Chapter 4

Incorporating a Discontinuous Galerkin Method
into the Existing Vertex-Centered Edge-Based
Finite Volume Solver Edge
Sven-Erik Ekström and Martin Berggren

Abstract. The discontinuous Galerkin (DG) method can be viewed as a generalization to higher orders of the finite volume method. At lowest order, the standard
DG method reduces to the cell-centered finite volume method. We introduce for the
Euler equations an alternative DG formulation that reduces to the vertex-centered
version of the finite volume method at lowest order. The method has been successfully implemented for the Euler equations in two space dimensions, allowing a local
polynomial order up to p = 3 and supporting curved elements at the airfoil boundary.
The implementation has been done as an extension within the existing edge-based
vertex-centered finite-volume code Edge.

1 Introduction
The finite volume (FV) method is presently the most widely used approach to discretize the Euler and Navier–Stokes equations of aerodynamics. A basic choice
when implementing a finite volume method is whether to employ a cell-centered or
vertex-centered approach. The control volumes coincide with the mesh cells in the
cell-centered approach (left in Figure 1), whereas in the vertex-centered approach,
the control volumes are constructed from a dual mesh, consisting in two dimensions
of polygons surrounding each vertex in the original primal mesh (right in Figure 1).
The vertex-centered approach has a number of features that helps to explain its
current popularity. A vertex-centered scheme has about half the memory footprint
on the same mesh as a cell-centered scheme, and has more fluxes per unknown,
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e-mail: martin.berggren@cs.umu.se

N. Kroll et al. (Eds.): ADIGMA, NNFM 113, pp. 39–52, 2010.
c Springer-Verlag Berlin Heidelberg 2010
springerlink.com 

40

S.-E. Ekström and M. Berggren

Km

Km

Fig. 1 Control volume choices for finite volume methods. A computational node (white circle) is either associated with a mesh cell center (left) or a mesh vertex (right), giving a cellcentered or a vertex-centered control volume respectively.

as discussed by Blazek [7]. Also, for instance Abgrall [1] argues that reconstruction
schemes are more easily formulated for vertex-centered control volumes. Moreover,
as opposed to cell-centered schemes, the treatment of boundary conditions are facilitated by the fact that control volume centers are located precisely on the boundary.
The main computational effort in a typical finite volume code concerns the residual computations. A solver using a vertex-centered scheme may be implemented to
support what Haselbacher et al. [16] call grid transparency: to assemble the residual, the solver loops over all edges in the mesh, regardless of the space dimension
or the choice of mesh cell type (triangles, quadrilaterals, tetrahedrons, prisms, hexahedrons). Note, however, that an analogous construction is also possible for cellcentered methods, by looping over a list of cell surfaces. For a detailed discussion on
cell-centered versus vertex-centered methods, we refer to Blazek’s book [7] and the
review by Morton and Sonar [20]. Also, there are other numerical schemes, besides
finite volumes, that use vertex-centered control volumes or loop over edges. Some
examples are residual distribution schemes [2, 10], edge-based finite elements [19],
and edge-based SUPG [8].
Since the discontinuous Galerkin (DG) method constitutes a higher-order generalization of the finite volume method, it is tempting to reuse and extend existing
finite volume codes to higher orders to avoid a costly rewrite of a complex and familiar software system. A hurdle for such an approach is that the standard discontinuous
Galerkin method is a higher-order version of the cell-centered finite-volume method
whereas many of today’s codes, such as DLR-Tau [22], Edge [12, 14], Eugenie [13],
Fun3D [15], and Premo [23], are vertex-centered.
The contribution of Uppsala University to the ADIGMA project consists of a
case study in which a vertex-centered version of the discontinuous Galerkin method
is implemented within the Edge system [12, 14] so the user, depending on the
need for accuracy, can choose whether to use a classical finite volume scheme or a
discontinuous Galerkin discretization. The vertex-centered discontinuous Galerkin
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method we use was first introduced by Berggren [5] in the context of a linear firstorder hyperbolic model problem. A further analysis of the method was presented by
Berggren, Ekström, and Nordström [6] for higher-order elements and for a nonlinear problem with a shock. Here, we present for the first time the use of the scheme
for the Euler equations. We first introduce the basic scheme of the method and then
further discuss the method as developed within the Edge system.

2 The Discontinuous Galerkin Method
The target application for the proposed scheme is aeronautical CFD with the Euler
and Navier–Stokes equations, where computations of steady states are particularly
prominent. We here present the scheme for the steady Euler equations, written in
the compact form
(1)
∇ · F (U) = 0 in Ω ,
where U = [ρ , ρ u, ρ E]T is the solution vector of conservative variables (mass density ρ , momentum density ρ u, and total energy density ρ E), F is the Euler flux
function, and Ω the computational domain. We also need to impose appropriate
boundary conditions in the far field and at solid walls. The flux function for the
Euler equations is
⎞
⎛
ρu
(2)
F (U) = ⎝ ρ u ⊗ u + Ip ⎠ ,
ρ uH
where ρ H = (ρ E + p) is the total enthalpy density, and the pressure p satisfies the
equation of state


|ρ u|2
p = (γ − 1) ρ E −
,
(3)
2ρ
in which γ = 1.4 for air.
We divide the domain, Ω , into a set of non-overlapping control volumes Km such

d+2
that Ω = M
, where d is the space dimension, the space of
m=1 K m . Denote by Vh
numerical solutions to equation (1). Each component of a vector function in Vhd+2
belongs to the space Vh , which comprises functions that are continuous inside each
Km but in general discontinuous across boundaries between control volumes. The restriction on each Km of functions in Vh are polynomials for the standard DG method.
Here we consider a different choice of functions, as described in Secion 3. Each
Vh ∈ Vhd+2 can be expanded as
Vh (x) =

M Nm

Ndof

m=1 i=1

i=1

∑

∑ Vim φim (x) =

∑ Viφi (x),

(4)

where M is the number of control volumes, Nm is the number of local degrees of
m
freedom in control volume Km , { φim }Ni=1
is the set of basis functions associated
with control volume Km , Ndof is the total number of degrees of freedom, and φi are
the basis functions in a global numbering.

42

S.-E. Ekström and M. Berggren

The DG method is obtained by multiplying equation (1) by a test function Vh ∈
Vhd+2 , integrating over each control volume, integrating by parts, and introducing
the numerical flux F ∗ on the boundaries. This procedure yields that Uh ∈ Vhd+2
solves the variational problem
Vh ·
∂ Km

F ∗ (UL ,UR , n̂) ds −

∇Vh · F (Uh ) dV = 0, ∀Km ⊂ Ω ,

Km

∀Vh ∈ Vhd+2 , (5)

where subscripts L and R denote local (“left”) and remote (“right”) values on the
boundary ∂ Km of control volume Km , and n̂ is the outward unit normal. The remote
values are either taken from the neighboring control volume’s boundary or, when
∂ Km intersects the domain boundary, from the supplied boundary condition data.
Thus, the boundary conditions are imposed weakly through the numerical flux.
In our implementation, we use the Roe numerical flux by default,
1
1
∗
FROE
(UL ,UR , n̂) = n̂ · F (UL ) + F (UR ) − R̄|Λ̄ ∗ |L̄−1 (WR − WL ),
2
2

(6)

where the last term in expression (6) is a dissipation term whose factors are described in the following. Let matrices Λ and R be the diagonal eigenvalue matrix
and the right eigenvector matrix in the eigendecomposition of the Jacobian with
respect to the conservative variables, that is,

∂ (n̂ · F )
= RΛ R−1 .
∂U

(7)

Moreover, let W = [ρ , u, p]T be the primitive variables vector, and let matrix L
satisfy
(8)
L−1 (WR − WL ) = R−1 (UR − UL ).
Explicit expressions of L, R, and Λ can for example be found in the books by
Blazek [7] and Hirsch [17]. The elements of matrices R̄, Λ̄ ∗ , and L̄−1 in expression (6) are evaluated using the Roe averages
√
√
uL ρL + uR ρR
√
ρ̄ = ρL ρR , ū = √
,
√
ρL + ρR
(9)
√
√
HL ρL + HR ρR
2
H̄ =
, c̄ = (γ − 1) [H̄ − |ū| ].
√
√
ρL + ρR
Also, to prevent the eigenvalues to vanish, we utilize a standard entropy fix
⎧ 2
⎨ λ̄i − δ 2
,
|λ̄i | ≤ δ ,
∗
|λ̄i | =
2δ
⎩
|λ̄i |2 ,
|λ̄i | > δ .

(10)
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Also available in our implementation is the much simpler Local Lax–Friedrichs flux
1
C
∗
FLLF
(UL ,UR , n̂) = n̂ · F (UL ) + F (UR ) − (UR − UL ),
2
2

(11)

where C is an upper bound for the absolute values of the eigenvalues of the Jacobian,
∂ (n̂ · F (U))/∂ U. We use
C = max (|n̂ · uL | + cL , |n̂ · uR | + cR) ,

(12)


where c = γ p/ρ is the speed of sound. The choice of Roe or Local Lax–Friedrichs
numerical flux appears not to cause any significant differences performance wise,
neither regarding computational effort nor accuracy.
Boundary conditions are usually imposed simply by appropriate modifications
of the remote condition UR . At the outer free stream, we apply UR = U∞ where U∞
is the free stream values of the solution vector. To impose the solid wall boundary
condition, we have implemented two options: the first imposes symmetry and the
second uses an explicitly modified flux to enforce non penetration. Both give similar
results, both with respect to computational effort and accuracy.
The first option uses the the same Roe or Local Lax–Friedrichs flux at the wall
as everywhere else, but imposes symmetry by defining UR from UL using a reflected
momentum vector:

ρR = ρL ,

(ρ u)R = (ρ u)L − 2(n̂ · (ρ u)L )n̂,

(ρ E)R = (ρ E)L .

(13)

The second option uses the numerical flux
⎛

⎞
0
FW∗ (U, n̂) = ⎝ pn̂ ⎠ ,
0

(14)

that is, FW∗ (U, n̂) = n̂ · F (U)|n̂·u=0 at the wall, instead of the Roe or Local Lax–
Friedrichs flux.
The discussion above covers both the usual cell-centered formulation of the DG
method and our vertex-centered scheme. In the next sections, we introduce the particularities with our approach: the construction of a macro element on the dual mesh
and the use of curved boundaries for these elements.

3 The Vertex-Centered Macro Element
The finite elements of the standard (cell-centered) DG method use polynomials defined separately on each mesh cell, which means that the control volumes Km discussed in Section 2 coincide with the mesh cells, typically triangles or quadrilaterals
in two space dimensions. In our vertex-centered DG method we use another choice
of control volumes Km , defined on a so-called dual mesh.
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A preprocessor constructs the dual mesh and necessary data structures; Figure 2
illustrates the procedure. From the primal mesh, top left in Figure 2, the preprocessor constructs the dual mesh shown in top right in Figure 2. A dual mesh can
be constructed in several ways, as discussed by Barth [3]; here we choose just to
connect the centroids of adjacent triangles to each other with a new edge. Although
Figure 2 shows a uniform mesh, dual meshes can be constructed for any nondegenerate mesh. Next we triangulate the dual mesh (bottom left in Figure 2) and define
our finite element on each dual cell as the macro element consisting of standard
triangular Lagrange elements of order p. That is, the functions are continuous on
each Km , and piecewise polynomials of degree p on each sub triangle of Km . Note
that we allow discontinuities in the solution between adjacent dual cells, but that
the solution within each dual cell is continuous. Thus, no flux evaluations are necessary at the internal edges between the sub triangles in the dual cells. Indeed, any
internal flux contribution would vanish since the left and right states are identical
due to the continuity of the approximating functions across such edges. Note also
that the element type and order may be different on different dual cells. At the bottom right in Figure 2, we see an example where all boundary macro elements and
the leftmost of the three inner macro elements are of constant type (p = 0), which
corresponds to the vertex-centered FV method, whereas the center and right interior macro elements are linear (p = 1) and quadratic (p = 2), respectively. Note the
multiple nodes, associated with the possibility of jump discontinuities, occurring at
boundaries of the dual cells.
A common method to solve a problem such as the discrete version of equation (1)
is to march an unsteady version of the equation to steady state using an explicit

Fig. 2 Preprocessing stages for generating macro elements on the dual mesh. From the primal
mesh (top left) the preprocessor constructs a dual mesh (top right) that contains as many
polygonal dual cells Km as the number of mesh vertices in the primal mesh. We triangulate
each dual cell (bottom left) and define a macro element on each dual cell (bottom right),
where the white circles are the computational nodes.
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Runge–Kutta scheme. This strategy is often combined with convergence acceleration strategies such as local time stepping and multigrid; both have been implemented and the multigrid approach is discussed in our other contribution to this
volume [11]. A crucial step in such an algorithm is the computation of the residual,
which is a vector of dimension equal to the number of degrees of freedom for Vh for
each equation that is solved.
As mentioned in the introduction, implementations of the residual calculation for
vertex-centered FV methods are typically edge-based, and we now shortly indicate
how to extend this approach to the current DG method.
Pointers to the degrees of freedom for Vhd+2 as well as geometric information
are stored in a list associated with the edges in the primal mesh. An additional
list associated with the domain boundary edges is also required to set boundary
conditions.
For each edge in the primal mesh, we associate the two primal
 mesh
  vertices

i and j connected by the edge, and the normal vector ni j (with ni j  = ∂ Ti j ) to
the intersection of the boundaries of control volumes Ki and K j . To compute the
contribution to the residual associated with this edge, the values of the unknowns
at nodes i and j, and the normal ni j constitute all the information that is needed for
p = 0 (the finite volume case). For higher orders, we also associate two sub triangles,
Ti and T j , of control volumes Ki and K j , and a larger set of nodes indices (i1 , i2 , . . . ;
j1 , j2 , . . . ) associated with the added degrees of freedom (left in Figure 3). Nodes i1
and j1 coincide with primal mesh vertices i and j of the FV method.
To impose boundary conditions, we utilize a list of boundary edges. For each such
edge that is not curved, as illustrated to the right in Figure 3, we associate boundary
vertices i and j connected by the edge and boundary normals nib and n jb (of equal
length, so stored as one normal ni jb = nib + n jb ) associated with the intersection of
the boundaries of control volumes Ki and K j with the domain boundary. For curved
boundaries, more nodes are needed along the boundary together with miscellaneous
additional information, as discussed in Section 4.

Ti
i1

i2

j2
j4

Uhi ∂Tij

n̂ij
j5

Uhj
j6

i3

j3

Tj
j1
i1

j
i
∂Tib Uh Uh ∂Tjb

n̂ib

UBC

j1

n̂jb

Fig. 3 Edge data structures with geometric data and spatial placement of the computational
nodes. Left: The triangles Ti and T j share the boundary ∂ Ti j , and the outward unit normal ofTi
on ∂ Ti j is n̂i j . Restrictions of the function Uh ∈ Vhd+2 onto Ti and T j are denoted Uhi and Uhj .
Right: The boundary edge is the union of ∂ Tib and ∂ T jb , and the domain boundary outward
unit normals are n̂ib and n̂ jb . The domain boundary data, which is given by the boundary
condition, is denoted uBC .
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A pseudo-code version of the algorithm can be found in the the article by
Berggren et al. [6]; in essence, it is the same loops as for the FV code plus the
volume integral of the DG scheme. Standard tabulated Gauss quadrature rules, as
given, for example, in the book by Solin et al. [24], are used to evaluate the integrals,
and the evaluation of the basis functions at these points are done once and for all in
the beginning of the computation.
The numerically observed convergence rate s in u − uh L2 (Ω ) ≤ Chs for the
model problem investigated in [6] is of optimal order for the vertex-centered
scheme, that is, s = p + 1. Also, as expected, the number of degrees of freedom
necessary to attain a given error bound is substantially decreased by increasing the
order of the method.

4 Curved Geometries
A higher order scheme, such as DG, also needs a higher-order representation of
the geometry, and curved elements have to be introduced when curved objects, for
example airfoils, are present in the computations. Bassi and Rebay [4] and Cockburn et al. [9], for example, has showed that a piecewise-linear approximation of the
boundary does not yield satisfactory results. We also observed strong oscillatory solutions in our scheme when using piecewise-linear approximations of the boundary
in combination with orders p ≥ 1.
To account for the curved boundaries, we use a common finite-element strategy, namely polynomial approximations of the curved element edges combined with
evaluations of the integrals on reference elements using coordinate transformations.
The nodes marked a, b, and c to the left in Figure 4 are vertices in the primal mesh.

4

5

c

3
b
2
1

a

Fig. 4 Boundary elements. Left: The piecewise-linear boundary as obtained by constructing
the dual mesh similarly as in the interior. Points a, b, and c are vertices on primal mesh.
Triangle 1 is associated to macro element a and triangles 2, 3, 4, and 5 are associated to macro
element b. A boundary edge is marked in gray together with its associated normal. Right: The
same part of the boundary as in the left image but taking into account the curvature of the
boundary. Now a specific normal, each precomputed, is associated with each quadrature point
on the boundary.
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If dual meshes are constructed at the boundary in the same way as in the interior,
the result will be as depicted to the left in Figure 4. This piecewise-linear boundary
generated massive spurious oscillations at the boundary for p ≥ 1. A simple strategy
that yields a somewhat more accurate approximation of the boundary is to move the
nodes on the dual mesh that are located between primal nodes (for instance the double nodes located in between nodes a and b in the left of Figure 4) so that they lie at
the underlying curved boundary. This change did not significantly reduce the oscillations. Krivodonova’s [18] simplified approach to represent a curved boundary was
not successful either. However, a polynomial approximation of the boundary and
associated normals at a sufficiently high order, as visualized in the right of Figure 4
and as shortly outlined below, worked well.
There will be at most one side that is curved in any sub triangle, since the other
two triangle sides are located inside the domain. Now consider a boundary edge
and the two associated curved triangles, Ti and T j (for instance the gray triangles
to the right in Figure 4). Denote by T̂ the reference triangle with corners at (0, 0),
(1, 0), and (0, 1). If we use the polynomial order pb to approximate the boundary
shape, and we use the polynomial order p for the basis functions of the elements, we
will have subparametric elements if pb < p, isoparametric elements if pb = p, and
superparametric elements if pb > p. Our mesh generator is implemented such that
any order pb can be chosen, regardless of element order p. Numerical experiments
indicate that a pb ≥ 2 is qualitatively sufficient for the calculations we have made
for p = 0, 1, 2, 3.
Denote by Φ the mapping from reference triangle T̂ to any curved triangle T (Ti
or T j ) and by Φ −1 the inverse mapping,
 
 
x
ξ
−1
Φ (ξ , η ) =
, Φ (x, y) =
.
(15)
y
η
Points (ξ , η ) ∈ T̂ are transformed into points (x, y) ∈ T according to
x=

pb pb −m

∑ ∑

γmn ξ m η n ,

m=0 n=0

y=

pb pb −m

∑ ∑

δmn ξ m η n ,

(16)

m=0 n=0

where pb is the polynomial order of the boundary and γmn , δmn are constants that are
computed in the preprocessor. The Jacobian J of Φ ,
J(ξ , η ) = ∇Φ (ξ , η )

=

pb pb −m

∑ ∑

m=0 n=0

=

pb

pb −m 

∑ ∑

m=0 n=0

∂
m n ∂ γ ξ mη n
∂ η mn
∂ ξ γmn ξ η
∂
∂
m
n
m n
∂ ξ δmn ξ η ∂ η δmn ξ η




n−1

γmn mξ m−1 η n γmn nξ m η
,
δmn mξ m−1 η n δmn nξ m η n−1

(17)
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will not be constant for pb > 1. The Jacobians are precomputed at each quadrature
point, and are stored and used during computations. For a function F on a curved
triangle T , we have

T

F dV =

T̂

F ◦ Φ |J| dV,

(18)

where |J| denotes the determinant of J. The gradient of a function g on T is transformed to corresponding function ĝ = g ◦ Φ on T̂ according to
∇g = J −T ∇ĝ,

(19)

where the left- and right-hand sides are evaluated at corresponding points related by
mapping Φ . Finite element basis functions φi on the curved triangle T are defined
by the mapping φi = φ̂i ◦ Φ , where φ̂i are the standard Lagrangian basis functions
on the reference triangle T̂ . Let Fm be row m (m = 1, 2, or 3) of flux function (2)1 .
By expressions (18) and (19), it follows that row m of the second term (the volume
integral term) in equation (5) can be written

T

∇φi · Fm (Uh ) dV =

T̂

J −T ∇φ̂i · Fm (Uh ◦ Φ )|J| dV

T
Nep

≈

∑ wk J(ξk , ηk )−T ∇φ̂i (ξk , ηk ) · Fm (Uh ◦ Φ (ξk , ηk )) |J(ξk , ηk )|

(20)

k=1

T are the weights, coordinates in T̂ , and number of evaluwhere wk , (ξk , ηk ), and Nep
ation points for some appropriate integration rule for triangles.
Let the curved side ∂ T ∩ ∂ Ω be the image of the restriction of the map Φ to
Iˆ = (0, 1) × {0} (the intersection of T̂ with the x-axis). Also, let Fm∗ (UL ,UR , n̂) be
row m in the numerical flux function. The curved-boundary contribution from the
first term in equation (5) can then be written

φi Fm∗ (UL ,UR , n̂) ds
∂ T ∩∂ Ω
I
Nep

≈

=

Iˆ

φ̂i Fm∗ (UL ◦ Φ ,UR ◦ Φ , J −T n̂)|J| ds

∑ zk φ̂i (χk , 0) |J(χk , 0)| Fm∗ (UL ◦ Φ (χk , 0),UR ◦ Φ (χk , 0), J(χk , 0)−T n̂k )

(21)

k=1

I is the number of evaluation points for the chosen integration rule on the
where Nep
unit interval, and zk , χk are the corresponding weights and coordinates. Note that a
specific normal nk = |J(χk , 0)| J(χk , 0)−T n̂k is used for each evaluation point, and
that all normals are precomputed in the preprocessor. Since the curved boundary
part of the domain is typically much smaller than the rest of the domain, this extra
storage and computational work is mostly negligible.
1

The rows correspond to the mass, momentum, and energy equations, respectively. Note
that the first and third rows are scalar equations, whereas the second row is a system of d
equations.
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5 Results

1

1

0.5

0.5
−Cp

−Cp

In Figure 5 we present results from one of the Mandatory Test Cases (MTC) of
the ADIGMA project, MTC1. The figures depict the pressure coefficients using
successively higher order elements, p = 0, 1, 2, 3, on the same mesh. The element
sizes around the airfoil are visible in the p = 0 solution at the top left in Figure 5.
Some overshoots are visible for the linear element solution, p = 1 (top right of
Figure 5). At the bottom left of Figure 5, the p = 2 solution, small kinks are visible
in the element on the leading edge, which vanish for the p = 3 solution at the bottom
right of Figure 5.
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Fig. 5 MTC1 of the ADIGMA project: Pressure coefficients, 2D Euler, NACA0012, M = 0.5,
α = 2.0◦ . The actual discontinuous functions, of order p = 0, 1, 2, 3, are plotted without any
postprocessing or smoothing.

In Figure 6 we show two solutions for MTC2 on the same mesh, but with different order elements. The left picture of Figure 6 depicts the pressure coefficient
for constant, p = 0 elements, solved with a second order central flux, i.e. a standard
finite volume solution provided by Edge. Both shocks are rather poorly resolved and
a finer mesh would be required. The right picture of Figure 6 depicts the pressure
coefficient for linear, p = 1, elements. Note that the oscillations due to shocks are localized to elements adjacent to the shock, and that the oscillations do not spread out
into the domain. No shock capturing technique is used. An hp-adaption along the
lines previously developed for model problems [6] could be used to better resolve
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Fig. 6 MTC2 of the ADIGMA project: Pressure coefficients, 2D Euler, NACA0012, M = 0.8,
α = 1.25◦ . Left: p = 0, central flux (2nd order). Right: p = 1, upwind flux (2nd order). The
actual discontinuous functions, of order p = 0, 1, are plotted without any postprocessing or
smoothing.

the shock; another strategy would be to use the sub-cell shock capturing with artificial viscosity by Persson and Peraire [21]. The use of higher orders, p = 2, 3, for
this transonic case and on this mesh appears to require a shock capturing technique;
the solution blows up when approaching a steady-state solution.

6 Conclusions
The effort reported here constitutes a pioneering, first-ever implementation for the
Euler equations of the current vertex-centered DG scheme. To the best of our knowledge, this is also the first time that a DG scheme has been implemented within the
framework of an edge-based FV code of the type very common in the aeronautical
industry.
Acceleration techniques such as local time stepping and agglomerated multigrid
has been implemented successfully; the latter is further discussed in our other contribution to this volume [11].
The data structures needed for the current scheme are complex, but compact and
memory efficient. The local polynomial approximations take place on the sub elements within the macro elements. Thus, the appropriate grid-size parameter h is
the size of the sub elements, and not the size of the primal mesh elements. Since
no fluxes need to be computed at the boundaries occurring strictly inside the macro
elements, the current implementation will be significantly more memory efficient
compared to a standard DG based on a mesh with comparable interpolation bound.
Artificial oscillations have been shown to stay localized around shocks. Nevertheless, shock handling will still need to be implemented in order to stabilize higher
order approximations and improve the convergence properties of the solver. Another
research issue is h-adaption in the current context, which may be more complicated
to implement compared to the case for the standard DG scheme.
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Although our results are encouraging, more research is needed to decisively determine the benefit of the vertex-centered DG approach. In particular, the method
needs to be evaluated on viscous, 3D and turbulent calculations. In addition, particular effort should be guided towards unsteady and aeroacoustic calculation, since
the need for high accuracy everywhere in the computational domain may be even
more crucial in such cases, compared to steady aerodynamic calculations.
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19. Luo, H., Baum, J.D., Löhner, R.: Edge-based finite element scheme for the Euler equations. AIAA J. 32, 1182–1190 (1994)

52

S.-E. Ekström and M. Berggren

20. Morton, K.W., Sonar, T.: Finite volume methods for hyperbolic conservation laws. Acta
Numer. 16, 155–238 (2007)
21. Persson, P.-O., Peraire, J.: Sub-Cell shock Capturing for Discontinuous Galerkin Methods. AIAA Paper, 2006-112 (2006)
22. Schwamborn, D., Gerhold, T., Heinrich, R.: The DLR TAU-Code: Recent Applications
in Research and Industry. In: Wesseling, P., Onate, E., Périaux, J. (eds.) ECCOMAS CFD
2006 (2006)
23. Smith, T.M., Ober, C.C., Lorber, A.A.: SIERRA/Premo–A New General Purpose Compressible Flow Simulation Code. In: AIAA 32nd Fluid Dynamics Conference, St. Louis
(2002)
24. Solin, P., Segeth, K., Dolezel, I.: Higher Order Finite Element Methods. Taylor & Francis
Ltd., Abington (2003)

