* 0 ’

where

Ap =124+ 112 cos 0 — 11 cos® 0,
A1) == 13056 + 3856 cos 0 — 7524 cos” 0

+1656 cos® § — 19 cos* 0,
Ay := 3883520 — 530848 cos 0 — 3000868 cos”
41322920 cos® O — 88847 cos* 0
+1726 cos’ 0 — 3 cos® 0,
706564096000 — 350923718912 cos 0
—572059907828 cos® 0 + 417724686832 cos” 0
—64449607643 cos* 0 4 3219216532 cos’ 0
—34270886 cos® 0 + 114340 cos’ 0 — 35 cos® 0.

A[5,3] =

In view of (2.49), we can formally express the eigenvalue
errors as follows:
J12(€pp—2)(wh))

L)
— —1. 2.66
A (a)h)2 (2.66)

It should be said, however, that this formal way of writing
could be a bit misleading in this case. Indeed, some
numerical experiments reveal that (e, (0)) is

@ Springer

increasing over [0,7] for all p and converges to 0 as
p — oo, while J(ep,,»(0)) is decreasing over [0, 7] for
all p and converges to a decreasing limit function as
p — oo. Moreover, as already observed in Remark 2.3,

21 (€ppp-2)(7)) = max 2 (e}, 2 (0))

< mgin },z(eh,‘,,_z](e)) = ),2((3&,,],_2](7'5)),

i.e., we have two spectral branches for all p (although they
tend to merge into a unique branch as p — oo; see
Table 1). Therefore, the analytical predictions of the
eigenvalue errors provided by Remark 2.2 should be
expressed as follows:

Ajn i
)_] - (E)z ) J= 1a , M, (267)
n
where m := min(2n,2n + p — 3) and
jn .
;q (E[p,pz] (;)), J= 1,...,71,

Yj = .
2n—j+ 1)n .
Ao (eL,,‘,,_z] <%>) , j=n+1,....2n.
(2.68)
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Table 1 Computation of 4;(e},,—2 (7)) = maxg 4, (e}, ,—2(0)) and Ay (e, ,—y (7)) = ming /a (e}, ,—2(0)) for p=2,...,9

p 2 3 4 5 6 7 8 9 00
21 (e p—2) (7)) 10.000000 9.882353 9.870968 9.869754 9.869621 9.869606 9.869605 9.869604 2
Ja(epp—) (7)) 12.000000 10.000000 9.882353 9.870968 9.869754 9.869621 9.869606 9.869605 2

Note that the point in which Z;(ej,,»(0)) is evaluated
w and not %, this is the reason for which (2.66)
could be a bit misleading. Note also that, as explained in
Remark 2.2, the sampling procedure adopted in Sects. 2.3.2
and 2.4.2 is based on direct comparisons between the
samples of 4 (e, ,—2)(0)), A2(€[p,—2)(0)) and the numerical
eigenvalues /;,, and it is therefore slightly more accurate
than the sampling procedure (2.67)—(2.68). However, in the
limit of mesh refinement n — oo (actually, already for n =
500 as in Figs. 20 and 32) these sampling procedures are
indistinguishable.

is

2.5.3 p-Degree C° B-Spline Discretization

When assuming the minimal smoothness k = 0, there are p
different B-spline reference functions ¢; ¢, j =1,...,p.
Inside the interval [0, 1], they coincide with Bernstein
polynomials of degree p; see, e.g., [2]. The resulting
symbols £y, (0), hy,0(0), €, 0(0) are p x p matrices for
each 6 and are given by (2.38)—(2.40) for k = 0. Since n =
2 (see (2.34)), they simplify to

_ %l n io m A\ o
£0(0) = Ky + Kpye’ + (K], ) e, (2.69)
. T .
By (0) = M + Ml e 4 (M), ) e, (270)
€01 (0) = (hy0(8) ' £p0(6). (2.71)

For p=1,...,5, the characteristic polynomial of
e}0/(0) is given by, respectively,’

6(1 — cos 0)

Ce[w](")(/l) =4= 2 + cos 0 (272)
2 8(1342cosf) ., 240(1 — cos b))
— 22 _
Ce[z_o](())(i) = 3 —cos0 / 3 —cosf
(2.73)
.3 30(18 —cos 0) 360(32 + 3cos0) ,
_ 3 2
Cepg(0)(4) = 4 4+ cosf 4 4+cos0
25200(1 — cos 6)
4+cos
(2.74)

3 These polynomials have been obtained through a simple MAPLE
program implementing Algorithm 2.1. The program first produced the
symbolic expression of ej,/(0) and then computed Ce,,(0)
therefrom.

4 24(754 2cos )
_ 4 3
Con ) =4 =55~

1008(133 — 3 0
., 1008(133 — 3cos0)

5—cosf
~ 40320(59 +4cos b) p

5—cos0 )
n 5080320(1 — cos 6)
5 —cos0 ’
.5 10(67 —cos0)
Cosotn(?) =2 = =g+
6720(128 + cos 0) ,5
A
6+ cos 0
~302400(163 — 2.cos )

6 + cos 0
8467200(94 + 5 cos 0) P

6 +cosf
B 1676505600(1 — cos 0)

6+ cos 0

(2.75)

22 (2.76)

The solutions of the characteristic equation Ce,,,(9)(4) =0
with respect to A are the eigenvalues Z;(ep0)(0)),
i=1,...,p, which immediately provide the analytical
predictions of the eigenvalue errors according to
Remark 2.2. Note that the equations Ce,9)(4) =0 for
p=1,2,3/4 are the analogs of formulas (116), (141),
(144), (146) in [20]. Hence, Ce,,, (0) (4) = 0 can be regarded
as the generalization of the latter formulas to any degree p.
Some numerical experiments reveal that, for all p, the
function 4; (e}, (0)) is increasing or decreasing over [0, 7],
depending on whether i is odd or even; moreover,
Z1(ep0)(0)) converges to 0> as p — oo. The numerical
experiments also confirm the existence of p spectral bran-
ches as stated in Remark 2.3, because for all p we have

max Z;(e}, 0)(0)) < min 21 (€ 0(0)),  i=1,...p— 1

(2.77)

Therefore, the analytical predictions of the eigenvalue
errors provided by Remark 2.2 are the following:

ﬁ — 1= Yi
2 (=)

n

_17 jzl,...,p}’l—l, (278)
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h T T T T T T T T T
where 14T ar\alylical predictions, p=4
jTC 1ok == == eigenvalue errors, p=4
)» e — 5 = 17 N,
() |
2n—j+1)n sb
zz(em(( s )) j=n+1,..0m, -
n 06
(G-2n)n 0al
Azl e , =2n+1,...,3 '
yj = 3 ( p,0] ( n J n+ )N, il
dn—j+1)m - s
24(‘3[17.0](( ) ))a Jj=3n+1,...,4n, % o1 02 03 04 05 06 07 08 09 1
: oF ; | ,I - ; ;
analytical predictions, p=5
)Lp(eL,’70] (0»)7 ] = (p _ 1)}1 + 17 ...,pn, = = gigenvalue errors, p=5
15
and
iL
i—(p—1)n)n
G=p=lmr pis odd,
0 = n L
T Y n—j+ °
—F— if piseven.
n
0 - ‘ ‘ -
Figure 41 shows the comparison between the analytical e ot 02 03 04
predictions and the eigenvalue errors for p = 4,5,6,7 and Y Y Y Y Y Y Y Y Y
n =500 (for p = 1,2,3 and n = 500 we refer the reader to 25F analytical predictions, p=6 .
Figures 7, 20, 38). We see an excellent agreement in all = = eigenvalue erors, p=6
cases. Note that not all the p branches predicted by 2r )
Remark 2.3 are visible in Fig. 41. For example, for p =4 15k A
the first and the second branch seem to merge into a single
branch because the jump at j/N, =~ 1/4 is not visible r i}
(N, = 4n — 1). However, if we adopt a larger scale as in sk |
Fig. 42, then the jump at j/N, ~ 1/4 becomes evident. To
see the actual jump in the curve of the eigenvalue errors T Y
one should turn the red dashed line into a continuous line
and adopt a larger scale. The inaccuracy in the analytical 35 i i i i T T T T T
prediction seems to disappear in the limit of mesh refine- 18 ko L ]
ment n — oco. For example, in Fig. 42, with n = 500, the il |
value of the analytical prediction at j/N, ~ 1/4 is about
—0.0037. If we take n = 1000, this value rises to —0.0017. 2r i
In order to completely remove the inaccuracy in the ana- 151 1
Iytical prediction also for small values of n, one should 1 .
adopt the sampling procedure we used in Sects. 2.2-2.4; o5 i
see Remark 2.2. N ‘ ‘ N ‘ : ‘ ‘
o0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

Remark 2.4 (Divergence of the FEA numerical spectrum
with p) The case of C° B-spline discretization considered
in this section corresponds to classical FEA. The spurious
behavior of the FEA numerical spectrum, which results in
the appearance of p — 1 optical branches, was already
observed in the engineering literature; see, e.g.,
[5, 20, 21, 23]. In particular, it was noted in [21] that the
largest optical branch (the one associated with the largest

@ Springer

Fig. 41 p-degree C° B-spline discretization for p = 4,5,6,7: analyt-
ical predictions y;/(ZX)* — 1 and eigenvalue errors 4;,/4; — 1 versus

J/Nawj=1,..;Ny (N, = np — 1, n = 500)

eigenvalue function 4,(ep,j(0))) diverges to infinity as
p — oo. Using the analytical predictions (2.78), we can
quantify this divergence through the following indicators:
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02 4
analytical predictions, p=4

== == gigenvalue errors, p=4

0.15

0.1

0.05

0t
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 42 Quartic C° B-spline discretization: analytical predictions
yj/(";")zfl and eigenvalue errors Z;,/4 — 1 versus j/N,, j=

1,...,N, N, =4n—1, n=500). To see the presence of the four
branches, a larger scale is adopted with respect to Fig. 41

. pn— 1}

my, == lim min{jyjz—lsj:(p—l)n—kl,..

—ﬁ%%@,
M, :nliJgO max (]Zgz—l j=P@-Dn+1, ..,pn—l}
= max E,(0),
where
p(€p0)(0))

5 —1, if pisodd,

O+ (p—1)n)

2 (€0 (T — 0))
O+ (p - 1)m)*
The values of m, and M, are reported in Table 2 for

p =2,...,14. They give a clear idea of the divergence rate
with respect to p of the largest FEA branch.

E,(0) :=
— 1, if piseven.

3 Galerkin Discretization of Variable-
Coefficient Eigenvalue Problems

Consider now a general one-dimensional variable-coeffi-
cient second-order eigenvalue problem:

{ —(a(x)u(x)) = Zib(x)u;(x), x € (0,1),

u(0) = (1) = 0. (3-1)

We assume that a,b € C([0,1]) and a,b > 0 on (0, 1). The
corresponding weak formulation reads as follows: find

eigenvalues 4; € R" and eigenfunctions u; € H} ([0, 1]), for
j=1,2,..., 00, such that, for all v € H}([0,1]),

a(uj,v) = 4(bu;,v),

where

1
a(u;,v) ::/0 a(x)ui(x)v' (x)dx,
(buj,v) ::/0 b(x)u;(x)v(x)dx.

In the Galerkin method, after fixing a set of basis
{o1,...,0n} CH)([0,1]), we define the
approximation space ¥, := span(@y,...,@y ) and we
obtain approximations of the exact eigenpairs (4;,u;),
j=1,2,...,00, by solving the following Galerkin prob-
lem: find 4;, € R and u;,, € #,, for j = 1,...,N,, such
that, for all v, € %,

functions

a(uj,,,, vﬂ) = ;“j,n (b Uj n,s Vn)- (32)

Assuming that both the exact and numerical eigenvalues
are arranged in non-decreasing order, the pair (4, u;,) is
taken as an approximation of the pair (4;,u;) for all
j=1,... N,

In view of the canonical identification of each function
vp € W, with its coefficient vector with respect to the
basis {¢y,..., @y }. solving the Galerkin problem (3.2) is
equivalent to solving the generalized matrix eigenvalue

problem
Kn (Cl)llj"n = /ALanMn (b)ujv,,, (33)

where u;, is the coefficient vector of u;, with respect to

{@1,..., 0y } and
. 1N
Kufa) = faloy 0 = | [ atel(@efde]
(3.4)
_ 1 =N,
M) = (b0l = | [ b o]
LJo lij=1
(3.5)

The matrices K, (a) and M, (b) are referred to as the
stiffness and mass matrices. Due to our assumption that
a,b>0 on (0, 1), both K,(a) and M,(b) are always
symmetric positive definite, regardless of the chosen basis
functions @y, ..., @y, . Moreover, it is clear from (3.3) that

Table 2 Values of the

divergence indicators m, and P 2 3 4 >

6 7 8 9 10 11 12 13 14

M, forp=2,...,14
M,

m, 017 046 0.85 1.34
, 066 102 150 2.08

193 260 337 421 515 616 726 844 9.71
276 352 437 531 633 744 8.62 990 11.25
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the numerical eigenvalues 4;,, j = 1,...,N,, are just the
eigenvalues of the matrix

L,(a,b) := (M, (b)) 'K,(a). (3.6)

Note that the matrices K,(1), M, (1), L,(1,1) coincide
with the matrices considered in Sect. 2:

K,(1) =K,  M,()=M, L(,1)=L,.

To see this,
Eqgs. (3.4)-(3.6).

In the following we do a similar spectral analysis for the
general eigenvalue problem (3.1) as we did before for the
Laplacian eigenvalue problem (2.1) considering B-spline
discretizations of various degree and smoothness on uni-
form meshes.

simply compare Eqgs. (2.4)-(2.6) and

3.1 Linear C° B-Spline Discretization

In the linear C° B-spline discretization of (3.1) on a uni-
form mesh with stepsize ﬁ, the basis functions @y, ..., oy
are the linear C° B-splines By 1,05 - - - Bui0 (€., the hat-
functions; see Fig. 1). The resulting normalized stiffness
and mass matrices are given by

n—1

1 I
;K,,(a) = {/0 a(x)BJ/'H,[l.o] (X)B§+1,[1,0] (x)dx} )

n ij=1

n—1

nM,(b) :=n [/01 b(x)Bjy 11,0 (X)Bix110] (x>dx}

ij=1

Now, for any function o : [0, 1] — C, the matrix

+() '

is referred to as the m-th diagonal sampling matrix gener-
ated by o. Thanks to the local support property of the hat-
functions, i.e.,

i—1i+1
n ' n

supp(Bis1,[1,0]) = { ], i=1,...,n—1,

for large values of n the support of B;, 1|1 o) is located near
Therefore, the
matrices 1K, (a) and nM,(b) are approximately equal to
D, i(a)(1K,(1)) and D,_;(b)(nM,(1)), respectively, as
long as n is large enough. Indeed, for all i,j =1,...,n — 1
we have

i

the point 4 for all i=1,...,n—1
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<1Kn(a))ij _1 /O 1 a(x)B,y 10/ (X) Bl 1 (¥)dx

[ B g 0B

i+l

1/ i ;
%;C’(n_ 1) /4 B],‘H,[l,o](X)B;H,[l,o](x)dx

iDL [!
= a(n — 1) ;/0 ,/'+1,[1.,O] (x)B§+1,[1,0] (x)dx

or, in matrix form,

%Kn(a) ~ D, (a) (%K,,(l)). (3.7)
Similarly,
M, (b) ~ D,_1(b) <nM,,(1)). (3.8)

The approximations (3.7)—(3.8) can be made rigorous by
showing that

1 1
lim K, (a) —Dn_l(a)(;Kn(1)>H —0, (3.9)
lim ||nM, (b) —Dnl(b)<nM,,(l))H —0, (3.10)
where || -|| is the classical 2-norm of matrices. Since

{Dw(a)},, ~cLra(x) for all « € C([0,1]) and since we
know from Sect. 2.2 that

1
{;Kn(l)} ~arrf(0) =2 —2cos 0,
2 1
{nMn(l)} ~ aurh(0) := S + 3 cos ),
the theory of GLT sequences yields

{Dn,l(a) (% K,,(l)) }n ~grra(x)f (0),
{Dn_l (b) (nMn(l)) }n ~ cLrb(x)h(0),

and
TK(@)} ~oura(x)f(0), (3.11)
( (3.12)

{
{nM,l
{

a) )
b} ~aurb()h(0),
(a

%Ln 7b)}nNGLT%e(0) =

where L, (a,b) := (M, (b)) 'K,(a) and
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e(0) = (h(0))"'f(0) = %

We note in particular that (3.13) follows from (3.11)—(3.12)
and the fact that any algebraic combination of GLT sequences
is again a GLT sequence with its symbol given by the same
algebraic combination of the symbols. In conclusion,

a(x)f (0), b(x)h(0), 53 e(0) are the symbols of {1K,(a)}

{nM,,(b)},, {:xLa(a,b)},. respectively. Figure 43 depicts
the diagram for the computation of these symbols. The rela-
tions (3.11)—(3.13) imply the singular value and eigenvalue
distributions

ne

{%Kn(a)}n ~ ¢:a(X)f (0), (3.14)
{”M"(b)},, ~ 0,6 (x)h(0), (3.15)
{%Ln(fa b)}n ~ M%e(()). (3.16)

In particular, the singular value distributions in (3.14)—
(3.16) follow directly from (3.11)—(3.13) and the theory of
GLT sequences; the eigenvalue distributions in (3.14)—
(3.15) follow from (3.11)—(3.12) and the theory of GLT
sequences, taking into account the symmetry of K,(a) and
M, (b); and the eigenvalue distribution in (3.16) follows
from the theory of GLT sequences in combination with the
same symmetrization argument that we have applied in
Sect. 2.2.

For each positive integer r, let G, be the uniform grid in
[0,1] x [0, %] given by

G, = {(;,T) 0L = 1,...,r}.

Compute the samples of the symbols a(x)f(0), b(x)h(0),

%e(@) at the grid points (x,0) € G,. Sort the samples of

if a(x)=1 2 /S
it a(x) %Kn(l) Ly apply scheme

1 ™ Figure 3 £0)
=Kn(a) —
n

a(x)f(0)

if a(x) is generic

apply scheme

in Figure 3 h(®)

b(x)h(8)

if b(x)=1
L nM, (1) = nM,

nM,, (b) —

it b(x) is generic

note| L L (a,0) = (nM"(b))-l(lK"(a))

712 n

same algebraic a(x)
combination of the symbols ()

nizL,,(a,b) e(8) = (b(x)h(8) " a(x) £(6)

Fig. 43 Diagram for the computation of the symbols a(x)f(0),

b(x)h(0), §3 ¢(0)

a(x)f (0) (resp., b(x)h(0), %6(0)) in increasing order and
put them in a vector (wy,wa,...,w2) (resp.,
V1,25 -« s ¥2)s (21,225 - 22)). Let k., &, ([0, 1] = R
be the piecewise linear non-decreasing functions that
interpolate  the samples (wp : = wy, Wi, wa, ..., W,2),
(Yo :=¥1,¥1,Y2,--»¥2)» (20 :=21,21,22,---,22) Over the

nodes (0,5,5,...,1), ie,

K (r—i) —wy,  0=0,... 7 (3.17)
£, (ré) =y, L=0,...7 (3.18)
C(r—i) —z =0, (3.19)

It turns out that x,, £,, {, converge to three non-decreasing
functions k, &, { : [0,1] — R, which are referred to as the

rearranged versions of a(x)f(0), b(x)h(0), %6(9),

respectively. The rearranged versions are of interest here
because the distribution relations (3.14)—(3.16) continue to
hold if the symbols are replaced by their rearranged ver-
sions, 1.€.,

{%Kn(a)}n ~ ik, (3.20)
{nMn(b)}nwﬂé, (3.21)
{Ztn@h)} ~ait (322)

Moreover, working with x, &, { is simpler than working

with a(x)f(0), b(x)h(6), %6(0) because k, &, { are uni-

variate non-decreasing functions defined on the unit inter-
val [0, 1]. Actually, it can be shown that x, &, { are the
unique non-decreasing functions defined on [0, 1] for
which the asymptotic eigenvalue distributions in (3.20)-
(3.22) are satisfied.

For some numerical experiments we focus on prob-
lem (3.1) with coefficients a(x) =2 + 0.5x and b(x) = 1.
Figures 44, 45, 46 show the graphs of the functions x,, &,,
{,, respectively, for r = 10000. Note that these graphs form
a very good approximation of the graphs of x, &, (,
respectively. The figures also show the eigenvalues of the
corresponding matrices 1K, (a), nM,(b), :L,(a,b) for
n=40. The eigenvalues of 1K,(a) are arranged in
increasing order so as to match the graph of «, (and x), and
are represented by the red asterisks placed at the points
(ﬁ,ij(%Kn(a))),j =1,...,n— 1. The same is true for the
eigenvalues of nM,(b) and L, (a,b). We see from the
figures that the eigenvalues of the matrices 1K, (a),
nM,(b), 4L,(a,b) are approximately samples of
the functions x, & { over a uniform grid in their
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10 T T T T T T T T T

= rearranged symbol a(x)f(6)

st % eigenvalues of n'wKn(a) i

L L L L L L L L
0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 44 Linear C° B-spline discretization with a(x) =2 -+ 0.5x and
b(x) = 1: comparison between the rearranged version k of the symbol
a(x)f () and the eigenvalues of 1K, (a) for n = 40

1 T T T T T T T
¢ = rearranged symbol b(x)h(0)
08k % eigenvalues of nM, (b) i
06 [ 4
0.4 1
(-
02 1
0 L L L L L L L L L
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

Fig. 45 Linear C° B-spline discretization with a(x) =2 -+ 0.5x and
b(x) = 1: comparison between the rearranged version & of the symbol
b(x)h(0) and the eigenvalues of nM,,(b) for n = 40

30 T T T T T T T T T

¢ = rearranged symbol b(x)’1 a(x)e(d)
% eigenvalues of n’2Ln(a,b)

20 T

A
O 1 1 1 1 1 1 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 46 Linear C° B-spline discretization with a(x) =2 -+ 0.5x and
b(x) = 1: comparison between the rearranged version { of the symbol

%e(()) and the eigenvalues of -5 L, (a, b) for n = 40

domain [0, 1]. This agrees with the interpretation of the
eigenvalue distributions {1 K, (a)}, ~ ;x, {nM,(b)}, ~ ¢,
{EL,(a,b)}, ~,{ given in Sect. 2.2.

Considering that the eigenvalues of 5L, (a, b) (sorted in
increasing order) are approximately equal to the uniform
samples C(%),j =1,...,n—1, the eigenvalues of L,(a,b)
(i.e., the numerical eigenvalues 4;,, j=1,...,n—1) are
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approximately equal to n*{(%), j=1,..

‘ .,n— 1. Conse-
quently, we have

Ain 2L
A A
where 4;, j=1,2,...,00, are the exact eigenvalues. The

unknown exact eigenvalues 4p,...,4,_; can be approxi-
mated by the first n — 1 eigenvalues of L, (a,b) with
n' > n. Figure 47 depicts the (approximate) analytical
predictions nZC,({—;) /2w — 1 and the (approximate) eigen-
value errors A;,/Ay —1 versus j/(n—1), for j=
1,....,n—1((mn=200,n = 1500, r = 10000). We see from
the figure that the analytical prediction is excellent for all
the eigenvalues except for the very small ones. The inac-
curacy for small eigenvalues is (partially) due to the fact
that we used (, instead of ( as the latter is not explicitly
available. Figure 48 shows the improvement in the ana-
Iytical prediction when r increases. Note that in Fig. 48 we
only plot the smallest eigenvalue errors (one fifth of the
spectrum) because for the other eigenvalue errors the
analytical predictions remain essentially the same as in
Fig. 47 for all r > 2500.

Remark 3.1 (Numerical instability of the analytical pre-
dictions for small eigenvalues) As observed in Fig. 47, the
analytical predictions are not very accurate for small
eigenvalues. Besides the replacement of { by {,, a possible
(more hidden) reason resides in the fact that the approxi-
mations (3.23) may not be completely reliable from a
numerical point of view. Indeed, while it is true that the
eigenvalues - 4, of L, (a, b) are approximately equal to
the uniform samples { (ﬁ) — this is the meaning of the
eigenvalue distribution {%L,(a,b)},~;{ — it is not
necessarily true that the numerical eigenvalues 4;, are
approximately equal to the values n’( (ﬁ) the latter
approximations depend on whether n? is large or small with
respect to the differences -1 4;,, — {(£). More precisely, the

T T T T T T T T

o4r analytical predictions 1

0.35 | | ™ ™ eigenvalue errors 4

03[ T
0.25 - b
0.2 4
0.15 7
0.1 4

0.05 [ b

0 1 1 1 1 1 1 1 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 47 Linear C° B-spline discretization with a(x) =2+ 0.5x and
b(x) = 1: analytical predictions nzér(ﬁ)/ Ajw —1 and eigenvalue
errors Aj, /A — 1 versus j/N,, j=1,...,N, (N, =n—1, n =200,
n' = 1500, r = 10000)
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T T T T T T T T T

eogrz e analytical predictions [r=2500]
. analytical predictions [r=5000]
analytical predictions [r=10000]
0.06 - :: == == gigenvalue errors Bl

007 %

0.05 - :': b
0.04 - :‘._ b
0.03 - :
0.02 -

0.01

| o g jum == T ! ! ! ! 1 1

0
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18 0.2

Fig. 48 Linear C° B-spline discretization with a(x) =2 + 0.5x and
b(x) =1: analytical predictions n?(,(£)/4;,» —1 and eigenvalue
errors  Ajn/Ajw —1 versus j/N,, j=1,...N,/5 (Ny=n—1,
n = 200, n’ = 1500)

(reliable) approximations { (ﬁ) ~ n_lzflj,n imply the approxi-

1 1

mations {() — L 4; ~ L 4, — % 4;, which in turn imply the

relative approximations
Iy _ 1, 1, 1.
C(n) n? )“J ~ 12 j’]v” n? j'J

NEAEIPY (3.24)
e 2 i

provided that %Aj is not too close to 0. This explains why
the analytical predictions (left-hand side of (3.24)) may not
be so accurate approximations of the eigenvalue errors
(right-hand side of (3.24)) when /; is small (with respect to
n?).

It should be said at this point that the knowledge of the
symbol and its rearranged version { does not provide us
with a unique methodology to obtain analytical predictions
for the eigenvalue errors. Actually, the choice of the
sampling grid represents a degree of freedom since the
sampling procedure described before is not the only pos-
sible one to obtain analytical predictions for the eigenvalue
errors. Indeed, an eigenvalue distribution such as
{LL,(a,b)},~,{ only means that, for large n, the
eigenvalues of ,,Lan (a,b) are approximately uniform
samples of { over its domain [0, 1]. This does not specify
anything about the sampling grid to be used, except that it
should be (almost) uniform. In the following we exploit
this observation to improve our results, especially for small
eigenvalues.

Remark 3.2 (The best sampling grid) The sampling grid
that gives the best analytical predictions for the eigenvalue
errors will be called “the best grid” and will be denoted by
{t1,...,7n,} with N, =n — 1. For each j = 1,...,N,, the
point 7; € [0, 1] is the point where the distance between
n*({(1j) and J;, is minimal. Is the best grid uniform? The
answer is “no” in general, but the crucial aspect is that, as
a consequence of the eigenvalue distribution
{EL,(a,b)}, ~{, the grid {ty,...,y,} is almost uniform

and, moreover, it tends to a uniform grid in the limit of
mesh refinement n — oo. This shows in particular that an
optimal asymptotically uniform grid always exists. More-
over, it suffices to choose a uniform grid close to
{t1,...,7n,} in order to obtain excellent analytical pre-
dictions for the eigenvalue errors. We now describe a
procedure to approximately compute the best grid.

e Compute the numerical eigenvalues 4;,, j = 1,...,N,.
This can be done by using a suitable numerical method
(for example, the inverse subspace iteration method).

e Fix a large pair of values ¢g,r € N, and compute the
values n?(.(i/q) for i=1,...,q. For each j=
1,...,N,, choose the point 7; of the grid {i/q: i=
1,...,q} which minimizes the distance [n*{,(c}) — 4.

The grid {7}, ..
Note that the sequences {1y, ..

., Ty, } is called the approximated best grid.
. TN, + and {7}, ..
both non-decreasing because the sequence {1, ..
and the functions {, {, are non-decreasing.

Ty, } are
o ANy}

Consider again the example with coefficients a(x) =
2+ 0.5x and b(x) = 1. We apply the procedure described
in Remark 3.2 (with r = 10000 and ¢ = 1000000) to
compute the approximated best grid {t},...,7/,_,}. The
result is shown in Fig. 49, where we see that the approxi-
mated best grid is essentially uniform as its graph is
essentially a straight line.

Remark 3.3 (How to find a good sampling grid) The
unpleasant aspect of the procedure described in
Remark 3.2 to obtain the approximated best grid is that one
has to compute all the numerical eigenvalues 4;, and this

is, of course, practically unfeasible. However, the

09 1

0.8 [ 1

0.7 1

06 ]

05 4

04 1

03[ 1

02 4

0.1 r 4

0 L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 49 Linear C° B-spline discretization with a(x) =2 -+ 0.5x and

b(x) = 1: grid points ‘z:j’. versus j/N,, j=1,...,N, (Ny=n—1,
n = 200, r = 10000 and g = 1000000)
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T T T T T T T

04

analytical predictions
0.35 |- | ™ ™ eigenvalue errors

03 1

0.25 - b

02 T

0.15 - b

0.1 1

0.05 - b

! ! ! ! ! ! ! !

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

Fig. 50 Linear C° B-spline discretization with a(x) =2+ 0.5x and
b(x) = 1: analytical predictions nzC,(rj’.’)/ij#nr —1 and eigenvalue
errors A, /Ajw — 1 versus TJ’/, j=1,...N, (N, =n—1, n =200,
n' = 1500, r = 10000, g = 1000000, ¢ = 1)

mismatch between the analytical predictions based on a
naively chosen uniform grid, such as {j/M,: j=
l,...,N,} with M, =n and N, =n— 1, and the eigen-
value errors occurs only for small eigenvalues. This
observation gives rise to an alternative procedure that
computes, at a reasonable cost, a good sampling grid
yielding accurate analytical predictions.

e Compute the smallest ¢ numerical eigenvalues 4;,,
j=1,...,¢, with ¢ being a very small number. This can
be done by using a suitable numerical method (for
example, the inverse subspace iteration method).

e Fix a large pair of values g,r € N, and compute the
values n*{,(i/q) fori=1,...,q. Foreachj=1,...,¢,
choose the point 7} of the grid {i/q: i=1,...,q}
which minimizes the distance [n*(,(t}') — Aj.l-

e Make a uniform sampling of {, from r” till the end of
the interval [0, 1]. Here, we assume to sample (, over
the uniform grid {77, ...,y }, where

" - Tl:/

) . >
Torj = T +J M,—¢’

j=1,..,N,—¢.
The grid {7},...,
predictions for the eigenvalue errors. Of course, if { is

available, then the second and third steps of the above
procedure should be performed with { instead of (,.

Ty, } can be used to obtain analytical

Take again the example with coefficients a(x) =2 +
0.5x and b(x) = 1. Fix r = 10000, g = 1000000, ¢ = 1,
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and compute the grid {7{,...,7/_,;} as described in

Remark 3.3. Figure 50 shows the analytical predictions for
the eigenvalue errors using this grid. We see that the
accuracy has been substantially improved with respect to
Fig. 47, just by precomputing the smallest eigenvalue.

Remark 3.4 (Origin of the name “locally Toeplitz sequen-
ces”) The case study considered in this section is appropriate
to explain the origin of the name “locally Toeplitz
sequence”. A “locally Toeplitz sequence” is a sequence of
matrices A,, possessing a local Toeplitz structure “weigh-
ted” through a continuous function o(x). An interesting
example of such a matrix is

Ay =D, ()T, (2 — 2 cos 0)
2(5) —a(;)
2 2 2
() =) ()
o) () -

L —a(l) 20(1)

Looking at a relatively small submatrix of A,, (according to
a “local” perspective), one easily recognizes an approxi-
mate Toeplitz structure weighted through the continuous
function «(x). For instance, the 2 x 2 leading principal
submatrix

() ()
() =)

is approximately equal to

cx(%) {_21 _21} = oc(%)Tg(Z —2cosb),

because the difference between these two matrices goes to
0 in 2-norm as m — oco. Similarly, if BL N is a submatrix

m

of size |y/m], obtained as the intersection of |/m| con-
secutive TOwWS and columns of A, then
B| /| ~ a(%)T[ﬁJ (2 —2cos 0), where (L) is any of the
evaluations of «(x) appearing in B /m)- More precisely,
one can prove that
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where the error E| 7 tends to zero in 2-norm as m — oo.
The latter assertion remains true if | /m] is replaced by any
integer k,, such that k,,/m — 0 as m — oc. In other words,
if we explore “locally” the matrix A,,, using an ideal
microscope and considering a large value of m, then we
realize that the “local” structure of A,, is approximately
the Toeplitz structure generated by 2 —2cosf and
weighted through the function «(x). In this sense the matrix
A, is a “locally Toeplitz version” of T,,(2 — 2cos#6)
weighted through o; and the matrix 1K, (a) is a locally
Toeplitz version of 1K, (1) = T,_;(2 — 2cos 0) weighted
through a, due to (3.7) and (3.9). The reasoning we have
just outlined is the key idea that led to the birth of locally
Toeplitz sequences [14, 27] and, subsequently, of GLT
sequences [1, 13-15, 17, 25, 26].

3.2 Quadratic C¥ B-Spline Discretization

We move on to quadratic B-spline discretizations of (3.1)
on uniform meshes. As for the Laplacian eigenvalue
problem (Sect. 2.3), we separately treat the C' and C°
cases.

3.2.1 Quadratic C' B-Spline Discretization

In the quadratic C' B-spline discretization on a uniform
mesh with stepsize %, the basis functions ¢, ..., @, are the
quadratic C' B-splines Byp.)s -+ Buyrp) (see Fig. 8).
The resulting normalized stiffness and mass matrices are
given by

1 L[ , , !
-K,(a) == a(x)BjH,[z?l](X)Bi+1,[2,1](x)dx )
n n 0 ij=1

1
M (8) = n| [ BB B0
ij=
The argument to show that {1K,(a)}, and {nM,(b)}, are
GLT sequences is the same as the argument we have
applied in Sect. 3.1. Thanks to the local support property of
the B-splines, the support of B;,i 5 is located near the
point ﬁ for all i =1, ..., n; this is clear from Eq. (2.8) and
Fig. 8. Therefore, the matrices 1K,(a) and nM,(b) are
approximately  equal  to  D,(a)2K,(1)) and
D, (b)(nM, (1)), respectively, as long as n is large enough.
Indeed, for all i,j = 1,...,n we have

<1Kn(a))ij _1 /O 1 a(x)B),y o) (V)Bl oy (¥)dx

1/ / /
=- a(x)Bj, | 1p1)(*)B 1 (x)dx
n SUPP(Bi+1.[2.1]) SR L
1 (i / / /
~—al- By ) (0)Biiy p,y(x)dx
n n SUPP(BH].[ZA]]) LR L

i 1!
:a(2> n A B,,'+1,[2,1](X)B;H,[z,u(x)dx

= a(3) GR),

or, in matrix form,

%Kn(a) ~ D, (a) (%K,,(l)). (3.25)
Similarly,
M, (b) ~ D, (b) (nM,,(l )) : (3.26)

The approximations (3.25)—(3.26) can be made rigorous by
showing that

- ) -
Tim (1M, (b) — Dy (b) (nM,,(l)) H —0.

Since {D,,(a)},, ~cLra(x) for all a € C([0,1]) and since
we know from Sect. 2.3.1 that

LKD)} ~aunf(0) =1~ 2eos 0 — ycos(20),
{nMn(l)}n ~ aurh(0) = % + %;os 0+ 6—10cos(29),
the theory of GLT sequences yields

[P (K1)} ~arra(alf (),

{Du0) (mM,(1) } ~crb()n(0),

and
TKi(@)} ~oura(x)f(0), (327)
(3.28)

where L, (a,b) := (M, (b)) 'K,(a) and

o _ ~20(3 —2cos 0 — cos(20))
e(0) = (n(6))"1(0) = 33 +26c0s 0 + cos(20)
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The diagram for the computation of the symbols a(x)f(6),

b(x)h(0), %e(@) is the same as in Fig. 43. The rela-

tions (3.27)—(3.29) imply the singular value and eigenvalue
distributions

(K@} ~psa(f ), (330)
{mML(b)} ~csb(0n(0), (3.31)
[SLan)} ~ a,z%ew). (3:32)

Let k, & (:]0,1] — R be the rearranged versions of
a(x)f(0), b(x)h(0), %6(0), which are obtained as the limit
of the piecewise linear functions x,, &,, (,:[0,1] — R
in (3.17)—(3.19). Exactly as in Sect. 3.1, the distribution

relations (3.30)—(3.32) continue to hold if the symbols are
replaced by their rearranged versions, i.e.,

1
{7Kn(a)} ~ g K, (333)
n n
{nMn(b)} ~ il (3.34)
n
35 x = rearranged symbol a(x)f(6) Mm ]
3t %  eigenvalues of n'1Kn(a) MH 4
25 b
otk 1
15F b
1k 1
05 b
0 L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 51 Quadratic C' B-spline discretization with a(x) =2 +0.5x
and b(x) = 1: comparison between the rearranged version k of the
symbol a(x)f(0) and the eigenvalues of 1K, (a) for n = 40

1 T T T T T T T T
& =rearranged symbol b(x)h(9)
08 *  eigenvalues of nM_(b) i
0.6 b
04 T
02 i
"1
0 L L L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 52 Quadratic C' B-spline discretization with a(x) =2 +0.5x
and b(x) = 1: comparison between the rearranged version ¢ of the
symbol b(x)h(0) and the eigenvalues of nM,,(b) for n = 40
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¢ = rearranged symbol b(x)'1a(x)e(ﬁ)
20 *  eigenvalues otn'2Ln(a,b) B

Omw*’M ) L L . . .

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 53 Quadratic C' B-spline discretization with a(x) =2 +0.5x
and b(x) = 1: comparison between the rearranged version { of the

symbol %ew) and the eigenvalues of L L,(a,b) for n = 40

T T T T T T T T T
012 analytical predictions
== == gigenvalue errors

0.1
0.08 -
0.06 -
0.04 -
0.02 L

0 — 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 54 Quadratic C' B-spline discretization with a(x) =2 +0.5x
and b(x) = 1: analytical predictions nZC,(i) /2w — 1 and eigenvalue
errors Ajn/Ajw — 1 versus j/N,, j=1,...,N, (N, =n, n=200,
n' = 1500, r = 10000)

{%L,,(a,b)}nwwé. (3.35)

For some numerical experiments we focus on prob-
lem (3.1) with coefficients a(x) =2+ 0.5x and b(x) = 1.
Figures 51, 52, 53 show the graphs of the functions x,, &,,
{,, respectively, for r = 10000. Note that these graphs form
a very good approximation of the graphs of x, &, (,
respectively. The figures also show the eigenvalues of the
corresponding matrices 1K, (a), nM,(b), 1L,(a,b) for
n = 40. These eigenvalues are arranged in increasing order
and are represented by the red asterisks positioned at f;,
j=1,...,n. We see from the figures that the eigenvalues
of 1K, (a), nM,(b), 5 L,(a, b) are approximately samples
of k, £, { over a uniform grid in [0, 1]. This agrees with the
eigenvalue distributions in (3.33)—(3.35).

Considering that the eigenvalues of nizL,, (a,b) (sorted in
increasing order) are approximately equal to the uniform
samples C(ﬁ),j = 1,...,n, the eigenvalues of L, (a,b) (i.e.,
the numerical eigenvalues 4;,, j=1,...,n) are approxi-

mately equal to n?({ (ﬁ) Jj=1,...,n. Consequently, we have
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T T T T T T T T

012

analytical predictions
== == gigenvalue errors
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 55 Quadratic C' B-spline discretization with a(x) =2 +0.5x
and b(x) = 1: analytical predictions n2cf,.(‘c//.’) /2w — 1 and eigenvalue
errors  Aju/Ajw — 1 versus r_;’, j=1,...N, (N, =n, n=200,
n' = 1500, r = 10000, g = 1000000, ¢ = 1)

/I‘n 2 L

Lfl%né,(n)fl, j=1, 1y

Aj A

where 4;, j=1,2,...,00, are the exact eigenvalues. The

unknown exact eigenvalues 4, ..., 4, can be approximated
by the first n eigenvalues of L, (a,b) with n' > n.
Figure 54 depicts the (approximate) analytical predictions
nZC,.(i) /2w — 1 and the (approximate) eigenvalue errors
Ajn/Ajw —1 versus j/n, for j=1,...,n (n=200,
n’ = 1500, r = 10000). We see that the analytical predic-
tion is excellent for all eigenvalues except for the very
small ones. Exactly as explained in Sect. 3.1, the accuracy
can be substantially improved by precomputing few of the
smallest eigenvalues (already a single one is satisfactory
here). Fix r = 10000, g = 1000000, ¢ = 1, and compute
the grid {7,...,7/} as described in Remark 3.3 (using
N, = n instead of N, = n — 1). Figure 55 shows the ana-
lytical predictions for the eigenvalue errors using this grid.

3.2.2 Quadratic C° B-Spline Discretization

In the quadratic C° B-spline discretization on a uniform
mesh with stepsize %, the basis functions ¢, ..., @y are the
quadratic C° B-splines By o), .., By (see Fig. 14).
The resulting normalized stiffness and mass matrices are
1 LI , '
-K,(a) == - a(x)BHl,[LO] (x)BH»l,[ZD] (o) dx )
n nlJo ij=1

1 n
nM,(b) :=n {/ b(x)Bj11,2,0)(X)Bit12.0] (x)dx}

0 ij=1
The argument to show that {1K,(a)}, and {nM,(b)}, are
GLT sequences is analogous to the argument used in the
previous sections. There is only a slight variation on the
theme. Thanks to the local support property of the B-
[i/2]

splines, the support of B, | 50 is located near the point ==

for all i =1,...,2n — 1; this is clear from Eq. (2.8) and

Fig. 14. Therefore, the matrices 1K, (a) and nM,(b) are
approximately equal to (D,(a)® Ig)-i-(% K,(1)) and
(D, (b) ® Iz)T(nM,,(l)), respectively, as long as n is large
enough. Here, I, is the 2 x 2 identity matrix, ® is the
tensor (Kronecker) product of matrices, and the subscript
“ 1 ” means that the matrices D,(a) ® I, and D,(b) ® I,
are deprived of their last row and column, so as to match
the size 2n — 1 of 1K, (1) and nM,(1). We recall that the
tensor product of two matrices X, Y € C"™" is defined as

Y xpY ximY

x1Y  xpnY XomY
X®Y:= . .

xle -meY xmmY

In particular, for any function o : [0, 1] — C we have

(O |

L a(1) |

To show that 1K, (a) ~ (D,(a) ®IZ)T(%K,,(1)), we note
that, for all i,j =1,...,2n — 1,

1 1!
(ZK"(Q))Q‘ :*/0 a(x)B;+l,[2,0] (X)B;+1,[240] (x)dx

n P

- %x/s;lpp(Bl_l 20) a(xX)B 1 .0 (X)Bi 1 .0 (¥)dx

~ % ¢ (@) supp(Bis12.0)) B;H'[Z’O] (x)B;H-,[lU] (x)dx
—a ( (’{12]) % ) | Bj. 1 po)(¥)Biy 1 g () dx

_ a(ﬁf}) (%K"(l)),/

@ Springer
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i.e., in matrix form,

1

LK) = (Dy(0) @ B)i (K (1), (3.36)
Similarly,
nM,(b) = (D, (b) © L); (nM,,(l)). (3.37)

The approximations (3.36)—(3.37) can be made rigorous by
showing that

tin |1, (0) = (Dy(a) 0 Ty (1K, ) | =0
Tim (1M, (b) — (D (b) © )y (nMn(l)) H —0.

Since {D,,(2) ® I },, ~crLra(x)L, for every o € C([0,1])
and since we know from Sect. 2.3.2 that

1 1 4 —2—2¢
-K, (1 ~gLrf(0) := = .
{n ( )}n aurf(6) 3 l—2—2e‘9 8—4cos€)1
1 4 3 + 3el?
nM,(1) ¢ ~gLrh(0) :=— ) ,
{ ( )}n aLrh(0) 30 |3+ 36 12+20059]

the theory of GLT sequences yields

{,@) 2 1) (K1)} ~orralof(o),

n

{,(6) @ L)s (1Mu(D) } ~curb(x)(0),

n

and
TK(@)}, ~auraaE(0), (3.38)
(3.39)

where L, (a,b) := (M, (b)) 'K, (a) and

e(0) := (h(0))"'£(0)
4 15+5cos0 (cosf —6)(2 + 2e)
- 3—cosl| —5—5¢10 11 —cos0 .

Figure 56 depicts the diagram for the computation of the

symbols a(x)f(6), b(x)h(0), ZE ; (0). The relations (3.38)-

(3.40) imply the singular value and eigenvalue distributions

LK@} ~osalof(0), (3.41)
{nMn(b)}n ~ 5.;b(x)h(0), (3.42)

@ Springer

it a(x)=1 1 1 apply scheme
1 n(1)=7Kn in Figure 16 £)
ﬁKn (") ]

x)f(0
if a(x) is generic a(=)t(@)
it b(x)=1 apply scheme
D=2 M, (1) = nM, 2PRY seheme |

nMa(1) = nM, in Figure 16 h(6)

nM,, (b) —
b(x)h(0
if b(«x) is generic (e)h(f)
—1(1
note ”ian(a,b) = ("M (b)) l(ﬁKn(a))
same algebraic a(x) (B -1
72 Ln(9:8) o ation of the symbols  b(x) e(0) = (b))~ a(@)£(6)

Fig. 56 Diagram for the computation of the symbols a(x)f(0),

b(x)h(0), 15 e(0)

(L@ n), ~g e

2
The eigenvalue functions of a(x)f(8), b(x)h(6), #e(@)
are given by
A12(a(x)£(0)) = a(x)A12(£(0))
2 2
:a(x)(2—§cos0q:§\/3+cosz()>,
212(b(x)h(0)) = b(x) 4 z(h(9))

(
4 1
= b(x) T —cosHZF \/34+26cos€)+cos29

1 30

iz (“8 e(e)) b(x)

(x) 12
a(x) 4
= 5 o030 (13+20050$ V124 + 112cos 6 — 11cos29).

(e(0))

For each positive integer r, let G, be the uniform grid in
[0,1] x [0, #] given by

g, = {(%,%Z) L= 1,...,r}.

Compute the samples of the eigenvalue functions
212(a(x)£(0)), A12(b(x)h(0)), )L,[.Q(%e(g)) at the grid
points (x,0) € G,. Sort the samples of 1, (a(x)f(0)) (resp.,
Z12(b(x)h(0)), 120 alx) ¢(0))) in increasing order and put

b ©
them in a vector (wy,wy,...,wa2) (tesp., (V1,¥2, .-, V2r2)s
(z1,22, -+, 222)). Let K, &, (. :[0,1] — R be the piece-

wise linear non-decreasing functions that interpolate the

samples (Wo := w1, Wi, wa, ...y Wpp2),

(yO =YLV Y2, -7)’2;-2), (ZO ‘= 21,21,%2 - - ‘722r2) over the
2 :

nodes (0,57,57,..., 1), i.e,
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K <§) = wy, {=0, 72r27 (3.44)
, (%) —y,  £=0,...,27 (3.45)
é (%) =z, 0=0,...27" (3.46)

It turns out that x,, £,, {, converge to three non-decreasing
functions «, &, {: [0,1] — R, which will be referred to as

the rearranged versions of a(x)f(6), b(x)h(0), %e(@),

respectively. The rearranged versions are of interest
because the eigenvalue distributions in (3.41)—(3.43) con-
tinue to hold if the symbols are replaced by their rearranged
versions, i.e.,

{%Kn (a)}n ~ K, (3.47)
{nM,,(b)}n ~ €, (3.48)
{%L,,(a,b)}n ~ L. (3.49)

Moreover, working with x, &, { is much simpler than

working with a(x)f(0), b(x)h(0), %e(@) because x, &, {
are scalar univariate non-decreasing functions defined on
the unit interval [0, 1]. Again, it can be shown that k, &, {
are the unique non-decreasing functions defined on [0, 1]
for which the asymptotic eigenvalue distributions (3.47)—
(3.49) are satisfied.

For some numerical experiments we focus on prob-
lem (3.1) with coefficients a(x) =2 + 0.5x and b(x) = 1.
Figures 57, 58, 59 show the graphs of the functions x,, &,,
{,, respectively, for r = 10000. Note that these graphs form
a very good approximation of the graphs of «, &, (,
respectively. The figures also show the eigenvalues of the
corresponding matrices 1K, (a), nM,(b), LL,(a,b) for
n = 40. These eigenvalues are arranged in increasing order

and are represented by the red asterisks positioned at 2%1,

10 T T T T T T T T T
¢ = rearranged symbol a(x)f(0)

st %  eigenvalues of n'1Kn(a) i
6F 4
41 4
o 4
0 1 1 1 1 1 1 1 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 57 Quadratic C° B-spline discretization with a(x) =2 +0.5x
and b(x) = 1: comparison between the rearranged version k of the
symbol a(x)f(0) and the eigenvalues of 1K, (a) for n = 40

T T T T T T T T

05 ¢ = rearranged symbol b(x)h(6)
%  eigenvalues of nMn(b)

0.4

0.3

0.2

0.1

0 1 1 1 1 1 1 1 1 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 58 Quadratic C° B-spline discretization with a(x) =2 +0.5x
and b(x) = 1: comparison between the rearranged version ¢ of the
symbol b(x)h(0) and the eigenvalues of nM,,(b) for n = 40

150 T T T T T T T T T

(¢ = rearranged symbol b(x)'1a(x)e((-))

% eigenvalues of n'2Ln (a,b)

50 7

ol 1 1 1 1 1 1 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 59 Quadratic C° B-spline discretization with a(x) =2 +0.5x
and b(x) = 1: comparison between the rearranged version ( of the
a(x)

symbol We(()) and the eigenvalues of L, (a,b) for n = 40
j=1,...,2n— 1. We see from the figures that the eigen-
values of 1K, (a), nM,(b), L L,(a,b) are approximately
samples of x, £, { over a uniform grid in [0, 1]. This agrees
with the eigenvalue distributions (3.47)—(3.49).
Considering that the eigenvalues of - L, (a, b) (sorted in
increasing order) are approximately equal to the uniform
samples {(s5), j =
(i.e., the numerical eigenvalues 4;,, j =1,...,2n — 1) are

1,...,2n — 1, the eigenvalues of L, (a, b)

approximately equal to nzﬁ(ﬁ), j=1,...,2n — 1. Conse-
quently, we have

A Py

7

j=1,...2n—1,

where 4;, j=1,2,...,00, are the exact eigenvalues. The
unknown exact eigenvalues Ap,..., A2, can be approxi-
mated by the first 2n — 1 eigenvalues of L, (a,b) with
n' > n. Figure 60 depicts the (approximate) analytical
predictions n?(,(£)/%,» — 1 and the (approximate) eigen-
value errors Z;,/A,y —1 versus j/(2n—1), for j=
l,..,2n—1 (n =200, n/ = 1500, r = 10000). We see
that the analytical prediction is excellent for all eigenvalues
except for the very small ones. Exactly as explained in
Sect. 3.1, the accuracy can be substantially improved by

@ Springer
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ol ! analyti;al predic;ons ' ' ' ' ' ! / stiffness and mass matrices are given by (3.4)—(3.5) with
Ois == sigenvalue arrors | ¢ = Bis1 pis i=1,...n(p—k)+k—1,
04l J ie.,
03 F . 1 n(p—k)+k—1
I R G L AT CCATETY S
041 1 1 n(p—k)+k—1
S L My (8) = | [ 00081400 0B ()]
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1 0

Fig. 60 Quadratic C° B-spline discretization with a(x) =2 +0.5x
and b(x) = 1: analytical predictions n%,(ﬁ) /2w — 1 and eigenvalue
errors i /Ay — 1 versus j/N,, j=1,...,N, (N, =2n — 1, n = 200,
n' = 1500, r = 10000)

T T T T T T T T T

06| analytical predictions B
== == gigenvalue errors

05 T

04f .

03[ T

02 T

0.1 i

0 e 1 1 1 1 1 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 61 Quadratic C° B-spline discretization with a(x) =2 +0.5x
and b(x) = 1: analytical predictions nQC,(rJ’.’) /2w — 1 and eigenvalue
errors Aj, /A — 1 versus rj’.’, j=1,..,N, (N, =2n—1, n =200,
n' = 1500, r = 10000, g = 1000000, ¢ = 1)

precomputing few of the smallest eigenvalues (already a
single one is satisfactory here). Fix r = 10000,
g = 1000000, ¢ = 1, and compute the grid {7/,..., 75, ,
as described in Remark 3.3 (using M, = 2n instead of
M, =n, and N, =2n —1 instead of N, =n —1). Fig-
ure 61 shows the analytical predictions for the eigenvalue
errors using this grid.

3.3 p-Degree C* B-Spline Discretization

We now generalize what we have seen in Sects. 3.1-3.2.
Consider the general Galerkin p-degree C* B-spline dis-
cretization of (3.1) on a uniform mesh with stepsize % That
is the Galerkin discretization described at the beginning of
Sect. 3, where the basis functions {¢, ..., @y } are taken
as {Bojpis - - -» Bu(p—k)+k.px) ; defined in (2.7). The resulting

@ Springer

ij=1

Thanks to the local support property of the B-splines, for
all i=1,...,n(p —k)+k—1 the support of B,y is
located near the point Wl;m in the sense that the distance
of the support from this point goes to 0 as n — oo; this
follows from Eq. (2.8). Therefore, the matrices 1 K, (a) and
nM,(b) are (Dy(a) ®
L) (CK,(1) and (D,(b) @ 1,0+ (1M, (1)), respec-
tively, as long as n is large enough. Here, I,_; is the
(p — k) x (p — k) identity matrix. Moreover, the subscript
“1” means that D,(a) ® L,y and D,(b) ® I,_; are
deprived of their last row and column (if £k = 0) or com-
pleted by adding k — 1 diagonal elements equal to,
respectively, a(l) and b(1) (if k > 1), so that their size
becomes equal to the size n(p — k) +k — 1 of LK, (1) and
nM,(1). For example, if p —k =2 and k = 3, we have
nlp—k)+k—1=2n+2 and

(D,, (a) ® I],,k).i. =

()

approximately equal to

To show that 1K, (a)~ (D,(a) ®Ip_k)T(ﬁK,,(1)), we
extend continuously the function a(x) outside its domain

[0, 1] by setting a(x) = a(1) for x > 1 and we note that, for
allij=1,...n(p—k) +k—1,
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(%K,,(CO)U = [)l a(x)B//'JrLLu,k] (X)B:‘H.b),k] (x)dx

/ a(x)BJ’.H‘h,‘k] (X)B;+11bz,k] (x)dx
supp(Bi-1,p.4))

<o(li=hy

supp(Bi p. k)

(5
<|—l/ 1)/01 /+1Wc z+|,[p,k](x)dx
(e

-0 ),

n

/+l []7k]( )B;ﬂ,b;,k](x)dx

Q

=a

i.e.,

%K,, (a) = (Dy(a) © T, (% Kn(l)>. (3.50)
Similarly,

M, (a) ~ (D,(b) @ T, 1) (nMn(1)>. (3.51)

The approximations (3.50)—(3.51) can be made rigorous by
showing that

tin 1K, 0) — 040 & 1,01 (K)o
Tim (1M, (b) — (Da(b) © 1, 1) (nMn(l)> H —0.

Since  {Dy, () ® L, },, ~crra(x)l,—x  for every o€
C([0,1]) and since we know from Sect. 2.5 that

{%Kn(l)}n ~ GLTfLu,k] (0),
{”M"(l)}n ~ curhy (),

with f[,;1(0) and hy,;(0) being the (p —k) x (p —k)
matrix-valued functions in (2.38)—(2.39), the theory of
GLT sequences yields

{®u@ 21,01 (KD} ~auralofy(0),
{0.0) @ 1,0 (ML(1) } ~arraohy,g(0),

and
1
{FK@] ~arraof0) (3.52)
{nMn(b)} ~ arb(x)hy, 4 (0), (3.53)
1 (x)
G, ~ar gy ena®) (354

= (b(x)hy,(0)) " a0 (0),
where L, (a,b) := (M, (b)) 'K, (a) and

ep.(0) := (hy,(0))'f}, 5(0).

The procedure to obtain the symbols a(x)fy,(0),
b(x)hy, 1(0), %emkl (0) is the same as in Fig. 56. Note that
Fig. 43 is just a special case of Fig. 56, corresponding to
the situation in which the block symbols have size 1 x 1,
i.e., they are scalar symbols. This happens only in the case
of maximal smoothness kK = p — 1. The relations (3.52)—
(3.54) imply the singular value and eigenvalue distributions

{%Kn(a)}n ~ o)} (0), (3.55)
{nMn(b)}n ~ o (X)) (0), (3.56)
{%Ln(a, b) } ~ i %ew 0). (3.57)

For each positive integer r, let G, be the uniform grid in
[0,1] x [0, 7] given by

i jn
gr = {(_aj_> :

r’r
Compute the samples at the grid points (x,6) € G, of the
eigenvalue functions

da,.p-r(@)fp(0)) = a(x)
212,..p—k(b(x)hy, 4 (0)) = b

2t (G ep(0)) = 503 i 0),
Sort the samples of 5., «(a(x)fj.(0)) (resp.,

Mz gk (DG (0)), A1 pi(© E)ew( ))) in increas-
ing order and put them in a vector (wy,wy,...,
(resp., (y1,2, - -

Wip—k)r2)

S Yp-hy2)s (21522, Zp-p)2))- Let

Ky lpks gerk grh}k [O 1]

be the piecewise linear non-decreasing functions that
interpolate the samples (wg := wi,wi,wa,.. ., w(p,k),z),
(yO =YLV Y2, 'vy(pfk)rz)’ (ZO = 21,41522 - '7Z(p7k)r2)
over the nodes (O,W,W, o), e,

¢ 2
Kr,Lp,k] (m) =Wy, = 07 cey (p — k)r

(3.58)
éerk]<(p_€k) 2) e, 6:07"%([77]()"2;

(3.59)
Crlpk (ﬁ) =z, 0=0,...,(p—kr

(3.60)

It turns out that Kr [p ks ir,wc]? Cn[,,‘k] converge, as r — 00, to
three non-decreasing functions
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K:D),k]7 f[p.k]v Cb},k] : [07 ]] - Ra

which will be referred to as the rearranged versions of

a(x)f,(0), b(x)hy,4(0), %ew](ﬂ), respectively. The
eigenvalue distributions in (3.55)—(3.57) continue to hold if

the symbols are replaced by their rearranged versions:

{%K"(a)}n“’“%kla (3.61)
M)} ~ 580 (3.62)
{%L"(“J’)},, ~ilipa- (3.63)

It can be shown that Ky, i), Cjps> {[ps are the unique non-
decreasing functions defined on [0, 1] for which the
asymptotic eigenvalue distributions (3.61)—(3.63) are
satisfied.

Remark 3.5 (Analytical predictions of the eigenvalue
errors) Let 2;,, j = 1,...,n(p — k) + k — 1, be the numeri-
cal eigenvalues (i.e., the eigenvalues of L,(a, b)) sorted, as
always, in increasing order. In view of the eigenvalue dis-
tribution {5 L, (a,b)}, ~ ;{}, s, we can say that:

o for large values of n, the eigenvalues of 5L, (a,b)
(except possibly for a small number of outliers) are
approximated by uniform samples over [0, 1] of {}, ;;

e for large values of n, the eigenvalues of L,(a,b)
(except possibly for a small number of outliers) are
approximated by uniform samples over [0, 1] of n2{ k-

Therefore, we propose the following procedure to compute
the (asymptotic) analytical predictions of the eigenvalue
errors

j~‘n

R, j=L...n(p—k) +k—-1,
%
in the limit of mesh refinement (when n — 00).

e Compute the uniform samples

Lo (m) j=1,...n(p—k). (3.64)

e Compute the asymptotic analytical predictions of the
eigenvalue errors as follows:

Ain 1 n Ly (n(pjfk)) .
); ) ’

)

j=1,...,m,
(3.65)

where m := min(n(p — k),n(p — k) + k- 1).

In practical applications, since the exact eigenvalues /; are
not available, we replace them in (3.65) by 4; , where ' is
chosen so that n’ > n. Moreover, if also ( [P:K] is not
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available, we replace it in (3.65) by {, |, ;) with a large r. In
(3.65) we are assuming that the eigenvalue errors corre-
sponding to indices j exceeding n(p — k) have no analytical
counterpart. Actually, the number of these “excluded”
eigenvalue errors is only max(0,k — 1) <p — 2, and can be
neglected in the limit of mesh refinement n — oo (recall
that (3.65) holds precisely in this limit).

Remark 3.6 (How to find a good sampling grid) When
using a naively chosen uniform grid such as (3.64), it might
happen that the analytical predictions are not very accurate
for small eigenvalues. This could be improved by taking a
better sampling grid. The following procedure computes, at
a reasonable cost, a good sampling grid yielding more
accurate analytical predictions (in the same spirit as
Remark 3.3).

e Compute the smallest ¢ numerical eigenvalues 4;,,
j=1,...,¢, with ¢ being a very small number. This can
be done by using a suitable numerical method (for
example, the inverse subspace iteration method).

e Fix a large pair of values g,r € N, and compute the
values  n?(,,5(i/q) for i=1,...,q. For each
j=1,...,c, choose the point 7/ of the grid {i/q:
i=1,...,q} which minimizes the
7, i (7)) = il

e Make a uniform sampling of {,. [, from r’;’ till the end

distance

of the interval [0, 1]. Here, we assume to sample Crvhz),k]
over the uniform grid {<,..., r;’(pik)}, where
Y 1-1"

o . 9
Tej =T +J n

=B e

j=1,..

The grid {7f,..

predictions for the eigenvalue errors. Of course, if {}, is

-+ Tn(p—t)} can be used to obtain analytical

available, then the second and third steps of the above
procedure should be performed with (|, 5 instead of {,. [, .

3.3.1 p-Degree -1 B-Spline Discretization

When assuming the maximal smoothness k =p — 1, the
relations (3.55)—(3.57) simplify to

{%Kn(a)}n ~ o sa(x)f(0), (3.66)
{nMn(b)}n ~ o 1b(x)hy(0), (3.67)
{FLan) ~ei5 e, (3.69)

where f, =1}, 1, hy:=hy,, 1, e, :=e), ; are the
scalar functions in (2.52)—(2.54); see [11]. According to
Remark 3.5, analytical predictions of the eigenvalue errors
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can be expressed in terms of the rearranged version {, ,_|

of the symbol %e,,(@), as follows:
i @)
A r

J )

Y j:1""7m7

where m := min(n,n + p — 2). Alternatively, taking into
account Remark 3.6 with k =p — 1,

2l (7))

, i=1,...,m.
)vj /Lj J "

For some numerical experiments we first focus on
problem (3.1) with coefficients a(x) = 1 + x*> and b(x) =
1 —0.5x. Figure 62 shows the comparison between the
(approximate) analytical predictions n(,. , , 1] (t))/ 2j — 1,
j=1,...,n, and the (approximate) eigenvalue errors
Ainfhiw =1, j=1,...,n+p—2, for p=2,3,4,5 and
n = 200. The approximation parameters have been chosen as
n' = 1500, r = 10000, g = 1000000 and ¢ = 1. Moreover,
the eigenvalues 4;,, have been taken from the matrix
L,/(a,b) corresponding to the maximal degree p = 5. This
was done because, as it is clear from Fig. 62, the dis-
cretization with p =5 is the most accurate, and hence it
provides the best approximations 4;, to the exact eigen-
values 4;, at least until j is not too large. We see from the
figure that the eigenvalue errors match the analytical pre-
dictions, except at the end for p > 3. This mismatch is due
to the presence of a few outliers at the end of the numerical
spectra. Note, however, that the eigenvalue errors corre-
sponding to the outliers actually do not have a corre-
sponding analytical prediction as the blue line of the
analytical predictions stops before the outliers. Indeed, the
total number of analytical predictions is n, while the total
number of eigenvalue errors is n + p — 2, so the last p — 2
eigenvalue errors do not have a corresponding analytical
prediction (see Remark 3.5). The precomputation of the
smallest eigenvalue (¢ = 1) helps again circumvent the
numerical instability at the small frequencies.

Example 3.1 (Steel tapered rod with linearly varying
cross-sectional area) Consider problem (3.1) with coeffi-
cients a(x) = 2.1-10° + 1.05 - 10° x and b(x) = 80 + 40 x.
This corresponds to the model of a steel tapered rod whose
cross-sectional area varies linearly according to the equa-
tion A(x) =0.01 +0.005x (m?). Indeed, taking into
account that the Young elasticity modulus and the density
of the steel are, respectively, E =210- 10° Pa and
p = 8000 kg/m?, the squares of the natural frequencies /;
and the normal modes u; associated with the longitudinal
vibrations of the rod are the solutions of the eigenvalue
problem (3.1) with a(x) =E-A(x) =2.1-10° 4+ 1.05 -
10° x and b(x) = pA(x) = 80 + 40 x, as above.

T T T T T T T T T

analytical predictions, p=2
== == gigenvalue errors, p=2

0.8
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02

analytical predictions, p=3

12
’ == == gigenvalue errors, p=3

0.8

0.6

04

02r

12+ analytical predictions, p=4
== == gigenvalue errors, p=4

1+

0.8

0.6

04

02

12 F analytical predictions, p=5
== == eigenvalue errors, p=5

1k

08 [ 3

06 [ q

04 q

02 q

!

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 62 p-degree CP~! B-spline discretization for p = 2,3,4,5 with
a(x) =1+x*> and b(x)=1-05x: analytical predictions
nzérml,,”(rf’)/ljﬁ/ —1 and eigenvalue errors Z;,/4» — 1 versus
rj’.', j=1,...N, (N,=n+p—2=200, n=200, n' = 1500,
r = 10000, g = 1000000, ¢ = 1)

Figure 63 shows the comparison between the (ap-
proximate) analytical predictions n°(p,,1(<})/ 2w — 1,
j=1,...,n, and the (approximate) eigenvalue errors
din/kiw—1, j=1,...n+p—2, for p=2,3,4,5 and
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n =200, corresponding to the problem described in
Example 3.1. Note that in this case the symbol in (3.68)
becomes

a(x)
%ep(ﬁ) = 26250000 ¢,(0),
i.e., it is just a scaled version of the symbol e,(6) obtained
in the constant-coefficient case.
Its rearranged version is explicitly given by”

{pp—11(t) = 26250000 ¢, (n7), T € [0,1].

The approximation parameters have been chosen as
n’ = 1500, g = 1000000 and ¢ = 1. The eigenvalues lin
have been taken from the matrix L,/(a,b) corresponding
to the maximal degree p = 5, because the discretization
with p =5 is the most accurate. We see from Fig. 63
that the eigenvalue errors match the analytical predic-
tions, except at the end for p >3 due to the outliers. The
precomputation of the smallest eigenvalue helps again
circumvent the numerical instability at the small
frequencies.

3.3.2 p-Degree C° B-Spline Discretization

When assuming the minimal smoothness k = 0, the rela-
tions (3.55)—(3.57) become

LR@)} ~ a0 (0). (3.69)
{nMn(b)}n ~ 0. (xX)hy0(0), (3.70)
{%Ln(a,b)}nNa,z%emo](@L (3.71)

where f|, o), hj, 0, €, are the p x p matrix-valued func-
tions in (2.69)—(2.71). According to Remark 3.5, analytical
predictions of the eigenvalue errors can be expressed in

terms of the rearranged version (|, o) of the symbol % €[.0)>

as follows:
2 J
l‘n n C[PO](7>
n N =1, p— L
)7 /Lj

* To see this, recall that e, (0) is increasing on [0, 7] and { 1] i the
unique  non-decreasing  function on [0, 1] satisfying
{nlzL,l (a,b)}, ~iljpp-1)- Take also into account that, for every
constant C > 0, the asymptotic eigenvalue distribution {X,}, ~,g,
with g: [0, f] — R, is equivalent to the asymptotic eigenvalue
distribution {X,},~ ¢, where g:[Ca,Cp] — R is defined as
&(t) = g(C~'1). This result is intuitively clear in the light of the
meaning of the distribution relations {X,}, ~ ;g and {X,},~,g; a
formal proof can be given using the precise definitions reported in
Appendix.

@ Springer
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Fig. 63 p-degree CP~' B-spline discretization for p = 2,3,4,5 with
a(x) =2.1-10° 4 1.05-10° x and b(x) = 80 +40x: analytical pre-
dictions nzé[p‘p,l](rj’.’ )/2jnw — 1 and eigenvalue errors A,/ — 1
versus r_;’,j =1,...,N, (N, =n+p—2=200, n =200, ' = 1500,
g = 1000000, ¢ = 1)

Alternatively, taking into account Remark 3.6 with k = 0,

by 0 () = 1,..,mp—1
}7 ~ lj ’ J=1..,np .
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For some numerical experiments we first focus on
problem (3.1) with coefficients a(x) = 1 +x? and b(x) =
1 — 0.5x. Figure 64 shows the comparison between the
(approximate) analytical predictions ”2ChD7-,0](TJ/‘/ )/ Ajw — 1,
j=1,...,np, and the (approximate) eigenvalue errors
in/kiw—1, j=1,...,np—1, for p=2,3,45 and
n = 100,67,50,40. The choice of the pairs (p,n) =
(2,100), (3,67), (4,50), (5,40) was made to ensure that the
total number of degrees of freedom N, = np — 1 remains
approximately equal to 200, like in Fig. 62. This allows for a
comparison between Figs. 62 and 64. The approximation
parameters have been chosen as n’ = 1500, r = 10000, ¢ =
1000000 and ¢ = 1. We see from Fig. 64 that the eigenvalue
errors match the analytical predictions.

Consider now again the model of a steel tapered rod
with linearly varying cross-sectional area from Exam-
ple 3.1. Figure 65 shows the comparison between the
(approximate) analytical predictions HZC,’[P’O](TJ{/ )/ 2w — 1,
j=1,...,np, and the (approximate) eigenvalue errors
din/kiw—1, j=1,...,np—1, for p=2,3,45 and
n = 100,67,50,40, corresponding to this problem. Note
that in this case the symbol in (3.71) becomes

@e&,@](ﬂ) = 26250000 eLn’o](O),

b(x)

i.e., it is just a scaled version of the symbol e, (0)
obtained in the constant-coefficient case. The choice of the
pairs (p,n) = (2,100), (3,67), (4,50), (5,40) was made to
ensure that the total number of degrees of freedom N, =
np — 1 remains approximately equal to 200, like in Fig. 63.
The approximation parameters have again been chosen as
n’ = 1500, r = 10000, g = 1000000 and ¢ = 1. We see
from Fig. 65 that the eigenvalue errors match the analytical
predictions.

3.4 Isogeometric Galerkin Discretization
of Variable-Coefficient Eigenvalue Problems

In the isogeometric Galerkin method, the physical domain
[0, 1] in problem (3.1) is described by a global geometry
map G : [0, 1] — [0, 1]. We assume that G is invertible, C'
smooth, and satisfies G(0) = 0 and G(1) = 1. We fix a set
of basis functions {¢,..., ¢y } defined on the reference
(parametric) domain [0, 1] and vanishing on the boundary.
Then, we consider the basis functions

Vix) == 0,(GT' (%) = ¢i(1), x=G(1), i=1,...Ny,
and we define the approximation space %", := span(y, . . .,
Yy, ) C Hy(Q). Using this space, we arrive at the following

generalized matrix eigenvalue problem

T T T T T T T T T

analytical predictions, p=2
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’ == == eigenvalue errors, p=2
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T T T T T T T T T
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25 [ | = == eigenvalue errors, p=3

15
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0 e .
0 0.1 0.2 0.3
T T T T
35 analytical predictions, p=4
== == gigenvalue errors, p=4
3F
25
o b
15
1k
05
0 e . I e
0 0.1 0.2 0.3 0.4
5 T T T T
analytical predictions, p=5
4 == == eigenvalue errors, p=5
3F
o b
1+
0 e - L e
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

Fig. 64 p-degree C° B-spline discretization for p =2,3,4,5 with
a(x) =1+x*> and b(x)=1-05x: analytical predictions
nzérmo](rj’/ )/%jw — 1 and eigenvalue errors A;, /A, — 1 versus 17//.’ s
j=1,...,N, (N,=np—1=200, n=100,67,50,40, n' = 1500,
r = 10000, g = 1000000, ¢ = 1)

Kn (Cl7 G)uj,n = lj,nMn (b7 G)uj,m (372)

where w;, is the coefficient vector with respect to

{lph c '7¢Nn}s
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Fig. 65 p-degree C° B-spline discretization for p =2,3,4,5 with

a(x) = 2. 1 10° + 1 05-10°x and b(x) = 80 4 40x: analytical pre-
dictions n?{,. W) //L/ » —1 and eigenvalue errors 4;,/Zj» —1
versusr j—l Ny (N, =np —1=200, n=100,67,50,40,
n = 1500 r= 10000, g = 1000000, ¢ = 1)
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Kn(a G) [ (lpplp )]z/ 1= |:/(; a(x)wj/(x)lp:(x)dx .I.ll
-] ) el

(3.73)
and

Ny

M (0.G) = [0y, = | [ b comad]
1 Ny
- | [ e oromana]

(3.74)

The matrices K, (a, G) and M, (b, G) are, respectively, the
stiffness and mass matrices. Due to our assumption that
a,b > 0on (0, 1), both K, (a,G) and M,,(b, G) are always
symmetric positive definite, regardless of the chosen basis
functions @y, ..., @y and the map G. Moreover, it is clear
from (3.72) that the eigenvalues  4;,,
j=1,...,N,, are just the eigenvalues of the matrix

L,(a,b,G) := (M, (b, G)) 'K, (a,G).

numerical

(3.75)

By comparing (3.4)—(3.6) and (3.73)—(3.75), we see that

K.(0,G) = Kn(ag),  Ma(b,G) = M, (bo),
L,,(a, b, G) = Ln(ag, b(;),

where

ao(t) = LGN GG ).

G'()]

Therefore, all the results obtained in the previous sections
for the matrices K,(a), M,,(b), L,(a,b) also apply to the
matrices K,(a,G), M, (b,G), L,(a,b,G); it suffices to
replace a and b with ag and bg. In particular, if ag, bg €
C([0, 1]) and the basis functions ¢, ..., ¢y are chosen as
the p-degree C* B-

splines By [ 4, - -, Bu(p—k)+k,[p.i» then

K,(a,G) = K,(ac)
ld G / / n(p—k)+k—1
N [/0 %Bﬁhmkﬁ B, L”k]( )dt} ij=1 ’
(3.76)
and
M, (a,G) = M, (bg)
1 n(p—k)+k—1
= | o606 0B OBisspaer]|
(3.77)
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From (3.52)-(3.57) we get

1 a(G(r))
{EK"(a’G)}n ~ GLT wa](())a (3.78)
{nML(6,6)} ~cLrb(G(1))IG (1) Iy (6), (3.79)
1y . alG)
{n2 Ln( 7b7G) }n GLT b(G(l))|G/(t)|2 eb?,k](g)v (380)
and as a COHSGqUCHCC,
1 a(G(1))
{K@6)} ~oi G Tou©) (3.81)
{nMn(b, G)}” ~ o 1b(G(0))| G (1) by (6), (3.82)
10 N a(G(1))
b0 O, syt 09
Moreover, from (3.61)—(3.63) we obtain
{%Kn(ch G)}” ~ i KpAl» (3.84)
{nMn(b, G)}n ~ 2l (3.85)
{%Ln((hb?G)}n NAC[p.k]a (386)

where K|, 4 éw], C[p,k] are the rearranged versions of

TG T (0). B(GM)IG (1)hy(0), 5t epa (),
respectively. Analytical predictions of the eigenvalue
errors can be obtained through the procedure described in
Remark 3.5:

dim o i (W)

ML P A -1,

Y 4j

where m :=min(n(p —k),n(p —k)+k—1).
tively, taking into account Remark 3.6,

j=1,...,m,

Alterna-

Ajm
fn_q
A

7

72 ()
~ — 1

)

, j=1,...,m.

Note that, in the above spectral analysis, the considered
geometry map G can be given in any representation and is
not confined to the B-spline form as prescribed by the
isogeometric analysis paradigm.

Consider now the model of a steel tapered rod with
linearly varying cross-sectional area from Example 3.1. Fix
p =4 and the geometry map

111
G0 =415

G:[0,1] — [0,1],

The graph of the geometry map is depicted in Fig. 66. In
Fig. 67 we compare the (approximate) analytical predic-
tions 7%, (1)) /Zjw — 1, j=1,...,n(4 — k), and the

1 T T T T T T T T
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0 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 66 Graph of the geometry map G(r) = gits

(approximate) eigenvalue errors Ain/Aiw — 1,
j=1l...n(d4—-k)+k-1, for k=3,2,1,0 and
n = 500,250, 167,125. The choice of the pairs (k,n) =
(3,500), (2,250),(1,167),(0,125) was made in order to
ensure that the total number of degrees of freedom N, =
n(4 — k) + k — 1 remains approximately equal to 500 in all
cases. The approximation parameters have been chosen as
n’ = 1500, r = 10000, ¢ = 1000000 and The
eigenvalues 4;,» have been taken from the matrix L, (a, b)
corresponding to the degree p = 5 and k = 4. We see from
Fig. 67 that the eigenvalue errors match the analytical
predictions. We also see that the large eigenvalues are
badly approximated in all cases. This is due to the effect of
the geometry map G which highly “deforms” the domain
[0, 1]. In particular, the of G'(r)=
0.1/(0.14+1)* is achieved at r=1 and equals
G'(1) ~ 0.0826. Since 1/|G'(1)]* ~146 and |G'(r)*
appears at the denominator of the symbol in (3.83), it is no
surprise to see such bad approximations of large eigen-
values. Note that the maximum of both the analytical
predictions and eigenvalue errors for k = 3,2, 1 is between
120 and 140, which is relatively close to 146.

c=1.

minimum

4 Conclusions and Future Directions

Spectral analysis provides valuable insights into the
behavior of discrete approximations to differential equa-
tions. Recent progress in symbol-based spectral analysis
has extended the scope of spectral analysis, but these
advances are highly technical and have so far been con-
fined to the mathematics literature. This paper is an effort
to bring these ideas to the attention of the computational
engineering community. To this end, we have presented an
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Fig. 67 Isogeometric quartic C*¥ B-spline discretization for k =
3,2,1,0 with a(x) =2.1-10° +1.05-10%x, b(x) = 80 +40x and
G(r) = gt analytical predictions n (t)/ % — 1 and eigen-
value errors Ajn] i — 1 versus r}’, j=1,..,N,
(N, =n(d—k) +k— 1500, n=500,250,167,125, u' = 1500,
r = 10000, ¢ = 1000000, ¢ = 1)

example-based exposition and review of symbol-based
spectral analysis. In particular, we have analyzed constant-
and variable-coefficient one-dimensional eigenvalue prob-
lems discretized through the (isogeometric) Galerkin
method based on B-splines of degree p and smoothness C¥,

@ Springer

0<k<p — 1. For each of these problems, we have illus-
trated the procedure to compute the symbol of the related
discretization matrices L,. The symbol describes the
asymptotic singular value and eigenvalue distribution of
the sequence {L,}, and has allowed us:

e to formulate analytical predictions for the eigenvalue
errors, so as to recover and extend some analytical
spectral results of [5, 20, 21, 23];

e to predict the existence, for the one-dimensional
Laplacian eigenvalue problem, of p —k spectral
branches (one “acoustical” and p —k — 1 “optical”),
to provide explicit and implicit analytical expressions
for these branches, and to quantify the divergence to
infinity with respect to p of the largest optical branch in
the case of minimal smoothness k = 0 (the classical
FEA case).

We end by outlining some extensions that are interesting
directions of further investigation.

4.1 Extension to the Case of L' Coefficients

The GLT relations (3.11)—(3.13) have been proved under
the assumption that the coefficients a and b are continuous
in (3.1). Through the theory of GLT sequences one can
show that (3.11)-(3.13) (and hence also (3.14)—(3.16))
continue to hold under the weaker assumption that
a,b e L'([0,1]).

Let us sketch the argument for proving (3.11)—(3.13) in
the L' case. First, we note that (3.12) is proved in the same
way as (3.11). Second, we note that (3.13) follows
from (3.11)—(3.12) and the theory of GLT sequences (any
algebraic combination of GLT sequences is again a GLT
sequence with its symbol given by the same algebraic
combination of the symbols). It is therefore sufficient to
prove (3.11) for a € L!([0, 1]). Let a € L'([0, 1]) and take
any sequence of continuous functions a, such that a,
converges to a in L'([0, 1]). Since a,, is continuous, we
have {1 K, (an)}, ~ cLram(x)f (0). Moreover, using the fact
that a,, — a in L'([0, 1)),

e it is clear from Fubini’s theorem that a,(x)f(0)
converges to a(x)f(0) in L'([0,1] x [~=, 7],

e it can be shown that the sequence {1K,(an)},
converges to {1K,(a)}, in a suitable sense (the sense
of the “approximating classes of sequences”; see [3,
Section 2]).

This is enough to conclude that (3.11) holds for
a € L'([0,1]). A similar argument can be used for higher
degrees as well. For a detailed mathematical presentation
of the argument outlined here, we refer the reader to [3,
Section 4] and also [9].
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Despite this theoretical argument, we have observed a
more severe failure of the small eigenvalue prediction in
the L' coefficient case than in the continuous coefficient
case. The proposed fix in Remark 3.6 does not seem to
work properly anymore when dealing with discontinuous
coefficients. This requires further investigation.

4.2 Improving the Analytical Predictions

According to Remarks 3.5 and 3.6, we rely solely on uni-
form samplings to compute the analytical predictions of the
eigenvalue errors, in particular, to approximate the rear-
ranged version of the symbol (parameter r) and to set up
the sampling grid (parameter g). However, very dense
samplings (high values of r and ¢g) might be required to get
a high accuracy. This could be avoided by using non-uni-
form samplings so that the total number of samplings can
be lowered. Furthermore, it might be interesting to consider
an interpolation—extrapolation procedure, in the spirit of
the works [7, 8], to make better analytical predictions
(especially for the small eigenvalues).

4.3 Other Discretizations and Eigenvalue
Problems

The symbol-based analysis carried out in this paper can be
extended to isogeometric collocation methods and to the
multidimensional setting. Toward these extensions, some
work has already been done in [6, 11], where the symbols
have been computed for the stiffness (and mass) matrices
arising from the discretization of multidimensional vari-
able-coefficient advection-diffusion-reaction problems
through isogeometric collocation and Galerkin methods
based on (tensor-product) B-splines of maximal smooth-
ness. A collection of properties of these symbols can be
found in [11, 12].
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Appendix: Singular Value and Eigenvalue
Distribution of a Sequence of Matrices

A sequence of matrices is any sequence of the form {X,},,
where X, is a square matrix such that size(X,) — oo as
n — oo. In this appendix we provide the precise definitions
of asymptotic singular value and eigenvalue distributions
for a given sequence of matrices. We also discuss the
informal meaning behind these definitions.

Let u, be the Lebesgue measure in R? and let C.(C) be
the space of continuous complex-valued functions with
bounded support defined on C. If X is an m X m matrix, the
singular values and the eigenvalues of X are denoted by
01(X),...,0m(X) and 4(X), ..., 4n(X), respectively.

Definition A.1 Let {X,}, be a sequence of matrices, let

N, := size(X,), and let g : D C R? — C be a measurable
function defined on a set D with 0< u,(D) < co.

e We say that {X,}, has an (asymptotic) singular value
distribution described by g, and we write {X, }, ~ -8, if

Ny

ZF (0:(Xn))

i=1

lim —
n—oo n

:'ud(lD)/DF('g(Yh...,yd>|)dyl...dyd7 VF e C(C).

e We say that {X,}, has an (asymptotic) eigenvalue
distribution described by g, and we write {X,}, ~ g, if
1 Ny
lim — " F(7:(X,))

1

:m/DF(g(yh,yd))dyldyd, VFEC(((D>

The informal meaning behind the eigenvalue distribu-
tion {X, }, ~ ;g is the following: for all sufficiently large n,
the eigenvalues of X, (except possibly for a small number
of outliers)’ are approximated by the samples of g over a
uniform grid in D (the domain of g). For example, if

3 It can be shown that the number of outliers divided by the matrix
size N, converges to 0 as n — oo. Using Landau’s symbols, this is
expressed by saying that the number of outliers is o(N,).
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d=1, N, =n and D = [a, b], then the eigenvalues of X,
are approximately equal to

b—a .
g(aJr.] )’ 1:17"'7’17
n
for n large enough. Likewise, if d =2, N, =n’> and
D = [ay,b;] X [ap,by], then the eigenvalues of X, are

approximately equal to

b —a by —a
, a2 +J2 )7
n n

g+ jioj2 =1, m,
for n large enough. The informal meaning behind the sin-
gular value distribution {X,},~ ,g is completely analo-
gous: for all sufficiently large n, the singular values of X,
(except possibly for o(N,) outliers) are approximated by
the samples of Igl over a uniform grid in the domain D.

Remark A.1 (Rearrangement) Let g:D C R’ - R and
suppose that D is a rectangle in RY, say
D :=Joy, f;] X -+ X [0tg, B4]. For each positive integer r,
let G, be the uniform grid in D given by

G, ::{(u1+’7‘</31 )ty 2y~ ) il,...,idzl,...,r}.

Compute the samples of g at the grid points
(¥1,---,Y4) € Gy, sort them in increasing order and put them
in a vector (q1,q2,...,q.). Let n,:[0,1]— R be the
piecewise linear non-decreasing function that interpolates
the samples (qo:=q1,91,92,---,4,«) over the nodes
(07%,'_27,..., 1), ie.,

(L) =a

Under certain conditions on g, which are normally satisfied
in practice, the function , converges (a.e.) as r — oo to a
non-decreasing function # : [0, 1] — R, which is referred to
as the rearranged version of g. What is important about # in
view of Definition A.1 is that

(=0,...,/~

/D F(g0n, - ya))dyr - -dyg = / F(in())dr,
VF € C.(C),

(A1)
and
1
/D (g0, ya))dy1 -~ dyg = / Fln(n))dr,
VF € C.(C).
(A.2)

Therefore, if we have {X,}, ~+¢ (resp., {X,.}, ~ 1), then
we also have {X,}, ~.n (tesp., {X,},~n). It is also
important to point out that # is the unique non-decreasing

@ Springer

function defined on [0, 1] satisfying (A.2); see, e.g., [14,
Exercise 3.1].

Definition A.1 addresses the case where the singular
value and eigenvalue distributions of a sequence of
matrices are described by a scalar function g. Defini-
tion A.2 deals with the case of a matrix-valued function g.
Ifg:DCR!—
we say that g is measurable if its s
gj:D—C,ij=1,...5, are measurable.

C** is an s X s matrix-valued function,

2 components

Definition A.2 Let {X,}, be a sequence of matrices, let
N, := size(X,), and let g : D C R? — C™ be a measur-
able s X s matrix-valued function defined on a set D with
0<uy (D) <.

e We say that {X,}, has an (asymptotic) singular value
distribution described by g, and we write {X,}, ~ ,g, if

i -3 Flax,)
/ Z;:l F(O-i(g(ylu .. '7yd)))

dy; - - - dyq,
VF € C.(C),

where o;(g(y1,...,v4)), i=1,...,s, are the singular
values of the s X s matrix g(yi,...,Ya)

e We say that {X,}, has an (asymptotic) eigenvalue
distribution described by g, and we write {X,}, ~ g, if

nli%%im (X,.))

F(4
/Zl 1 yl7 7yd)))dy1dyd7
VF € C(
where 4;(g(y1,...,y4)), i = 1,...,s, are the eigenvalues
of the s x s matrix g(y1,...,Ya)-

Note that Definition A.1 is a special case of Defini-
tion A.2 (set s =1 in Definition A.2 to obtain Defini-
tion A.1). The informal meaning behind the eigenvalue
distribution {X,}, ~ ;g is the following: for all sufficiently
large n, the eigenvalues of X, can be subdivided into s
different subsets of approximately the same cardinality;
and the eigenvalues belonging to the i-th subset (except
possibly for o(N,,) outliers) are approximated by the sam-
ples of the i-th eigenvalue function A;(g(yy,...,y4)) over a
uniform grid in D (the domain of g). For example, if d =
1, N, = ns and D = [a, D], then the eigenvalues of X, are
approximately equal to

Afe(o+1%5),

j=1,...n,
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for n large enough. Likewise, if d =2, N, =n*s and
D = [a1,b1] X [az, bs], then the eigenvalues of X, are
approximately equal to

by —a by —a
/Ii<g<al +j1;7 aerjzu)),
n n

j17j2:1a'-'ana i:17"'7s7

for n large enough. The informal meaning behind the sin-
gular value distribution {X,, } , ~ ;g is completely analogous:
for all sufficiently large n, the singular values of X,, can be
subdivided into s different subsets of approximately the same
cardinality; and the singular values belonging to the i-th
subset (except possibly for o(N,) outliers) are approximated
by the samples of the i-th singular value function
ai(g(v,...,yq)) over a uniform grid in the domain D.

Remark A.2 (Rearrangement) Let g:D C R’— C*** and

suppose that D is a rectangle in R? say
D := oy, fy] X -+ X [0, Bg]. We also assume that the
eigenvalues 1 (81, .-, ¥a)), - - As(81, - -+, yq)) are real
for all (yy,...,yq) € D. For each positive integer r, let G,
be the uniform grid in D given by

g, = {({X] +l71(/31 7al)7"'>ad+l7d(ﬁd71d)> Hlyeenld = 17...77}‘

Compute the samples of the eigenvalue functions
(801, ¥0))s - As(800 - ¥a)) @t the  points
(¥1,---,Ya) € Gy, sort them in increasing order and put them
in a vector (q1,q2,-..,q54). Let 1,:[0,1] =R be the
piecewise linear non-decreasing function that interpolates
the samples (qo:=41,91,92,---,qsa) oOver the nodes

1 2 :
(07F,m,. . 1), 1.€.,

nr (s%) =qu,

Under certain (normally satisfied) conditions on g, the
function 1, converges (a.e.) as r — oo to a non-decreasing
function # : [0, 1] — R, which is referred to as the rear-
ranged version of g. What is important about # in view of
Definition A.2 is that

[ Dl 30

0=0,... s

s vi -+ -dyg
(A3)

:/ F(n(r))dr, VF € C.(C).
0

Therefore, if we have {X,},~,g then we also have
{Xu}, ~ 1. Moreover, by adapting the argument used in
the solution of [14, Exercise 3.1], it can be shown that # is
the unique non-decreasing function defined on [0, 1] sat-
isfying (A.3).
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