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Abstract. Nonlocal problems have been used to model very different applied scientific phe-
nomena which involve the fractional Laplacian when one looks at the Lévy processes and stochastic
interfaces. This paper deals with the nonlocal problems on a bounded domain where the stiffness
matrices of the resulting systems are Toeplitz plus tridiagonal or far from being diagonally dominant
as occurs when dealing with linear finite element approximations. By exploiting a weakly diago-
nally dominant Toeplitz property of the stiffness matrices, the optimal convergence of the two-grid
method is well established in [Fiorentino and Serra-Capizzano, SIAM J. Sci. Comput., 17 (1996),
pp. 1068-1081; Chen and Deng, SIAM J. Matriz Anal. Appl., 38 (2017), pp. 869-890], and there
are still questions about the best ways to define the coarsening and interpolation operators when
the stiffness matrix is far from being weakly diagonally dominant [Stiiben, J. Comput. Appl. Math.,
128 (2001), pp. 281-309]. In this work, using spectral indications from our analysis of the involved
matrices, the simple (traditional) restriction operator and prolongation operator are employed in
order to handle general algebraic systems which are neither Toeplitz nor weakly diagonally dominant
corresponding to the fractional Laplacian kernel and the constant kernel, respectively. We focus our
efforts on providing the detailed proof of the convergence of the two-grid method for such situations.
Moreover, the convergence of the full multigrid is also discussed with the constant kernel. The nu-
merical experiments are performed to verify the convergence with only O(NlogN) complexity by the
fast Fourier transform, where N is the number of the grid points.
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1. Introduction. Nonlocal diffusion problems have been used to model very
different scientific phenomena occurring in various applied fields, for example, in bi-
ology, particle systems, image processing, coagulation models, mathematical finance,
etc. [3]. When one looks at the Lévy processes and stochastic interfaces, the nonlocal
operator that appears naturally is the fractional Laplacian [3, 8, 48]. Recently, the
nonlocal volume-constrained diffusion problems, the so-called nonlocal model for dis-
tinguishing the nonlocal diffusion problems, attracted the wide interest of scientists
[2, 23], where the linear scalar peridynamic model can be considered as a special case
[23, 41]. In particular, it is pointed out that the fractional Laplacian for anomalous
diffusion is a special case of the nonlocal model [21, 23]. In the literature, we have
already a lot of important proposals for numerically solving nonlocal problems or
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nonlocal models. For example, a finite difference-quadrature scheme for the fractional
Laplacian has been derived in [27]. Finite element approximations for the fractional
Laplacian [1, 21] or tempered fractional Laplacian have been discussed in [47]. A fast
conjugate gradient Galerkin method has been used for solving efficiently the resulting
system arising from a peridynamic model [44]. In this work, we especially focus our
efforts on the efficient multigrid method (MGM) by providing the strict convergence
proof for nonlocal problems.

MGMs are among the most efficient iterative methods for solving large-scale sys-
tems of equations, arising from the discretization of PDEs [10, 25, 46]. Using the
regularity and finite element approximation theory, the convergence estimates of the
V-cycle MGM have been proved for elliptic PDEs [6, 10, 11] and fractional differential
equations (FDEs) [15, 16, 28]. By using the compact notion of the symbol and its
basic analytical features, the V-cycle optimal convergence has been derived for the
case of multilevel linear systems whose coefficient matrices belong to the circulant,
Hartely, or 7 algebras or to the Toeplitz class [4, 5, 9, 39]. It directly tackles the
stiffness matrix of the resulting algebraic system, which can often be derived directly
from the underlying matrices, without any reference to the grids. In general, when
considering the discretization of PDEs/FDEs, it is hard to make a theoretically con-
cise statement [45, 46], but it is possible to give a rather simple analysis [45] for a very
special one-dimensional elliptic PDE and the two-dimensional case [19]. However, it
is still not at all easy for the dense stiffness matrices [4, 5, 9, 18], unless we can reduce
the problem to the Toeplitz setting and we know the symbol, its zeros, and their
orders [39]. Instead, we will focus our attention on first answering such a question for
a two-level setting since it is useful from a theoretical point of view as the first step
to study the MGM convergence, usually beginning with the two-grid method (TGM)
[33, 35, 36, 46].

As is well known, a theoretical analysis of the related TGM is given in terms of
the algebraic multigrid theory considered in [35]. For solving Toeplitz systems, the
convergence of the TGM on the first level was proved for the so-called band 7 matri-
ces in [24], and a complete analysis of convergence of the TGM was given for elliptic
Toeplitz and PDEs matrix-sequences [39]. For a class of weakly diagonally dominant
Toeplitz matrices, the uniform convergence of the TGM was theoretically obtained in
[13] and extended to nonlocal operators in [17, 20, 33]. For Toeplitz-plus-diagonal sys-
tems, the numerical behavior of MGM have been discussed in [32] (see also [40] for the
TGM convergence), and the preconditioned Krylov subspace methods, including the
conjugate gradient method, have been proposed in [22, 31, 34, 44]. Tt should be noted
that the proof technique is different, and in fact the related proofs do not rely on the
diagonal dominance [4, 5, 13, 39]. In reality, the two-grid optimality (and sometimes
the V-cycle optimality) is proven for Toeplitz matrices T,,(f), where f is nonnegative
and has isolated zeros: The proof and the algorithm depend on the position and or-
der of such zeros, and most of such matrices are far from being diagonally dominant
[4, 5, 39]. For Toeplitz-plus-tridiagonal systems arising from nonlocal problems, to
the best of our knowledge, no fast MGMs have been developed, and no convergence
analysis has been provided; moreover, there are still questions for the MGM when the
system matrix is far from being weakly diagonally dominant [42]. In this paper, first
we give a structural and spectral analysis of the underlying matrices. Then, based
on the latter study, the simple (traditional) restriction operator and prolongation op-
erator are employed in order to handle general algebraic systems: Here the stiffness
matrices of the resulting systems are Toeplitz plus tridiagonal and far from being
diagonally dominant, respectively, corresponding to the fractional Laplacian kernel
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and the constant kernel. We focus on providing the detailed proof of the convergence
of the TGM for such situations. Moreover, the convergence of the full multigrid, i.e.,
recursive application of the TGM procedure [13, 24, 39], is also discussed with the
constant kernel. The performed numerical experiments show the effectiveness of the
MGM with only O(NlogN) complexity by the fast Fourier transform, where N is the
number of grid points.

The outline of this paper is as follows. In the next section, we derive the algebraic
systems for the nonlocal problems arising from linear finite element approximations,
we study their structural and spectral features, and we introduce the MGM algo-
rithms. In section 3, we study the uniform convergence estimates of the TGM for
the considered nonlocal problem with the fractional Laplacian kernel. Convergence
of the TGM and full MGM with a constant kernel case is analyzed in section 4. To
show the effectiveness of the presented schemes, results of numerical experiments are
reported in section 5. Finally, we conclude the paper with remarks on the presented
results and by stating a few open questions.

2. Preliminaries: Numerical scheme. In this section, we derive the numeri-
cal discretization for nonlocal diffusion problems with the fractional Laplacian kernel
and the constant kernel, respectively. Let €2 be a finite bar in R. The nonlocal
operator is used in the time-dependent nonlocal diffusion problem [3, 7, 30]

ug(x,t) — Lu(z,t) = f(x,t), 2€Q,t>0,
u(@,0) = ug(z), =€,
u(z,t) =0, zeR\Q,

and its steady-state counterpart

{ﬁum = fx), z€Q,

21) u(z) =0, xeR\Q.

Here, the nonlocal operator £ is defined by

Cu(z) = / fuly) — w(@)]J (1= — y)dy Vo € D,

where J is a radial probability density with a nonnegative symmetric dispersal kernel.
From [30], we obtain

(=) = [ o) / fulr) —u(w)) Il — yl)dydz
3 [ ) = u@Nlvt) @)l i)y

The energy space associated with (2.1) is defined as

S = {ue 22@| | [ o)~ w1 — sy < oo}

and So(Q) = {u € S(Q)|u=0in R\ Q}.
Formally, we can define a bilinear form a(u,v) : Sp(2) x So(2) — R by

1
— 3 /Q /Q[“(y) — u(x)][v(y) — v(z)]J(|z — y|)dydz,
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and the weak formulation of (2.1) is expressed as follows: Find u € Sp(§2) such that
(2.2) a(u,v) = (f,v) Vv € Sp(Q).

It was proved that the bilinear form a(u,v) is coercive and bounded on the noncon-
ventional Hilbert space So(2), and second-order convergence can be expected for the
linear finite element, with sufficiently smooth functions [23, 30]. Let 2 = (0,b) with
the mesh points x; = ih, h = b/N and u; as the numerical approximation of u(z;),
and f; = f(x;). Denote I; = ((i — 1)h,th) for 1 < ¢ < N, and the piecewise linear
basis function is

%, x € |1, T4l,
Gi(w) =4 THLTT o 21, 2is1],
0, otherwise,
withi=1,2,...,N —1, and
do(x) = { xlh_x’ re [xo.’xl]’ on(x) = { %’ ve [x]\_]_l’b]’
0, otherwise, 0, otherwise.

Let SF(Q) C So(2) be the finite element space consisting of piecewise linear
polynomials ¢;(x) with respect to the uniform mesh. The finite element approximation
of the variational problem (2.2) is expressed in accordance with the continuous setting:
Find uy, € S&() such that

(2.3) alun,vy) = (f,vn) Yon € SE(Q).

Using up, = Zf\:ll u;¢;(x), we can rewrite (2.3) as

(24) a‘(¢’b7¢j)ulz(f7¢])a ]:1727>N_1a

N-1
i=1
which is representable as a linear system of equations

(2.5) Apup = fr, (An)ij = aij = al¢s, ¢;), and (fn); = (f, ¢;)-

Here, up, = [ug,ug, ..., uN_l]T, and the matrix Ay, is known as the stiffness matrix of
the nodal basis {¢;}~ . More concretely,

Ti41

(26) (A = aig = a(i, 65) = /

Tj—1

ou(x) [ [ 163) = s~ sy

In this paper, we mainly focus on two types of the classical kernel functions for (2.1),
i.e., the fractional Laplacian kernel [3, 23] and the constant kernel [2, 43]. More
general kernel types [2, 3, 23, 43] can be similarly studied.

2.1. Discretization scheme for (2.1) with fractional Laplacian kernel:
A Toeplitz-plus-tridiagonal system. In this subsection, we choose the fractional
Laplacian kernel J(|z]) = C,o/|z|'*® with a € (1,2); then (2.1) reduces to the integral
version fractional Laplacian

(~A)fu(z) = C, / w@) =) ) p) e

o |z —y[tte
u(z) =0, r € R\ Q,

2.7)
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with

o207 (1) B —a —1

Ca = Tl/20(1 — o/2) KJO‘I‘(I —a) >0, o= 2 cos(am/2)

>0, a€(1,2).

It should be noted that there exist several equivalent definitions of the fractional
Laplacian, agreeing with the space of appropriately smooth functions [29].
From (2.6) and (2.7), the entries a; j (j > i + 2) of the matrix are given by

a;j = a(¢i, ;)
Ti g Ti1 zi () — ’!!—’»Zj—l /a:]-+1 0— l’j+}1—y
=C, d —n _dy| d
/Zil h [Lj1 (y_x)1+a vt T (y_x)l—&-a v
i+l g — T zj () ¥YTiza 93]‘+1()_M
. i+l / h g / du | d
- / h oy, (y—a)t+e v (y — )1+“ i

_ 11—«
=—C,h l/ / j—z+s—t1+ad8dt+/ / j—z+2—5—t)1+0‘d$dt
+/1t/1 5 dsdt—i—/lt/l i dsdt
o Jo G—i—24s+t)lte o Jo (F—i—s+t)te '

Similarly, we can obtain a;; and a; ;41 = a;41,;. By calculation, it is easy to get

Ka

(2.8) R T F—

Bhv

where the entries of the stiffness matrix (By); ; = b; ; are explicitly given by

bii = (8 —2"7%) b, i=1,2,...,N—1,
bii+1 = b1 = (—7— 337 4 2°7%) +Fl;i,i+1, i=1,2,...,N—1,
bij=—(m+2)"" " +4(m+1)>°"°
—6m* 4 (m = )P = (m =2 m=j i 22,

(2.9)

b =2 [(i +1) =28 —a)i* - (i— 1)37a}
+2 [(N — 1+ 1)3_(1 —2(3—a)(N — Z‘)Q*a ~(N—i-— 1)3—a:| ’
b = =2 [+ 177 =7 4 (8- a) [+ 1P 4]

—2[(V =i (N =i = )P+ B - a) (N = )P (v —i - 1))

In fact, the stiffness matrix Ay, (or equivalently By,) is a symmetric diagonally domi-
nant Toeplitz-plus-tridiagonal matrix (which we will prove in Lemma 4.3), i.e

By, =1}, + Ey,.
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Here,
Co €1 ' CN-2
C1 Co vt CN-3
Th - )
CN—2 CN-3 " €0 J(N_1)x(N-1)
with
8 — 4o, m=0,
Cm =4 =7 — 33 4 95-a, m=1,
—(m 424 (m+ 1) —6m3 O+ 4 (m — 1) —(m—2)>"%, m>2,
and
aq b1
bl a9 bz
o ,
bnv_3 an—2 bn_2
bn—2 an—1] (y_1)xv-1)
where

a;=bis; 1<i<N-1,
bi =biiy1, 1<i<N-2.

2.2. Discretization scheme for (2.1) with constant kernel: A non—
diagonally dominant system. For simplicity, we choose the constant kernel
J(|z]) = 1; then (2.1) reduces to the following pseudodifferential equation:

| o) = utwldy = sla). e,
u(z) =0, reR\ Q.
Using (2.6) and (2.10), it is immediate to obtain

(2.10)

(2.11) Ap = h*By,
with
1 -1 -1 -1
N 2N
X1 2N
By = —1 -1 ;
2N N
N 2N
L -1 -1 -1 5 -1 (N-1)x(N—1)

i.e., the entries of the stiffness matrix (Bp,); ; = b; ; are explicitly given by

2N/3—-1, k=0,
-1, otherwise.
2.3. Spectral analysis of the scaled matrices Bj = Bp/N in (2.11). A
matrix of size n, having a fixed entry along each diagonal, is called Toeplitz. Given a
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complex-valued Lebesgue integrable function ¢ : [—7, 7] — C, the nth Toeplitz matrix
generated by ¢ is defined as [14]

n

To(¢) = [qgi*j] i,j=1

where the quantities g?)k. are the Fourier coefficients of ¢, that is,
7 L[ —ik6
ok = o ) @(0)e™1"7d0, k€ Z.
We refer to {T,,(¢)}n as the Toeplitz sequence generated by ¢, which in turn is
called the generating function of {7}, (¢)},. In the case where ¢ is real-valued, all the
matrices T,,(¢) are Hermitian, and much is known about their spectral properties.
More in detail, if ¢ is real-valued and not identically constant, then any eigenvalue
of T,,(¢) belongs to the open set (mg, My), with my and My being the essential
infimum and the essential supremum of ¢, respectively; see [38]. The case of a constant
¢ is trivial: in that case, if ¢ = m almost everywhere, then T,(¢) = ml, with I,
denoting the identity of size n. Hence, if My > 0 and ¢ is nonnegative almost
everywhere, then T,,(¢) is Hermitian positive definite.
Now we consider Bj = By, /N, B}, being the matrix defined in (2.11). From the
coefficients in (2.12) and taking into account the definition of the generating function
above, we have

(213) By =Tnoa(90) ~ o™, () =2 + 3 cos(),

N 3 3
with e = [1,1,...,1]T being the vector of all ones of size N — 1. By using the
analysis in [38], we know that the eigenvalues of Ty _1(g(#)) belong to the open set
(3,1) since § = ming(f), 1 = maxg(#). Furthermore, by ordering the eigenvalues
nonincreasingly, since T_1(g(6)) belongs to a sine-transform algebra (the so-called
T algebra [37]), we have

Jjm ,
(214) pTvoala®) =a (). d=1 N1
Here the rank-one correction —%eeT is nonpositive definite with the unique nonzero
eigenvalue equal to the trace, that is, —%. Therefore, the use of the Cauchy
interlacing results implies
(2.15)

5 <Aoo =g (LET) <081 <0 @ato0)) = o (5) <1

forj=1,...,N —2, and

(2.16)

1 N-1 (N —1)m 1
37N < Anv-1(Bp) < Ava(Tn-1(9(9) = ¢ (N) ~ 3
While the estimates in (2.15) are tight, the last estimate in (2.16) for the minimal
eigenvalue is poor. We can improve it by exploiting the fact that the matrix By, is

obtained from a Galerkin approximation of a coercive operator, and therefore

(N—l)w) 1

An-1(By) € (0, Anv-1(Tn-1(9(0)))),  Anv—1(Tn-1(9(0))) =g ( N 3

Still the localization is not precise, and in the following, we employ more advanced
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tools for evaluating the asymptotic behavior of the minimal eigenvalue and of the
spectral conditioning of Bj (and hence of By,).

First of all we exploit the low-frequency vector e in connection with the Rayleigh
quotient for Hermitian matrices. We have

. 2TBix
AN*l(B;l) = )‘min(B;z) = r;l;g)l xT;‘L
e'Bie _ e"Tv_1(g(0))e — xle"e)?
eTe €T€
N_-1-1_ Ww-1? 9
— 3 N_— — 4L O(N?
N-1 3N (N,
and therefore
2
2.17 An-1(Bp) € (0, 5 + O(N 2
( ) Nl( h)€<73N+O( ))’

which implies that the coefficient matrix Bj, is asymptotically ill-conditioned and its
conditioning grows at least as 3N/2.

In the following, using special properties of rank-one matrices, we show that the
conditioning is exactly growing proportionally to /N, which implies that the vector
e is a good approximation of the related eigenvector. We set X = Ty_1(g(#)), and
given its invertibility, we can write

1
By, =X |In_1 — NX_leeT

Now the matrix —%X ~leeT is still a rank-one matrix, and its unique nonzero eigen-
value coincides with its trace, that is,
1

fﬁeTXfle.

From the latter, we deduce

(2.18)  det(By,) = det(X) det <IN1 - 1x-1eeT) = det(X) (1 - ;feTX_le) .

N

Finally, since
det(By,)
M (By) - An—2(By)’

AN—l(B;vb) = /\min(B;L) =

from (2.15), we obtain

Amin(X) (1 - 16TX16> S )\min(B}/l) S )\max(X) <]- -

1
N eTXle> ,

N
with
Amin(X) = ¢ <(N]_V1)7T) = % +u(N), Amax(X) =g (N) =1-v(N),

with u(N),v(N) ~ N2,
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In other words, up to a quantity in the interval (%, 1), the minimal eigenvalue of
Bj, is asymptotic to 1 — %eTX ~le, where a detailed but cumbersome analysis leads
to

1
<1 - NeTX_le) NV3=14+0(N7Y),
so that

1 1
2.19 Av_1(B)~1— —eTX lem —— + O(N2).
(2.19) N-1(Bp) N AN (N77)

We now comment on the results obtained in this subsection.

(A) From the relation (2.13), we observe that neither By, nor B}, can be written as
a Toeplitz matrix generated by a symbol independent of N; hence, the proof
techniques developed for the TGM/MGM optimality developed in [5, 39]
cannot be applied directly. In section 5, we proceed with an alternative
approach.

(B) Again relation (2.13) implies that the matrix B} is a rank-one correction of
the well-conditioned Toeplitz matrix T—_1(g(#)) (with spectral conditioning
strictly bounded by 3). Therefore, a corresponding linear system can be solved
with linear complexity by using the Sherman—Morrison—Woodbury formula
or a preconditioned conjugate gradient with preconditioner given exactly by
Tn-1(g(0)). However, the proof technique used in this setting is also adapt-
able to the case of a general « with the tools in [40], while, changing «, both
the rank structure and the Toeplitz structure are not preserved.

(C) The analysis presented in the previous items tells us that the matrix Bj, is asymp-
totically ill-conditioned and that the responsibility for the ill-conditioning is
the vector e, which is a special instance of a low-frequency vector. We recall
that in the discretization of elliptic equations, the low-frequency subspace
is associated with the small eigenvalues. Hence, the latter observation sug-
gests that an appropriate restriction operator and prolongation operators can
be chosen as the traditional ones for elliptic problems. This choice will be
employed in the next sections.

3. MGM. Consider an algebraic system Ajup, = fp, where u, € R™ and nq is
the size of the matrix Aj,. We define a sequence of subsystems on different levels:

Amum:fm7 UmEan, mzl,...,q.

Here ¢ is the total number of levels, with m = ¢ being the finest level, i.e., A, = Ap.
For m > 1, n,, are just the size of the matrix A,,.

The traditional (simple) restriction operator I~! and prolongation operator
Im_, are, respectively, defined by

m—1 _ tm—1_,m : m—1 __ m m m . MNm—1
v =1I7""v"™ with v = (1/21-71+21/21-+V2i+1), i1=1,...,R ,

A~ =

and
v = I with I =2 (1)

We use the coarse grid operators defined by the Galerkin approach [36, p. 455]

(3.1) Ay = IV AL,
m m—1
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and for all the intermediate (m,m —1) coarse grids, we apply the correction operators
[35, p. 87]

T" =1, — 17 AN I A, =1, — I Py,
with
Ppo1=A " I A,,.
We choose the damped Jacobi iteration matrix by [12, p. 9]
(3.2) Kp=1-5,A, with S, =S,,.,=wD,!

with a weighting factor w, and D,, is the diagonal of A,,.

A multigrid process can be regarded as defining a sequence of operators B, :
R™ +— R"™ which is an approximate inverse of A,, in the sense that || — By, A ||
is bounded away from one. The V-cycle multigrid algorithm [45] is provided in Algo-
rithm 1. If m = 2, the resulting Algorithm 1 is TGM.

Algorithm 1 V-cycle Multigrid Algorithm: Define B; = Afl. Assume that B,,_1 :
RMm=1 — R"™m-1 ig defined. We shall now define B,,, : R™™ — R"™m as an approximate
iterative solver for the equation associated with A,,vp, = fm.

1: Presmooth: Let S, ., be defined by (3.2) and v9, =0, 1 =1,...,ms:

Vin = Vfl;l + Sm-,wpre (fm — Amyigl)~

2: Coarse grid correction: e™~! € R™m-1 is the approximate solution of the residual
equation A, e = Im71(f,, — A,,v™) by the iterator B,,_1:

em—l = Bm—llzg_l(fm - Angl)-

Lol -1 _
3: Postsmooth: vt =pmi 4 m em=1and | =my +2,...,m1 +ma
! -1 -1
Vyy =V~ + S’"L,UJposf,(f"VL - Ame )

4: Define By, fr, = vmitmz,

3.1. A few technical lemmas. First, we give some lemmas that will be used
later on.

LEmMA 3.1 ([19]). Let AV = {ag’lj)}szl with ag}j) = a‘(illjl be a symmetric
Toeplitz matriz and A®) = LI A®=DLh with LI = 417" and L% = (LI)". Then
A% can be computed by

2.2F—1_1

a(()k) = (4Ck + 2’“71)(1(()1) + Z OCﬁlag),
m=1

3.2F-1_1

o = a4 Y \Chald)
m=1
(G+2)2 -1

ag,k): Z ;R all) Vg k> 2,

m=(j—2)26=1
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with Cy, = 2F~2. 221 Furthermore,
ok — 8C) — (m? —1)(2F —m), m=1,...,2k1,
T L@ —m - 1)(2F = m) (2 —m 1), mo=2k1 2.9kl
1Ck =
2
20k+m2~2k_1—g(m—l)m(m—l—l), m=1,...,281
2
2C), + (28 —m)? - 2k1 — §(2k —m—=1)2" —m)(2* —m +1)
1
— 6(m —2F ) (m -2 (m -2t 1), m=2F"1 2.2k
1
6(3 2Rl D32 om)(3- 2t —m 4 1), m=2-2F1 3.2t 1,
and for j > 2,
#1, m:(j_2)2k_1a---a(j_1)2k_17
k P2, m:(j71)2k715"'5j2k717
iCm = k1 . k—1
w3, m=j 2"t . (+1)2%
w1, m=(G+1)2F1 L (j+2)2k -1,
where
1 , _ , _ _ _
o1 = é(m— (=22 =) (m—(—2)2" ) (m - (j —2)2" " + 1),
g2 =20 + (m — (j — 1)271)% . 281
1
- 6(]'2’“’1 —m =12 = m) (2" —m+ 1)
2 . _ . _ ‘ _
- g(m —G-12" =D (m— (G- 1)2" ) (m— (- 125+ 1),

p3 =20y + ((j + 125" —m)? - 21

— Glm =2t = m = 2 — 2 1)
- %((j + 125 = DG+ 125 —m)((G+ )2 —m+ 1),
pr= (G422 —m = (G + 2257 —m)((G + 225 —m o+ 1),

LEMMA 3.2. Let EM be a symmetric tridiagonal matriz and E®) = LhHE(kfl)L’;I
with L{L{ = 41',2“71 and L}}{ = (Lf)T. Then E®) is a symmetric tridiagonal matriz for
all k.

Proof. Let q be a total number of levels with N = 27 and

ay b1
by ax by

B —
bnv—3 an—2 bn_2
bn-z an—1] (y_1)xv-1)
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Then we have
di eq
er do €2
E® — .. . T ’
enj2-3 dnj2-2  €Nj2-2
en/z—2  AN/2-1] (Nja—1)x(N/2-1)

with
di = agi—1 + 4(bgi—1 + bz + az;) +aziy1, 1<i<N/2-1,
e; = agiy1 + 2(boi + boiy1), 1 <i< N/2-2.
By mathematical induction, the proof is completed. ]

3.2. The operation count and storage requirement. We now discuss the
computation count and the required storage for the MGM of the nonlocal problems
(2.1).

From (2.9), we know that the matrix Aj, is a symmetric Toeplitz-plus-tridiagonal
matrix. Then we only need to store the first column, principal diagonal, and trailing
diagonal elements of A, which have O(N) parameters, instead of the full matrix Ay,
with N? entries. From Lemmas 3.1 and 3.2, we know that {Ax} is still a symmetric
Toeplitz-plus-tridiagonal matrix with the sizes 28~¢(O(N) storage. Adding these terms
together, we have

1 1 1
Storage = O(N) - (l—i— gttt 2q1> = O(N).

As for operation counts, the matrix-vector product associated with the matrix Ay,
is a discrete convolution. While the cost of a direct product is O(N) for tridiagonal
matrix, the cost of using the fast Fourier transform would lead to O(N log(N) for
dense Toeplitz matrix [14]. Thus, the total per V-cycle MGM operation count is

1 1 1
Operation count = O(Nlog N) - <1 + 5 + > +- 4 2(1_1) = O(NlogN).

Similarly, we can discuss the case of the matrix Ay in (2.11).

4. Convergence of TGM for (2.7): A Toeplitz-plus-tridiagonal system.
Now, we start to prove the convergence of the TGM for nonlocal problem (2.7) with
the fractional Laplacian kernel, which is a special Toeplitz-plus-tridiagonal system.
First, we give some lemmas that will be used. Since the matrix Ay is symmetric
positive definite, we can define the following inner products:

(U,U)D = (DU,U), (U'a U)A = (AU,U), and (ua U)ADflA = (Au,AU)D*U

where A == A; = Ay, D is its diagonal, and (-, -) is the usual Euclidean inner product.

LEMMA 4.1 ([35, p. 84]). Let A,, be a symmetric positive definite matriz. If
n < w(2 —wny) with no > Amax(D;tAp), then the damped Jacobi iteration with
relazation parameter 0 < w < 2/ng satisfies

A1) KA < A = allAmr™ 3 Y ER™, m=1,...,q.

-1
D?n

m
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LEMMA 4.2 ([13, 24, 35]). Let Ay, be a symmetric positive definite matriz and
K,, satisfy (4.1) and

(4.2) min [v™ =L ™ D, <klv™A, W eER™, m=1,...,q,

ym—leRMm—1

with k£ > 0 independent of V™. Then k > n > 0, and the convergence factor of full
MGM satisfies

<V1-n/k YW eR" ™, m=1,...,q
In particular, the convergence factor of TGM satisfies

1K T4, < /T—n/k ¥ eR™,

LEMMA 4.3. Let 1 < o < 2. The coefficients b; ; with 1 <4,j < N —1 in (2.9)
satisfy

(1) b,’7j <0, 3 #Z and fl\)/i’i_;_l <0, gi,i <0,

N-1
Z bi’j >0 and bm‘ > Z |bi,j| > 0.
Jj=1 J#i

Proof. (I) We first prove b; ; < 0 with m = |j — 4| > 2. From (2.9), we have
33—« 3—a 3—«a 3—«a
(1+2> Safien) eema (- 1) (- 2)
m m m
{ )
k=4
k= 4

=-m ) ( ;f) (221 —g) ﬁ <0, ac(1,2).
n=2

It should be noted that for odd k, wy = 0, and for even k, wy > 0, and thus b; ; < 0.
(IT) We next prove b; ;41 < 0 or b; ;11 < 0. Since —7 — 3379 + 2579 < 0 in b; 41,
we just need to check that the first two terms of b; ;41 are less than zero since the last

bi ;= _mdfa

)

two terms of gi’i+1 can be discussed in a similar manner by exploiting a symmetry
structure. Let z = % € (0,1] with i =1,2,..., N — 1. Setting

d(z) = % ((1 Fa)P e - 1) —(3-a) ((1 )2t 4 1) ,

we deduce
[e%s) 2 1 n+1
d(x)=;(3—a)(2—a)---(2—0“”)((n+2)!_(n+1)!)x+
:n:1gn( )(n+1) >0, z € (0,1]
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where the last equality follows of the equation above when combining the coefficients
of 2" and 2?1 and where it is easy to check that g, (z) is strictly positive, with

2
gn(z) = B—a)(2—a)...(3—a—2n) (2 —(2n+1)+ (2—a—2n) <2n i 1> x) .
Hence, using (2.9) and the positivity of d(x), we obtain

2 ((i 17 - i:H) +(3-a) ((z‘ +1)77% 4 i2*a)

() ) e (12) )

= —i*"%d(x) < 0.

To conclude, we have J(N—i) < 0, which implies FI;M-H < 0. Using —7—33"2425"2 <
0 and (2.9), we deduce b; ;11 < 0.
(III) To prove b; ; < 0, we need to verify

2 [(i F1P7 - 23— a)it — (i — 1)3“1} = 227%5(4) < 0,

with p(i) =4 (1 + l—)SﬂI —i(l1— %)37& —2(3—a). Let z = 1 € (0,1]; we can also
prove p(z) = 1 ((1 +2) (1 - ac)?’_a) —2(3—a) <0 since

= anx%la T e (07 1];

n=1

with n _ 2= a)(2(221rl)(3 a—2n) < 0.
N-1
(IV) Finally, we prove > b; ; > 0. According to Z;V 11 ¢j(x) =1—¢o(x)—on(2)
Jj=1

and (2.6)—(2.9), there exists

N-1 N—
> 5 = () Z
j= J=1
sii N=1, oy  §N-1
_c, (;51(3:)/ o1 94 )_ Zaj 1 ¢J(y)dydx
i \y x|
B Tit —¢o(x) — dn () + Po(y) + dn(y)
- Ce / / ly — x| e

Thus, we deduce that

N-1

1+1
ai,j:Ca/ /% y) + only )dyd:r/>0,z':2,3,...,N72,

= ly —z[*
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and

N— -

z:la--:C/ i / —po(x) + Po(y )+¢N(y)dyda:
j=1 v “ Ti—1 |y_x|a

> C, [ / e / ¢° +¢° —90@) +0) 44y 4 /x “ i) /Q fi(gyc)'adydx]

i

¢0 +¢0 ) Cahlia .
; R LI dydr = e >0, i=1.
>C/ ol / PR e R s R

Similarly, we have Z — Yai >0, i=N-1. Since Zjvzzl bi; >0and b;; <0, j#1,
it yields b;; > > |b;, j\ > 0. The proof is completed. |
i
LEMMA 4.4. Let Ay, be defined by (2.8) with 1 < a < 2 and Dy, be the diagonal
of An. Then
1 < Amax(Dj, 1 Ap) < 2.

Proof. Since D;l/z (D;l/QAhD;1/2> Dl/2 Dy L Aj,, we have that D, 1/2A D_l/2

and D;lAh are similar, i.e., )\maX(DglAh) = Amax(D hl/zAhDh 1/2). Denote C}, =
D; 2 A,D;? with (Ch)i; = cij and My, = D; ' Ap, with (My);; = my ;. Using
Lemma 4.3 and (2.8), we obtain

ri= Y |migl<mig=1, i=1,2,...,N—-1.
i

From the Gerschgorin circle theorem [26, p. 388], the eigenvalues of M), are in the
disks centered at m,;; with radius 7;; i.e., the eigenvalues A of the matrix M), satisfy

A —mg ;| <,

which yields Amax (M) = Amax (D, ' Ar) < my; + 1 < 2my,; = 2.
On the other hand, using the Rayleigh theorem [26, p. 235], i.e

Amax(Ch) = max ﬂ Va € R,

if we take x = [0,...,0,1,0,...,0]T, it means that

T Chx
Amax(Ch) > T, —Cii=1
It yields
1 < Amax(D} P Ap) < 2
The proof is completed. ]

THEOREM 4.5. Let A, = A be defined by (2.8) with 1 < a < 2. Then K,
satisfies (4.1), and the convergence factor of the TGM satisfies

KT, < VI—20/5 <1,

where 1 < w(2 — wnp) with 0 < w < 2/np, Mo < 2.
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Proof. From Lemma 4.4, we obtain Amax(D;'A4,) < no < 2. Taking 0 < w <
2/m0, n < w(2 —wno) and using Lemma 4.1, we conclude that K ; satisfies (4.1). Next
we prove that (4.2) holds; i.e., we need to find a closed form of the constant « for A,
applied to Lemma 4.2. Let vy = vy,41 = 0 and

T n —1 T Ng—
vi= vy, va, .. vn,]m €R™, VI = (Vo vy, Un, 1] € R,

with ny, = 29 — 1. From [20, 33], we have

q q g—1)2 =y Voi + V242 2
v =T 2= okl = o
i=0

Using (2.8), (2.9), and Lemma 4.3, there exists

Ng—1 y + U 2
a_ 79 a-12 _ o _ 2 + V2it2
I = 13w M D, = Y azisn i <sz+1 -

- 2
=0
Nq

Ng—1 2
Vi + V2i42 2 2
< ap g (V2i+1 R — < ag E (v —vivig1) ",
=0

=1

. _ o 4_
Wlthao—m(8—2 a)

Let the symmetric positive definite matrix L, = tridiag(—1, 2, —1) be the n, xn,
one-dimensional discrete Laplacian. From (2.8) and (2.9), we have A; = —a1Ly, +
Arest With a1 = ey (=787 +2°7%) < 0. Using Lemma 4.3, it yields
that Ayest is also the symmetric positive definite matrix that is diagonally dominant.
Hence,

g
2
||Vq||124q = (A, v1) > (=a1 Ly, v, v7) = —2a, Z (VE — Z/WZ-_H) Vvl e R,
i=1

According to the above equations, we find

Nq

_ 2
v = 13D, S a0 3 (v = vivia)” <l
i=1
a,

with £ = —52 € (1, 2). The proof is completed. O

5. Convergence of TGM and full MGM for (2.10): A non—diagonally
dominant system. Although there are still questions regarding the best ways to
define the coarsening and interpolation operators when the stiffness matrix is far
from being weakly diagonally dominant [42], here the simple (traditional) restriction
operator and prolongation operator are employed for such algebraic systems. A reason
for the latter choice can be found in subsection 2.3, where it is shown that the ill-
conditioning of the involved coefficient matrix is due to a vector in low frequency (the
vector of all ones). We recall that the standard discrete Laplacian is ill-conditioned
only in low frequencies since its spectral symbol f(6) = 2 — 2 cos(f) has a unique zero
at § = 0 (see [5]), and therefore it is no surprise that the same multigrid ingredients
are effective also in our context.
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5.1. Convergence of TGM for (2.10): A non—diagonally dominant sys-
tem. We now start to prove the convergence of TGM for (2.10).

LEMMA 5.1. Let Ay, be defined by (2.11) and Dy, be the diagonal of Ay. Then
1 < Amax(D;; ' Ap) < 3.

Proof. From (2.11), we obtain

r; = Z |ai,j = h2 Z |b,’7j| < 2h2bi7i = 2am.
J#i J#i

From the Gerschgorin circle theorem [26, p. 388], the eigenvalues of Aj are in the
disks centered at a;; with radius r;; i.e., the eigenvalues A of the matrix Aj satisfy

A —a;i| <7,
which yields Apax(Ap) < ai; + 7 < 3a;,;. By the same way as Lemma 4.4, we have
Amax(An) > a; 4. The proof is completed. O

LEMMA 5.2. Let B = By, be defined by (2.11) and Ly_1 = tridiag(—1,2,—1) be
the (N — 1) x (N — 1) one-dimensional discrete Laplacian. Then

N
H=B—-—Ln_
19 N-1

is a positive semidefinite matriz. In particular, H is singular for N even, and it is
positive definite for N odd.

Proof. The matrix H can be written as

2 1 11 1
1 2 1 11 1
N
H:i . _
4 .
1 2 1 . . . . .
2 (N-1)x(N-1) 11 -+ - 1

(N=-1)x(N-1)
or more compactly

N T

(5.1) H = ZTN,l(g(H)) —ee, g(0) = 2+ 2cos(),
with e = [1,...,1]T being the vector of all ones of size N — 1.
We next prove (Hz,r) > 0 Va = [11,22,...,2x_1]%. Using the Cauchy—Schwarz

inequality with o = zx = 0, we have

N N-1 N-2 N—1 2
(HI,.Q?) = Z (2 Z x? +2 Z mixi+1> — (Z .131)
=1 =1

IV
| =
VRS
M7

B

+

&

+
~
[\V]

|
VRS
M7

8
~__—
[V

|

o
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For proving the singularity of H for N even and its positive definiteness for N odd,
we proceed as in subsection 2.3. First, we observe that the eigenvalues of Ty_1(g(6))
belong to the open set (0, 4) since 0 = min g(f), 4 = max g(#) and g(0) = 2+ 2 cos(6).
Thus, Ty—1(g(9)) is invertible and

N 4

(52) 11 = Xy 00) [ 1o - 317 (o0)ee”]

Consequently, by the Binet theorem, we have
(5.3)

det(H) = det(Y) det (IN1 - ;\L]TNll(g(Q))eeT> = det(Y) (1 - ;eTTNll(g(G))e) ,

with Y = ZTxv_1(g(0)).
Now there is a basic similarity relation between Tn_1(g(f)) and the discrete
Laplacian Ly_; = tridiag(—1,2, —1) = Ty—1(2 — 2 cos(f)) since

Tn-1(9(8)) = DLy_1D, D=D"'=diag((-1): 1<j < N-1).
Consequently, by (5.3) and by the positivity of det(Y"), the sign of det(H) depends
on the quantity

(5.4) H(N)=1— r=e"Tyt (9(0))e = e"DLY" | De,

that is,

det(H) = det(Y)p(N).
The quantities in (5.4) have an explicit expression since the inverse of the discrete
Laplacian is known, and in particular, we have (L;,l_l)m = {9, (TA_,il(g(G)))m =
#49)(—1)7+¢ with

N —
(55) ts,c) :%, 7”:].,...76,
N —
(5.6) tﬁ.c):ﬂ, r=c+1,...,N—1.
N
Finally, using the latter explicit values in (5.4)—(5.6), we obtain
2
(57> T = { %7]\217T %7 N even,
N N odd,
that is,
4x 0 N even
5.8 N)y=1-—= : ’
(58) o(N) N { #, N odd,
and the proof is concluded. 0

THEOREM 5.3. Let A, .= A, be defined by (2.11). Then K, satisfies (4.1), and
the convergence factor of the TGM satisfies

KT A, < V1=n/4<1,

where n < w(2 —wnp), 0 < w < 2/np, and ny < 3.
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Proof. From Lemma 5.1, we have Apax(D; ' Ag) < 1o < 3. Taking 0 < w < 2/10,
N < w(2 — wnp) and using Lemma 4.1, we conclude that K; satisfies (4.1). Next we
prove that (4.2) holds; i.e., we need to find a closed form of the constant s for A,
applied to Lemma 4.2. Let

-1

T n T Ng—
vi= v, va, . v, €R™, VI = [vo, vy, U, 1] € RMTY,

and vy = vy, 41 = 0 with ng = 27 — 1. From [20, 33] and (2.11), we have

Tq

_ 2 a
I = Ii_ v M D, < a0y (1 — vivie)” = ?O(anyquq)v
1=1

with ag = h? (T — ) N =ng+1, and L, = tridiag(—1,2, —1).
Using Lemma 5.2 and (2.11), we infer

N
V913, = (Agy, ) = B2(Buast, 1) > 12 (L 0.

According to the above equations, we conclude

_ a Qg 12
o = v, < D (La ) < D, < 4l

and the proof is completed. 0
5.2. Convergence of the full MGM for (2.10): A non—diagonally dom-
inant system. We extend the convergence results of TGM given in the above sub-

section to the full MGM. To the best of our knowledge, it is the first time that a
convergence analysis of the full MGM for the dense matrix case has been studied.

LEMMA 5.4. Let B = {b(l)}” 1 with b(l) = b‘(j)ﬂ be given in (2.11) and
Dy be the diagonal of the matrix B where B = LHB(k DL’}EI with L = 4],’5_1
and L% = (LH)T. Then

1< A (DG)BM) <3, 1<k <q,

with q being the total number of levels.

Proof. From (2.11), we have

2 -1
N -1 2 -1
By=NI-
-1 2 -1
1 2l veyxv-n
11 1
11 1
1 1 -+ - 1

(N—1)x(N—1)
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where I is an identity matrix and N = 27 (i.e., ng = N —1 ). Using Lemma 3.1, it
yields

(5.9)
40, + 2+ 1 C},
Ch 4C + k=1 Ch
B® =N . .
C, 4C, + ok—1 Ch
k—1
Cy 4Cr + 2 (o2 —1)x (52 —1)

Sh=T — SE=T —
2k _2k—1
_2k—1 2k _2k—1
N .
6 2k71 2k 2k71
k—1 k
S L C )
1 1 1
1 1
o 16]671
1 1 1 (2k{\i1_1)x(2;€1\11—1)
_N __1q
Denote B*) = {bgkj) 21;;11 with bl(? = b‘(ik_)j‘. Thus, we obtain
23k—2 23k—4
b(()k) _ N — o4k—4 b(1k) _ N — o%k—4
(5.10) 3 N 3
(k) _  o4k—4
R AR E E =)
so that
k k N _ e o (K
2y — 26" — 2t =0 it b >0,
k k N _ oo (K
b — (—2piM)y — <2k_1 —3)2‘““ =0 if " <o.

In a word, there exists
rl(k) = Z |b§kj)| < ZbZ(.i).
J#i
By following the same steps as in Lemma 5.1, we have bg)ki) < Amax(B®) < 3bl(»7ki). The
proof is completed. ]
LeEMMA 5.5. Let B®) be defined by (5.9) and Ly = tridiag(—1,2, —1) be the
ok—1

(% —1) x (219% — 1) one-dimensional discrete Laplacian. Then

23k75

H® = k) _ NL x_,, 1<k<g, N=2°

is a positive semidefinite matrixz. Here q is a total number of levels.
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Proof. Using Cy + 2F71/6 = 23%¥=4/3  we can rewrite (5.9) as

2 -1
-1 2 -1
3k—4
B®) —93k=3 N 23 N
-1 2 -1
2 k(e
11 1
11 1
_ 9dk—4 ' 7
11 1

where [ is an identity matrix. Thus,

2474kH(k)
:Z . . - )
1 2 1 Do :
1 2 (N*])X(ﬁ*l) 1 ]_ . e ]_ (N—l)x(ﬁ—l)

with N = le\f r. By following the same steps as in Lemma 5.2, the desired result is
obtained. O

THEOREM 5.6. Let A, = Ay, be defined by (2.11). Then Ky, satisfies (4.1), and
the convergence factor of the full MGM satisfies

IKkT* |4, <V1—n/d<1, 1<k<gq,

where n < w(2 — wnp) with 0 < w < 2/ny and ny < 3.

Proof. From Lemma 5.4 and (2.11), we have )\maX(DglAk) < no < 3. Taking
0 <w<2/n, n<w(2—wn) and using Lemma 4.1, we conclude that K} satisfies
(4.1). Next we prove that (4.2) holds; i.e., we need to find a closed form of the
constant # for Ay applied to Lemma 4.2. Let Ay = AW@~F+D AR = LHAK=1)h
with L = 418 and L% = (L))", and D™ be the diagonal of A®). Let ny, be the
size of the matrix A®) and

Vk = [l/l, Vo,..., l/nk]T (S R”k, I/k_1 = [1/27 Vgyoony Z/nk,]_]T (S R”k—17
with vy = vy, 41 = 0. From [20, 33] and (2.11), (5.10), we have
k_ 1k k—1y2 (k)nk 2 2 aék) E ok
" = T v pe < ag Z (v —vivipa)” = T(Lnkl/ V),
i=1

23k—2

with al) = n2p{") = n2 N - 24k—4) and L,, = tridiag(—1,2, —1).
Using (2.11), (5.9), (5.10), and Lemma 5.5, we find

3k—5

¥ = (AF, ) = R2(BOVE, U8 > n? N(Lp v*,0%).
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According to the above equations, we deduce

(k) (k)
k ko k- a ko k a 3 k k
" — I e < % (L™, v7) < % h223’€—5N”V e < 4lv* %,
and the proof is completed. 0

6. Numerical results. We employ the V-cycle MGM described in Algorithm 1

to solve the steady-state nonlocal problems (2.1). The stopping criterion is taken as
I @] [Eall

[l ] [l @]

<107 for (2.7), <107 for (2.10),

where 7(9) is the residual vector after i iterations and the number of iterations
(mi,m2) = (1,2) and (Wpre,wpost) = (1,1) for (2.7) and (Wpre;wpost) = (1/2,1)
for (2.10). In all tables, N denotes the number of spatial grid points, the numerical
errors are measured by the [, (maximum) norm, “Rate” denotes the convergence
orders, “CPU” denotes the total CPU time in seconds (s) for solving the resulting
discretized systems, and “Iter” denotes the average number of iterations required to
solve a general linear system Apup, = fh.

All numerical experiments are programmed in MATLAB, and the computations
are carried out on a PC with the following configuration: Intel Core i5-3470 3.20 GHz
and 8 GB RAM and a 64-bit Windows 7 operating system.

Ezample 6.1 (a Toeplitz-plus-tridiagonal system). Consider the steady-state non-
local problem (2.7) on a finite domain 0 < z < b, b = 2. The exact solution of the
equation is u(r) = 2%(b — x)? and the source function

Kaa(a —5)(—a? — 5a — 10)

flz)=— TG—a) (z* 7+ (b—2)*?)
2bffaoz(rcz4 - i:;é +11) (@ + (b— 2)3~)
b kqaa(3 — a)

2—« 2—«
- b— .
r'(3—«) (@7 4 (b= 2)™7)
Table 6.1 shows that the numerical scheme has second-order accuracy and the
computation cost is almost O(NlogN) operations.

Ezample 6.2 (a non—diagonally dominant system). Consider the steady-state non-
local problem (2.10) on a finite domain 0 < = < b, b = 2. The exact solution of the
equation is u(r) = 22(b — x)? and the source function

f(z) = ba®(b— x)% — %b"’.

TABLE 6.1
Using Galerkin approach Ay_1 = I}:flAkI,’;_l computed by Lemmas 3.1 and 3.2 to solve the
resulting systems of (2.7).

N a=1.3 Rate Tter CPU a=1.7 Rate Tter CPU
29 1.6294e-05 30 0.17 s 1.3629e-05 79 0.22 s
210 4.1063e-06 1.9884 31 0.31s 3.5307e-06 1.9487 79 0.39 s
211 1.0284e-06 1.9974 33 0.60 s 9.0793e-07 1.9593 78 0.71s
212 2.5718e-07 1.9996 35 1.17 s 2.3572e-07 1.9455 78 1.34 s
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TABLE 6.2
Using Galerkin approach Ap_1 = I,’;flAkI,lj_l computed by Lemma 3.1 or (3.2) to solve the
resulting systems of (2.10).

N Rate Tter CPU N Rate Iter CPU

211 9.5325e-07 83 0.38 s 214 1.4910e-08 1.9991 86 2.61s
212 2.3837e-07 1.9997 84 0.70 s 215 3.7396e-09 1.9953 86 4.90 s
213 5.9603e-08 1.9997 85 1.33 s 216 9.6707e-10 1.9512 87 9.76 s

Table 6.2 shows that the numerical scheme has second-order accuracy and the
computation cost is almost O(NlogN) operations.

Remark 6.1. The examples chosen for the numerical experiments showed that the
CPU time ratio is less than O(NlogN): This implies that our algorithm works very
effectively for the present nonlocal model (better than methods based on the fast
Fourier transform).

7. Conclusions. In this paper, we considered the solutions of Toeplitz-plus-
tridiagonal systems, which are far from being weakly diagonally dominant and which
arise from nonlocal problems when using linear finite element approximations. We
provided the convergence rate of the TGM for nonlocal problems with the fractional
Laplace kernel, which is a Toeplitz-plus-tridiagonal system. In this specific context,
we answered the question of how to define the coarsening and interpolation operators
when the stiffness matrix is non—diagonally dominant [42]. The simple (traditional)
restriction operator and prolongation operator are employed for such algebraic systems
so that the entries of the sequence of subsystems are explicitly determined on different
levels. In the case of the constant (Laplacian-style) kernel, we gave a quite accurate
spectral analysis and, based on that, on the structure analysis, and on the computation
of the characteristic values at different levels, we extended the TGM convergence
results to the full MGM.

For the future, at least two questions arise concerning the analysis of the spectral
features and the study of the MGM convergence analysis in the case of a general
fractional Laplace kernel.

Acknowledgments. We would like to thank the anonymous referees for several
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