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Abstract: Let {A, = {4y, ..., 44 o}}, be a sequence of finite multisets of real numbers such that d, — oo as
n — oo, andlet f: Q C R? — R be a Lebesgue measurable function defined on a domain Q with 0 < 1,4(€) < oo,
where i, is the Lebesgue measure in R?. We say that {A,}, has an asymptotic distribution described by f,
and we write {A,}, ~ f, if (*) limn_,oodizzi;}‘(/li’n) = ﬁ JoF(f(x))dx for every continuous function F with
bounded support. If A,, is the spectrum" of a matrix A,,, we say that {4,}, has an asymptotic spectral distribu-
tion described by f and we write {A,},, ~, f. In the case where d = 1,  is a bounded interval, A, C f(€) for
all n, and f satisfies suitable conditions, Bogoya, Béttcher, Grudsky, and Maximenko proved that the asymp-
totic distribution (*) implies the uniform convergence to 0 of the difference between the properly sorted vector
(A5 --- > 4q o] and the vector of samples [f(x; ), ..., f(xg o). ie, () lim, . max, 4 |f(x;,) — A, @yl =0,
where X, ,, ..., Xy 5 is a uniform grid in €2 and 7, is the sorting permutation. We extend this result to the case
where d > 1 and Q is a Peano—Jordan measurable set (i.e., a bounded set with 1,;(9€2) = 0). We also formulate
and prove a uniform convergence result analogous to (**) in the more general case where the function f takes
values in the space of k X k matrices. Our derivations are based on the concept of monotone rearrangement
(quantile function) as well as on matrix analysis arguments stemming from the theory of generalized locally
Toeplitz sequences and the observation that any finite multiset of numbers A, = {4, ..., 44 ,} can always be
interpreted as the spectrum of a matrix A, = diag(4,,, ... , 44 ,)- The theoretical results are illustrated through
numerical experiments, and a reinterpretation of them in terms of vague convergence of probability measures
is hinted.
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1 Introduction

Throughout this paper, a matrix-sequence is a sequence of the form {A, } ,, where A, is a square matrix such that
size(4,) = d,, » oo asn — oco. Matrix-sequences arise in several contexts. For example, when a linear differential
equation is discretized by a linear numerical method, such as the finite difference method, the finite element
method, the isogeometric analysis, etc., the actual computation of the numerical solution reduces to solving
a linear system A,u, = f,. The size d,, of this system diverges to oo as the mesh-fineness parameter n tends
to oo, and we are therefore in the presence of a matrix-sequence {4,},. It is often observed in practice that
{A,}, belongs to the class of generalized locally Toeplitz (GLT) sequences and it therefore enjoys an asymptotic
singular value and/or eigenvalue distribution. We refer the reader to the books [1], [2] and the papers [3]-[6]
for a comprehensive treatment of GLT sequences and to ref. [7] for a more concise introduction to the subject.
Another noteworthy example of matrix-sequences concerns the finite sections of an infinite Toeplitz matrix. An
infinite (block) Toeplitz matrix is a matrix of the form

fo 4 fa
h h fa fa
L A fh fa fo
Uil = f e e | V)
f

where the entries ..., f_,, f_1, fo, f1, f2, - -- are k X k matrices (blocks) for some k > 1. If k =1, then (1.)) is a
classical (scalar) Toeplitz matrix. The nth section of (1.1) is the matrix defined by

A, = [fl-_j]lffj:l. 1.2)
A case of special interest arises when the entries f, are the Fourier coefficients of a function f:[—x, 7] — C
with components f; € L'((-z, z]), ie,,

T

/ﬂmfww,kez,

it/

1
fe= o
where the integrals are computed componentwise. In this case, the matrix A4, in (1.2) is denoted by T,(f) and
is referred to as the nth (block) Toeplitz matrix generated by f. The asymptotic singular value and eigenvalue
distributions of the Toeplitz sequence {T,(f)}, have been deeply investigated over time, starting from Szegd’s
first limit theorem [8] and the Avram—Parter theorem [9], [10], up to the works by Tyrtyshnikov—Zamarashkin
[11]-[13] and Tilli [14], [15]. For more on this subject, see [1, Ch. 6] and [16, Ch. 5].

An important concept related to matrix-sequences is the notion of asymptotic spectral (or eigenvalue) dis-
tribution. After the publication of Tyrtyshnikov’s paper in 1996 [11], there has been an ever growing interest in
this topic, which led, among others, to the birth of GLT sequences [17]-[19]. The reasons behind this widespread
interest are not purely academic, because the asymptotic spectral distribution has significant practical implica-
tions. For example, suppose that {4,}, is a matrix-sequence resulting from the discretization of a differential
equation «/u = f through a given numerical method. Then, the asymptotic spectral distribution of {4, }, can
be used to measure the accuracy of the method in approximating the spectrum of the differential operator .«
[20], to establish whether the method preserves the so-called average spectral gap [21], or to formulate analytical
predictions for the eigenvalues of both A, and 7 [22]. Moreover, the asymptotic spectral distribution of {4,},
can be exploited to design efficient iterative solvers for linear systems with matrix A, and to analyze/predict
their performance; see [23], [24] for accurate convergence estimates of Krylov methods based on the asymptotic
spectral distribution and [1, p. 3] for more details on this subject.
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Before proceeding further, let us introduce the formal definition of asymptotic singular value and eigen-
value distribution. Let C.(R) (resp., C.(C)) be the space of continuous complex-valued functions with bounded
support defined on R (resp., C). If A € C™™, the singular values and eigenvalues of A are denoted by
0,(4), ...,0,4) and A,(4), ..., A,(4), respectively. If 4,(4), ..., 4,,(4) are real, their maximum and minimum
are also denoted by A, (A) and A, (4). We denote by 1, the Lebesgue measure in R¢. Throughout this paper,
unless otherwise specified, “measurable” means “Lebesgue measurable” and “a.e.” means “almost everywhere
(with respect to the Lebesgue measure)”. A matrix-valued function f:Q C R? — C*¥ is said to be measur-
able (resp., bounded, continuous, continuous a.e., in LP(€2), etc.) if its components f; it Q->C,i,j=1,...,k are
measurable (resp., bounded, continuous, continuous a.e., in L? (), etc.).

Definition 1.1 (asymptotic singular value and eigenvalue distribution of a matrix-sequence). Let {4,}, be a
matrix-sequence with A4, of size d,,, and let f: Q C R? — C**k be measurable with 0 < y,(€2) < 0.
- Wesay that {4,}, has an asymptotic eigenvalue (or spectral) distribution described by f if

z F(A(f(x)))
lim —ZF(/I (4,)) = (Q)/ dx VFeC/O). 13

In this case, f is called the eigenvalue (or spectral) symbol of {A,}, and we write {A4,}, ~, f.
— Wesay that {4,}, has an asymptotic singular value distribution described by f if

b ZF(G(f(X)))
lim d—n;F(ai(An)) = (Q) / dx  VFeC(R). (1.4)

n—oo

In this case, f is called the singular value symbol of {4,}, and we write {4,}, ~, f

We remark that Definition 1.1 is well-posed as the functions x — leF(/{i( f(x)))and x — Zi;lF(ai( f(x)))
appearing in (1.3) and (1.4) are measurable [5, Lem. 2.1]. Throughout this paper, whenever we write a relation
suchas {A,}, ~, for {A,}, ~.f, itisunderstood that {4,}, and f are as in Definition 1.1, i.e., {4,}, is a matrix-
sequence and f is a measurable function taking values in C** for some k and defined on a subset  of some
R? with 0 < 4,4(€) < 0. Since any finite multiset of numbers can always be interpreted as the spectrum of a
matrix, a byproduct of Definition 1.1 is the following definition.

Definition 1.2 (asymptotic distribution of a sequence of finite multisets of numbers). Let {A, = {4;,,...,
A n}}n be a sequence of finite multisets of numbers such that d, - oo as n— oo, and let f be as in
Definition 1.1. We say that {A,}, has an asymptotic distribution described by f, and we write {A,}, ~ f, if
{A}n ~, f, where A, is any matrix whose spectrum equals A, (e.g., A, = diag(4;,, ..., 44 ).

In the previous literature, it has often been claimed that the informal meaning behind the asymptotic
spectral distribution (1.3) is the following [5, Rem. 2.9]: assuming that there exist k a.e. continuous functions
M), oo A(f): Q - C such that 4,(f(x)), ..., 4, (f(x)) are the eigenvalues of f(x) for every x € Q, the eigen-
values of 4,, except possibly for o(d,,) outliers, can be subdivided into k different subsets of approximately the
same cardinality, and, for n large enough, the eigenvalues belonging to the ith subset are approximately equal
to the samples of 4;(f) over a uniform grid in the domain €. For instance, ifd = 1, d, = nk, and Q = [a, b], then,
assuming we have no outliers, the eigenvalues of A, are approximately equal to

ii<f<a+jb;a>>, j=1...n, i=1,..,k
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for n large enough; similarly, if d=2, d, = n’k, and Q = [a;, b;] X [ay,b,], then, assuming we have no
outliers, the eigenvalues of A, are approximately equal to

.by—a . b,—a - .
ﬂi<f<a1+]1 ln La,+j, Zn 2)) Jijp=1....n, i=1,...,k,

for n large enough; and so on for d > 3. In the case where d =k =1, Q =[a,b] is a bounded interval,
{A1(4p), ..., 44 (A,)} C f(€) for all n, and f is a real function satisfying suitable conditions, a precise math-
ematical formulation and proof of the previous informal meaning was given by Bogoya, Béttcher, Grudsky, and
Maximenko first in the Toeplitz case A, = T,(f) [25, Th. 1.5] and then in the case of an arbitrary A, [26, Th. 1.3].
In a nutshell, they proved the uniform convergence to 0 of the difference A(4,) — f(x,), i.e.,

rllgg ”f(xn) - 'I(An)”oo = O’ (15)

where || - ||, is the usual co-norm of vectors, A(4,) is the properly sorted vector of eigenvalues of 4, f(x,) is

the vector of samples [f(x;,), ..., f(Xg »)), and X, =[xy, ..., Xy ] is @ uniform grid in €2.

In this paper, using the concept of monotone rearrangement (quantile function) and matrix analysis argu-
ments from the theory of GLT sequences, we provide deeper insights into the notion of asymptotic spectral
distribution by presenting precise mathematical formulations and proofs of the informal meaning behind (1.3)
that are more general than [26, Th. 1.3]. Our formulations are made in terms of uniform convergence to 0 of
differences of vectors, in complete analogy with (1.5).

— Inour first main result (Theorem 2.1), we extend [26, Th. 1.3] by formulating and proving the informal mean-
ing behind (1.3) in the case where d > 1 and the domain Q of the spectral symbol f is a Peano—Jordan
measurable set (i.e., a bounded set with p;(0Q2) = 0). In Corollary 2.1, we prove (a slightly more general
version of) [26, Th. 1.3] as a corollary of Theorem 2.1.

— Inoursecond main result (Theorem 2.2), we prove for d = 1that Theorem 2.1 can be strengthened in the case
where the spectrum of 4, is contained in the image of f for every n and f satisfies some mild assumptions.
More precisely, in this case we prove that the eigenvalues of A, are exact samples of f over an asymptotically
uniform grid (see Section 2 for the corresponding definition).

— In our last main result (Theorem 2.3), we extend [26, Th. 1.3] by formulating and proving the informal
meaning behind (1.3) in the case where k > 1, i.e., the spectral symbol f is a matrix-valued function.

The results herein, including the main Theorems 2.1-2.3, are actually formulated in terms of asymptotic dis-

tributions of sequences of finite multisets of numbers (Definition 1.2) and not in terms of asymptotic spectral

distributions (Definition 1.1). This is done to allow for a better comparison with the previous literature and
especially with [26]. Reinterpreting the results in terms of asymptotic spectral distributions is a straightforward
rephrasing exercise that is left to the reader.

The paper is organized as follows. In Section 2, we formulate the main results. In Section 3, we prove the
main results. In Section 4, we illustrate the main results through numerical experiments. In Section 5, we draw
conclusions and we also highlight the relation existing between the asymptotic distribution and the vague con-
vergence of probability measures (a relation that allows for a reinterpretation of the main results of this paper
in a probabilistic perspective).

2 Main results

2.1 Notation and terminology

Throughout this paper, the cardinality, the interior, the closure, and the characteristic (indicator) function of a
(o]

set E are denoted by |E|, E, E, and y, respectively. We use “increasing” as a synonym of “non-decreasing”. We
use “strictly increasing” whenever we want to specify that the increase is strict. Similarly, we use “decreasing”
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as a synonym of “non-increasing” and “strictly decreasing” whenever we want to specify that the decrease is
strict. The word “monotone” means either “increasing” or “decreasing”, while “strictly monotone” means either
“strictly increasing” or “strictly decreasing”. If z € C and € > 0, we denote by D(z, €) the open disk with center z
and radius ¢, ie, D(z,e) ={w e C:|lw—z| <e}. If SC C and € > 0, we denote by S, = UZGSD(Z, €) the e-
expansion of S, i.e., the set of points whose distance from S is smaller than €. We use a notation borrowed
from probability theory to indicate sets. For example, if f, g:Q C R? - R, then {f <1} = {x € Q: f(x) <1},
uqlf > 0,8 <0} is the measure of the set {x € Q: f(x) > 0, g(x) < 0}, etc.

2.1.1 Multi-index notation

A multi-index i of size d, also called a d-index, is a vector in Z¢. 0 and 1 are the vectors of all zeros and all ones,
respectively (their size will be clear from the context). For any vector n € R% we set N(n) = ‘]’.l:ln j and we
write n — oo to indicate that min(n) — co. If h, k € R4, an inequality such as h < k means that hj < k]- for all
j=1,...,d.If h, k are d-indices such that h < k, the d-index range {h, ... ,k} isthe set {i € Z% h < i < k}. We

assume for this set the standard lexicographic ordering:

[ e [ LG i) T, |

lg_1=hg_q,....kg_1 ot i]=h]9~~~»k1'
For instance, in the case d = 2 the ordering is

(hyhy), (R by + 1), ..., (huky), (hy+ 1L hy), (R +1Lhy +1), ..., (b +1,ky),
......... , (ko hy), (o hy+ 1), ..., (K k).

When a d-index i varies in a finite set 7 C Z (this is simply written as i € I), it is always understood that i
follows the lexicographic ordering. For instance, if we write x = [x;];c;, then x is a vector of size |Z| whose
components are indexed by the d-index i varying in 7 according to the lexicographic ordering. Similarly, if
we write X = [x;];je7, then X is a square matrix of size |Z| whose components are indexed by a pair of d-
indices i, j, both varying in 7 according to the lexicographic ordering. When 7 is a d-index range {h, ..., k},
the notation i € T is often replaced by i = h, ..., k. Operations involving d-indices (or general vectors with d
components) that have no meaning in the vector space R? must always be interpreted in the componentwise
sense. For instance, jh = (j,hy, ..., j hy), i/j = (/)i ... »ia/jy), etc. If a,b € R? and a < b, we denote by [a, b]
the closed d-dimensional rectangle given by [a;, b;] X - - - X [ay, by].

2.1.2 Essential range

Given a measurable function f:Q C R? — C, the essential range of f is denoted by ER(f). We recall that ER(f)
is defined as
ER(f) ={z € C: u{f € D(z,¢)} > 0 forall £ > 0}.

It is clear that ER(f) C f(L2). Moreover, ER(f) is closed and f € ER(f) a.e.;! see, e.g., [1, Lem. 2.1]. If f is real
then ER(f) is a subset of R. In this case, we define the essential infimum (resp., supremum) of f on Q as the
infimum (resp., supremum) of ER(f):

essginff = inf ER(f), ess sup f = sup ER(f).
Q

1 Thenotation “f € ER(f)a.e.” is borrowed from probability theory and means “f(x) € ER(f) for almost every x € Q”,i.e., “uy{f &
ER(f)} =0
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2.1.3 Asymptotically uniform grids

Let [a, b] be a closed d-dimensional rectangle and let {n = n(n)}, be a sequence of d-indices in N4 such that
n — oo asn — oo. For every n, let GV = {x{\)};_1 . » be a sequence of N(n) points in R”. We say that G is an
asymptotically uniform (a.u.) grid in [a, b] if

lim m(G{") =0,
n—oo

x(") <a+l . a>
n

is referred to as the distance of ¢\"” from the uniform grid {a + i(b — a)/n},_; _,. Note that ¢ needs not to

.....

be contained in [a, b] in order to be an a.u. grid in [a, b]. Note also that the notation n is used instead of n(n) for
simplicity, but it is understood that n = n(n) depends on n.

where

mG) = Jmax

[se]

2.1.4 Regular sets

We say that Q C R? is a regular set if it is bounded and pu,;(0€2) = 0. Note that the condition “p,(0€2) = 0”
is equivalent to “y, is continuous a.e. on R?”. Any regular set Q C R? is measurable and we have y,(Q) =
o

Ha(Q) = yd(ﬁ) < oo. In Riemann integration theory, a regular set is simply a Peano—Jordan measurable set.

2.2 Statements of the main results

Theorem 2.1 is our first main result. It is a generalization to the multidimensional case of a previous result due
to Bogoya, Bottcher, Grudsky, and Maximenko [26, Th. 1.3]. For a better comparison between Theorem 2.1 and
[26, Th. 1.3], we recall that, if f:Q C R? - R is a function defined on a regular set Q, then the condition “f is
bounded and continuous a.e.” is equivalent to “f is Riemann-integrable”.

Theorem 2.1. Let f:Q C RY— R be bounded and continuous a.e. on the regular set Q with 14 (€) >0
and ER(f) = [inf, f, supg f1. Take any d-dimensional rectangle [a,b] containing Q and any a.u. grid
g = {xi’g}l_1 .... . in [a,b), where n=n(n) € N? and n— co as n— oco. For every n, define 1,(Q)=
{ie{1,...,n):x{") € Q} and consider the multiset of samples {f(x("’) i€ L)} = {fip-» firn} and a
multiset of |Z, (Q)| real numbers A, = {4y, ..., 41 (.o} With the followmg properties:

ANdn ~ 5

A, C[infy f — €, supq f + €,] for every n and for some e, - 0 asn — co.
Then, if o, and ,, are two permutations of {1, ..., |1,(Q)|} such that the vectors [f; iy, ---» f5,(z,cn.n] aNd
Az, s -+ » Az (1,0)1,0] A€ SOTted in increasing order; we have
anl — 0asn— oco.
i=1.. II (Q)||fa i — ‘r(l),n'

In particular,
min max | fin = Azyn] = 0 @as n— oo,
T ?

where the minimum is taken over all permutations 7 of {1, ..., | I,(2)|}.

Remark 2.1. Since ER(f) is closed, the hypothesis ER(f) = [infg, f, supg 1 in Theorem 2.1 is equivalent to ask-
ing that ER(f) is connected with inf, f = ess infy f and supg f = ess supg, f. Note that the condition infg, f =
ess infy, fisequivalent toinf, f > ess infy, f (the other inequality infy, f < ess inf, f is always satisfied because
ER() C /@). Similarly, the condition supg, f = ess supg f is equivalent to supg f < ess supg f. Note also that
the hypothesis ER(f) = [infg, f, supg f1 implies)@ = ER(f).
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As a consequence of Theorem 2.1, in Corollary 2.1 we prove (a slightly more general version of) [26, Th. 1.3].

Corollary 2.1. Let f:[a,b] =R be bounded and continuous a.e. with ER(f) = [infi,}, f,supy,, f1. Let
{Ay=A{An> .-+ Aq n}}n e a sequence of finite multisets of real numbers such that d, — oo as n— oo.
Assume the following:
- AN~
- A, Clinfy,,, f— €, supyy f + €,] for every n and for some e, — 0 as n — oo.
Then, for every a.u. grid {X;,}i— . g4, in la,b] with {x;;};=y 4 Cla,b), if o, and 7, are two permutations of
{1,....,d,} such that the vectors [f(X, q)n)s .-+ f(Xg (q)0)] ANA [A; (1) s -+ 5 A7 (a,),n] @re sOTted in increasing
order, we have

nax, |f s ) = Agyiyn] — 0 @s 1 — co.

In particular,
min.rlnaxd | f(Xin) = Arynl = 0 @s n— oo,
T i, ; ,

where the minimum is taken over all permutations = of {1, ... ,d, }.

Proof. Takeana.u.grid {x;,};—, . ¢ inla, b]and two permutations o, and z, as specified in the statement. Since
{Xin}iz1,...q, C la, bl by assumption, for everynwehavel, ([a,b]) = {i € {1,....d,}: x;, € [a,b]} = {1,....d,}.
To conclude that maX;—y 4 |f(X, (iy0) = 4;, (i,n] = 0@sn — oo, apply Theorem 2.1to the function f with the a.u.
grid {x;,}i=1,.. 4, and the multiset of real numbers A, = {4, ..., 4q »}- O

Remark 2.2. The hypothesis “€R(f) = [infy, , f, sup(,;; f1” in Corollary 2.1 is replaced in ref. [26, Th. 1.3] by
the weaker version “€R(f) is connected”. However, the latter is not enough to get the thesis, as shown by
the following counterexample. Let f(x) = yg(x):[0,1] — R be the characteristic function of {1}. Note that
f is bounded and continuous a.e. with ER(f) = {0} connected. Take d, =n and 4, = ... = 4,, = 0 for all
n. All the hypotheses of Corollary 2.1 are satisfied except for the assumption “€R(f) = [inf, ;; f, supjo 41 17,
and the thesis does not hold. Indeed, if we take the a.u. grid in [0, 1] given by {x;,, = i/n},_; . then the
samples f(x;,), ..., f(x,,) are sorted in increasing order just as the numbers 4,,,...,4,,, and we have
max;_; . nlf(x;,) — Al =1, which does not tend to 0 as n — co. This same counterexample shows that the
hypothesis “€R(f) is connected” in ref. [26, Th. 1.3] must be replaced by the stronger version “€R(f) =
linfy, ) f, sup(y 5 f1” as in Corollary 2.1, otherwise the result does not hold.”

Theorem 2.2 is our second main result. It shows that, if in Corollary 2.1 we assume that A,, C f([a, b]) and
f has a finite number of local maximum, local minimum, and discontinuity points, then the values in A, up to
a suitable permutation, are exact samples of f on an a.u. grid in [a, b]. It is important to point out that by “local
maximum/minimum point” we here mean “weak local maximum/minimum point” according to the following
definition.

Definition 2.1 (local extremum points). Given a function f:[a,b] — R and a point x, € [a, b], we say that x; is
a local maximum point (resp., local minimum point) for f if f(x;) > f(x) (resp., f(x,) < f(x)) for all x belonging
to a neighborhood of x, in [a, D].

2 With the notations of ref. [26, Th. 1.3], the symbols f, ER(f), d,. 4;

in» Xi o used in the above counterexample should be changed to
X, R(X), d(n), a™, &™, respectively.



8 = G.Barbarino et al.: From asymptotic distribution to uniform convergence with applications DE GRUYTER

For example, if f is constant on [a, b], then all points of [a, b] are both local maximum and local minimum
points for f.

Theorem 2.2. Let f:[a, b] — R be bounded with a finite number of local maximum points, local minimum points,
and discontinuity points, and with ER(f) = [infi, y, f, sup(qp f1. Let {A, = {41, ... Aq n}}n be a sequence of
finite multisets of real numbers such that d, - oo as n — co. Assume the following:
{An}n ~f;
C f(la, b)) for every n.
Then, there exist an a.u. grid {X; ,},—
such that, for every n,

q, C [a, b] and a permutation z, of {1, ...,d,}

seeesly =1,...,

‘L'(l)rl f(xln) i=1,...,dn.

Theorem 2.3 is our last main result. It is a generalization of Corollary 2.1 to the case where the scalar function
f is replaced by a matrix-valued function.

Theorem 2.3. Let f),..., fi:la,b] - R be bounded and continuous a.e. with ER(f;) = [inf}, ,, f;, sup;,; fil,
- ER(fy) = [inf}, fk, SUP( b fic)- Let {Ay = {Apps - s Ag, 0} }n be a sequence of finite multisets of real numbers
such that d, - oo as n — co. Assume the following:
(Audy ~ f with f = diag(fy, .. fi; ] )
—  Forevery n there exists a partition {A,;, ..., Ay} of A, such that, forevery j =1, ...,k |A, ;|/d, — 1/k as
n— oo and 1~\n,]- C [infi ) fj — €n> SUP(p fj + €] for some €, — 0 as n — co.
Then, for every n there exists a partition {A, 4, ..., A, } of A, such that, for every j =1,... K, the following
propertles hold:
|An]| - |An]|;
— Ay Clinf, ) f; — 65, SUP ey fj + 6,1 for some 5, — 0 asn — oo;
- {An,j}n ~ fj; X . .
- Let Ayy={A)), ..., A% ). Forevery au grid {x)}_; _x  inla,b] with {x?”}i:1 a,, Clablifo,;

1,n’ |A |
6) 6))
and 7, ; are two permutations of {1,...,|A, |} such that the vectors [ fj(xg . 2 f](xun K /\M-I),n)] and
0} (§)] A .
[AT o AT" (A, o] are sorted in increasing order, we have
) 6)
max |f]( )— A4 | > 0asn-— oo.

i=1,.... oy j(D,n Ty, j(D.0

In particular,
Dy _ 4
mm _lmax |f](x ) Am)nl — 0 asn- oo,
where the minimum is taken over all permutations t of {1, ..., |A, ;| }.

In order to prove Theorem 2.3, we shall need the following lemmas, which are reported here because they
have a special interest in themselves and may be considered as further main results of this paper, although “less
important” than Theorems 2.1-2.3.

Lemma 2.1. Let fi, ..., fi:[a,b] = R be measurable. Let {A, = {4, ..., /ldmn}}n be a sequence of finite multisets

of real numbers such that d,, — oo as n — oo. Assume the following:

- {Aphy ~ fwith f = diag(fy, ..., fi);

- A{Lpi}ns -+ {Lyx}, are sequences of natural numbers such that L,,+ ... +L,, =d, for every n and
L,;/d,—1/kasn— oo foreveryj=1,....k
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Then, for every n there exists a partition {A,;, ..., A, } of A, such that, for every j=1,...,k, the following
properties hold:
- Ayl =Ly

{An,j}n ~ f]

Lemma2.2. Let fi, ..., fi:[a,b] — R be measurable. Let {A, = {4, ..., A4 _»}}, be a sequence of finite multisets
of real numbers such that d, — oo as n — oo. Assume the following:

— {Ada~ fwith f = diag(fy, ..., i ) )

—  for every n there exists a partition {A,y, ..., Ay} of A, such that, for every j=1,....k |A, ;|/d, = 1/k as
n— oo and A, ; € (ER(f))),, for somee, — 0asn— oo.

Then, for every n there exists a partition {A, 4, ..., A} of A, such that, for every j=1,... ,k, the following

properties hold:

- Ayl =I1A

n,j|;
{An,j}n ~ fj;
- Ay C(ER(f)))s, for some s, — 0 asn — oo.

3 Proofs of the main results

3.1 Monotone rearrangement

In this section, we recall the notion of monotone rearrangement and we collect some related results that we
shall need in the proof of Theorem 2.1.

Definition 3.1. Let f:Q C R? - R be measurable on a set Q with 0 < u,4(Q) < co. The monotone rearrange-
ment of f is the function denoted by f' and defined as follows:

ffiy) = inf{u ER: % >y}, y€e(,D. (3.1

Note that f t (y) is a well-defined real number for every y € (0, 1), because

lim g, {f < u} = pg(€2), uljf_“oo ualf <up =0.

u—+00

In probability theory, where f is interpreted as a random variable on € with probability distribution m; and
distribution function Fy given by

mf(A) =P{f €A} = LZA}, A C R is a Borel set,
Hq(L2)

_ _ Half <
Ff(u)—[P’{fSu}—‘Ld(T), ueER,

the monotone rearrangement /" in (3.1) can be rewritten as
ffy=influe R:Fw) >y},  ye(0,1),

and is referred to as the quantile function of f or the generalized inverse of Fy. It is clear that f " is monotone
increasing on (0, 1), which implies that the limits lim,,_, fT(y) and lim,_, fT(y) always exist. The next lemma
gives the exact values of these limits and allows us to complete the definition of f t by continuous extension; see
Definition 3.2.
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Lemma 3.1. Let f:Q C RY - R be measurable on a set Q with 0 < H4(€2) < 0. Then,

lim f'(y) =ess inf f,  lim f7(y) = ess sup f.
y—0 Q y-1 Q

Proof. We only prove the equality lim,._, f t (y) = essinfy, f as the proof of the other equality is analogous.
Case 1: ess infg, f = —oo. In this case, by definition of ess inf,, f, we have p, {f <u} > 0forallu € R, ie,
Pf(u) > 0 for all u € R. Hence, for every u, € R there exists y, = Pf(uo) /2 € (0,1) such that, for 0 < y < y,,

Fi ) < fT(p) = inf{u € RiF,(w) > yo} < Uy

This means that lim,,_, iy = —c0.
Case 2: essinf, f = m € R. In this case, since f € ER(f) a.e., we have y,{f <u}=0forallu <m,ie,
Ff(u) = 0 for all u < m. Thus, for every y € (0, 1),

ff(y) =inf{u e R:F(W>ylzm = lyi_rf(}ff(y) >m.

To prove the other inequality, fix € > 0. By definition of m, we have

ﬂd{f<m+5}

<m+e}>0 = F(m+¢g)=
l/’d{f } f( ) ﬂd(g)

=a, €(0,1].

Hence, a, /2 € (0,1) and

fila,/2)=influ e RFf(w) > a, /2 <M+e = lyi_I}(}fT(y) <m+e.

Since this is true for all € > 0, we conclude that lim,, f*(y) <m. O

Definition 3.2 (monotone rearrangement). Let f: Q C R — R be measurable on a set Q with 0 < 4,4(€) < co.
The monotone rearrangement of f is the function denoted by f T and defined as follows:

f'l‘(y)zinf{ueﬂ%:’l‘;{f(é)u} ;y}, if y € (0,1),
d

7o) = ess inf f, if ess_inf f > —oo,

fT(1) = ess sup f, if ess sup f < oco.
o Q

The domain of f7 is denoted by Q' and s always assumed to be the largest possible. This means that Qf always
includes (0, 1) and it also includes 0 (resp., 1) whenever f'(0) (resp., f' (1)) is defined, i.e., whenever ess inf, f >
—oo (resp., ess supg f < o).

We remark that, according to Definition 3.2 and Lemma 3.1, fT is always continuous at 0 and 1 whenever
it is defined there. In particular, the discontinuity points of f7, if any, must lie in (0, 1). The next lemma collects
some basic properties of monotone rearrangements.

Lemma3.2. Let f:Q C R — R be measurable on a set Q with 0 < p,(Q) < oo.
1. f'is monotone increasing and left-continuous on Q.

2. Forevery Borel set A C R, we have

palf € A} '

T —
mif €A} = 1(Q)



DE GRUYTER G. Barbarino et al.: From asymptotic distribution to uniform convergence with applications = 11

3. For every continuous bounded function F: R — R, we have

1
1 _ +
e 4 F(f(0)dx { F(fF )y,

ER(fT) = ER().

Forevery y € Q" we have fi(y) € ER(fT).

If f' is continuous on (0,1) then ER(fT) = fT(QT ).

f" is continuous on (0, 1) if and only if ER(f) is connected.

NS R

Proof. 1-3. These properties can be derived from [27, Ch. 3, Prop. 4 and Prob. 3], [27, Ch. 4, Th. 15] and [27, Ch. 14,
Prop. 7].
4. By definition of £R(f) and property 2,

ER() ={xeR: p;{f € D(x,e)} >0 foralle > 0}
= {x €R: p{f" €Dx,e)} >0 foralle >0} = ER(f).

5.Lety € Q. £ is left-continuous at y (by property 1), and it is continuous at yif y = 0 or y = 1 (because f"
is always continuous at 0 and 1 whenever it is defined there). Thus, we have y, { f T e D(f'(y), )} > 0 for every
€ > 0.Hence, y € ER(fT).

6. Suppose that £ is continuous on (0, 1). This means that ' is continuous on Q' since fT is always contin-
uous at 0 and 1 whenever it is defined there. By property 5, we infer that f7(Q") C ER(fT). On the other hand,
ER(fN) C f1(Q") = FT(Q), where the latter equality follows from the fact that f7(Q") is closed by definition
of Q" and the continuity and monotonicity of f7. Thus, ER(f") = fT(Q").

7. (=) Suppose that f " is continuous on (0, 1), i.e., continuous on Q. By properties 4 and 6, we have

ER() = eR(fN) = FTQD).

In particular, ER(f) is connected because it is equal to the image of a connected set Qf through a continuous
function f T: see [28, Th. 4.22].

(<) Suppose that f' is not continuous on (0, 1). Then, there exists for f a discontinuity point y, € (0,1),
which is necessarily a jump because f' is monotone increasing. In particular, we can find a point & in the open
jump (f1(y), £ (), where £7(y,) and f; (y,) are the left and right limits of /7 in y, (note that ff(y,) = £'(y)
by the left-continuity of fT ; see property 1). Obviously, & & ER(f'). We show that & disconnects ER(fT). Take
two points u, v € (0,1) such thatu < y, < v. By property 5, we have f(w), f7(v) € ER(fT). Moreover, by mono-
tonicity, f' (W) < @ < f'(v). Hence, ER(fT) = ER(f) is not connected. O

The main results we need on monotone rearrangements are Theorems 3.1 and 3.2. For the proof of
Theorem 3.1, see [29, Th. 3.1]. Theorem 3.2 is a generalization of ref. [29, Th. 3.2] and is proved below.

Theorem 3.1. Let f: Q C RY — R be continuous a.e. on the regular set Q with 11,(€2) > 0. Take any d-dimensional

.....

n — oo. For every n, consider the samples
f&D), e I@ = {i €fl...npx" e Q},

sort them in increasing order, and put them into a vector [s,...,S,ml, where w(n)=|I,(Q)| -1 Let
f,j': [0,1] — R be the linear spline function interpolating the samples [s,, ... , S,,] over the equally spaced nodes
[0,1/w(n),2/w(n), ... ,11in [0,1]. Then,

lim f7(y) = f'(y)
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for every continuity point y of f "in (0,1).

Theorem 3.2. In Theorem 3.1, suppose that ER(f) is connected. Then, the following properties hold.

1 fnT — fT uniformly on every compact interval [a, f] C (0,1).

2. Iff is bounded from below on Q with infq, f = essinf, f, then f,f — f1 uniformly on every compact interval
[0,a] C [0,1).

3. Iffisbounded from above on Q with supg f = ess supg, f, then fnT — {1 uniformly on every compact interval
[a,1] C (0,1].

4. Iffisbounded on Q and ER(f) = [infy, f, supg f1, then fnT — fT uniformly on [0, 1].

Recall from Remark 2.1 that the assumption infy, f = ess infy, f in the second statement is equivalent to
infg, f > essinfy, f and the assumption supg, f = ess supg f in the third statement is equivalent to supg f <
ess supg, f- Moreover, under the hypothesis that £R(f) is connected and bounded, the assumption ER(f) =
linfg, f, supg f1in the fourth statement is equivalent to asking that inf, f = essinfy, f and supg, f = ess supg, f,
which in turn is equivalent to asking that f(Q) C ER(f), i.e.,]@ = ER(f). The proof of Theorem 3.2 relies on
the following lemma, which is sometimes referred to as Dini’s second theorem [30, pp. 81 and 270, Prob. 127].

Lemma 3.3. If a sequence of monotone functions converges pointwise on a compact interval to a continuous
function, then it converges uniformly.

Proof of Theorem 3.2.

1. f7is continuous on (0,1) by Lemma 3.2 and fnT — fT everywhere in (0, 1) by Theorem 3.1. Since the functions
f,f are continuous and increasing on (0, 1), the thesis follows from Lemma 3.3.

2. Since f is bounded from below on €, we have essinfy f > —oo and fT(O) =lim, , fiy) =ess infg, f
is defined. Moreover, the function f% is continuous on [0, 1) by Lemma 3.2 and the definition fT(O) =
lim,_, f *(y). Since f,j'(O) =5, is the evaluation of f at a point of Q and infg, f = ess inf;, f by assumption,
for every n we have

f10) > inff = ess inf f = JA O}

Since f,f — fT everywhere in (0, 1) by Theorem 3.1 and the functions f,j , fT are continuous and increasing
on [0, 1), for every € > 0 we have

7o) < 1inminff,j(0) < limsup £7(0) < limsup £ (e) = f7(e),

n—oo

hence
fT(O) = r{gg f,f(O).

We have therefore proved that f,f — fT everywhere in [0, 1), and the thesis now follows from Lemma 3.3.
3. Itis proved in the same way as the second statement.
It follows immediately from the second and third statements. O

3.2 Proof of Theorem 2.1
The last result we need to prove Theorem 2.1 is the following technical lemma [29, Lem. 3.3].

Lemma 3.4. Let w(n) be a sequence of positive integers such that w(n) — co and let g,:[0,1] - R be a sequence
of increasing functions such that
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w(n)

1
1 -
i () = oo vrecas

where g:(0,1) — R is increasing. Then, g,(y) — g(y) for every continuity point y of g in (0, 1).

Proof of Theorem 2.1. We begin with the following observation: since ER(f) is connected and bounded by
assumption, the domain of f+ is Q" =[0,1] and fT is continuous on [0, 1]; see Lemma 3.2 (property 7) and
Definition 3.2.

Sort the samples {f (xg,"n)): i€ 1,(Q)} ={fin - fiz, @)} In increasing order through a permutation o,
as in the statement of the theorem, and put them into a vector [sy, ..., S,,], where w(n) = |I,(Q)| — 1. Note
that [so, ..., Spm] = s, @ -+ fo,q1,0n.0]- Let £5:10,1] - R be the linear spline function interpolating the
samples [sO, ...»S,m] over the equally spaced nodes [0, 1 Jo),2/w), ...,1]in [0, 1]. By Theorem 3.2,

f! = f" uniformly on [0,1] as n — co. (3.2)

Sorttherealnumbers A, = {4, ..., 47, ) »} inincreasing order through a permutation z, as in the state-
ment of the theorem, and put them into a vector [t,, ... , t ] Note that [ty, ..., t,)] = [A; qyns -+ > Az 2, 0.0)-
Let g,:[0,1] — R be the linear spline function interpolating the samples [t,, ..., t,,] over the equally spaced
nodes [0,1/w(n),2/w(n), ..., 1] in [0, 1]. Since {A,}, ~ fT by the assumption {A,}, ~ f and Lemma 3.2
(property 3), the hypotheses of Lemma 3.4 are satisfied with g = fT. Since fT is continuous on [0, 1], we infer
that g,(y) — fT(y) for every y € (0,1). Moreover, g,(y) - f T(y) also for y = 0, 1. Indeed, for every n we have

2,00 > f7(0) —¢,

because on the one hand f7(0) = ess inf,, f = inf,, f by our assumption £R(f) = [inf,, f, supg f1, and on the
other hand A, C [infg, f — €,, supg f + €,] by hypothesis. Thus, for every € > 0 we have

JAOES lim inf £,(0) < lim sup £,(0) < hm 15up g.(e) = fT(e),

n—-oo

and so, by the continuity of f T ato,
%LTO £,(0) = f7(0).

The same argument shows that g,(1) — f (1) as n — o0. We conclude that £,00 - fT(y) forall y € [0,1] and so,
by Lemma 3.3,
g, — f1 uniformly on [0,1] as n — co. (3.3)

By combining (3.2) and (3.3), we obtain that || f,j' — &nllcof01y — 0 @as n — oo. In particular,

i i
fT< ) gn( >‘ = i_OmaX |s; — ;| = max Ifo-"(i),n - )’T"(i),nl —0asn— oo,

1:0 w(n) w(n) w(n) =0,....0(n) i=1,...,|7,(Q)|

which proves the theorem. O

3.3 Properties of a.u. grids

In this section, we collect the properties of a.u. grids that we need in the proof of Theorem 2.2. We begin with the
following general result on real vectors. If A € C™™, we denote by ||A|| = max(c;(4), ..., 0,,(4)) the spectral
(or Euclidean) norm of A.

Lemma 3.5. Letx,y € R™ and let o, T be permutations of {1, ... ,m} that sort the components of x, y in increas-
ing order; i.e., X;q) < ... < Xgam ANA Y 4y < ... < Y (- Then,

max [Xoty = Yoyl < max [X; — yil. (3.4)
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Proof. By Weyl’s perturbation theorem [31, Cor. I11.2.6], for every pair of m X m Hermitian matrices A and B we
have
max |4,(4) = A(B)| < |4~ Bl

where the eigenvalues of A and B are arranged in increasing order: 4,(4) < ... < 4,,(4) and 4;(B) < ... < 4,,(B).
If we apply this result to the real diagonal matrices A = diag(x;, ..., x,,) and B = diag(y,, ... ,y,,), we obtain
(3.4). O

As a consequence of Lemma 3.5, the increasing rearrangement of an a.u. grid is still an a.u. grid.

.....

.....

Proof. We apply Lemma 3.5 with x = [xi,n]d"1 andy =[a+i(b—a)/ dn]d" and we obtain

i= i=1’

xfn(i)’n—<a+ib;a> xiyn—<a+ib;a>
n n

In view of the nextlemma, we point out thatif G, = {x; .}, 4 isana.u.gridin [a,b] then G, is a sequence
of points for each fixed n. Moreover, every sequence of points G, = {x;,};—1 . 4 can also be interpreted as a
multiset consisting of d, elements. In particular, if G, = {x; .}, 4 and G = {x] },_;
points (and hence two multisets), the intersection G, N G/, the union G, U G/, the difference G, \ ¢/, the symmetric
difference G, A\ ¢, = (gn\g;l) U (g;l\gn), etc., are well-defined multisets. Throughout this paper, if {a,}, and
{b,}, are any two sequences such that a,, b, # 0 for all n, we write a, ~ b, as n — oo to indicate that a, /b, — 1
asn— oo.

m(G) = e,

< max =m(G,). O

i=1,....d,

Lemma 3.7 (multiset differing little from an a.u. grid is an a.u. grid). Let G, = {X;,}i—y .. 4 De an au. grid in
la, b] with d,, — o, and let G, = {x }i=y....a, be a sequence of d, real points such that G} C [a — &,,b + £,] for
some g, — 0 and |G, /\ G| = o(d,) as n — co. Then, d| ~ d, as n — co and G/ is an a.u. grid in [a, b] provided
that we rearrange its points in increasing order.

Proof. Without loss of generality, we can assume that the points of G, and ¢/ are arranged in increasing order:

/
Xpp <o SXg e X, <. <X

1n

Indeed, after rearranging the points of G, and g/ in increasing order (if necessary), the assumptions of the lemma
are still satisfied, because G, remains an a.u. grid in [a, b] by Lemma 3.6 and G, /A g; does not change. To simplify
the notation, we prove the lemma in the case [a, b] = [0, 1]; up to obvious modifications, the proof for a general
interval [a, b] is the same as the proof for the interval [0, 1]. Let a, = |G, N /| and b, = |G, A\ G/ | = o(d,,). Let

I, ={iy,.... 0 } and J, = {j;, ... j, } be two sets of indices such that
{Xil,n’ e ’Xian’n} = gn N g;l, 1 S il <...< ia" S dn,
{X;'l,n""’x}un,n}zg’lﬁg;l’ 1<j1<"'<jan<d:l;
see Figure 1. We make the following observations.
x; ,=x. forallk=1,...,a, Indeed, x; ,,...,X; ,andx’ ,...,x. arethe points of the same multiset
o Jion 1 Jun Jag

Gn N G, arranged in increasing order.
- |d,—d}| < b,.Indeed, if c, = |G,\G|| and e, = |G/ \G,|, then

dn —C = |gn| - |gn\g;| = |gn ng;l = ay,
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5 6 7/ 8 9 10 11 12
—e ® O ® ® I ® »—I Gn
/
-0 O O ® ® o ® ® g,
8 9 10 11 12 13 14

1 2 3 4 5 6 74

Figure 1: Illustration for the proof of Lemma 3.7. The dots on the first line are the points of G, and the dots on the second line are the
points of G/. The green dots are the points of G, N ¢/ while the red dots are the points of G, /A /. In this case, we have d, = 12,d, = 14,
a,=5,b,=16,I, = {3,4,8,11,12}, J, = {4,5,10,13, 14}.

d,—e, = |G| =G \Cul = |G, NGyl = ay,
Cpte,= |gn\g:1| + |g:1\gn| = Ign A g;l = bna

and
! !
|dn—dn|=|dn—c,,+cn—en+en—dn|=|an+cn—en—an|=|cn—en|<6n+en=bn.

— = Jjxl < by for all k=1, ..., a, Indeed, if ¢, =[G, \G,| With G, = {X; ..., X; o} € G, and e, =
G, \Gul With G, = {x] ... x] |} € G, then’

1n’

ik = Coie = 1Gnkl = 1G0s\Gpl = 1Gk NGl = 16 s N (G N Gy) | = X s - > Xy} = K,

]k - en,k = |g;l,k| - |g;’k\gn| = |g;l,k N gnl = |g;l,k N (g;l N gn)' = I{X;'bn’ ’X;k,n}l = ka

Cn!k + en,k = |gn,k\g;l| + |g;’k\gn| S |gn\g;l| + |g;l\gn| = Cn + en = bn’

and

liy = Jiel = lix = Cpge + Cox — €ni + g — Jxl = 1K+ Cpp —ni — Kl = ¢ — enpl <+ ey < by

From |d, — d!| < b, and the assumption b, = o(d,), we immediately obtain that

b
Sd—”—>0asn—>oo = d ~d,asn— .
n

& _
d

n

& - d,
d

n

1

It remains to prove that g;l isa.u. in [0, 1], i.e.,

: / — / — /
A m(G) =0, m(G) = max, |xj, = gl 63
Recall that, by assumption, G, is a.u. in [0, 1], i.e.,
. i
lim m(G,) =0, m(G,) = Jpax, : Xin — a
We consider two cases.
- j€]J, Inthiscase,j=j, forsomek =1,...,a, and x;.’n = x;.k,n = X;, p- Thus,

3 To follow the reasoning, look at Figure 1 and assume, for example, that k = 3. Then, iy = 8, j, =10, ¢, 3 =5, €,5 = 7.
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1 2 3 4 S 6 7 8 9 10 11 12
—e o , o ® ® , ® Gn
1k Tk+1
Jk J Jk+1 ,
- o O ® o © g,
1 2 3 4 5 6 7 8 9 10 11 12 13 14
Figure 2: Illustration for the proof of Lemma 3.7
’ ]| = Ji I e _ I b _ Jx
X, — | = — <X o= |5 — 5 = =
n ' Uan r | S|P en " ! '
J d, k dn k d, d, d a d
ld —d,| | i —Jl b,
Xik,n + lk dnd, + d, m(gn) + Zd’ . (3.6)
n n

- j & J, Inthis case, let j;, j,,4 € J, be the two indices in J, surrounding j as in Figure 2. Note that j, may
not exist if j is “too close” to the left boundary (as it would happen in Figure 2 if j were equal to 1, 2 or 3); in
this situation, we have j,,; = j; and we set by convention j, = j, =0, i, =iy =0, x(’)’n = Xp, = 0. Similarly,
if ji4, does not exist (this may happen if j is “too close” to the right boundary), then j, = j, and we set

by convention jiuq = jo 41 =d + 1, g = lg 41 = dy +1, X/ i = Xa 410 = 1. With these definitions and
conventions, we have the following.
= Jk <J <Jkpr-
! ! —
Xl;k’" Xjk»” S/ jkw”[ Xigsane ,
- Xjk Q" En S Xin < x}. 2T én (recall that G, C C [—¢,,1+ €,] by assumption).

[j = Jk| < b,. Indeed, lookmg at Figure 2 and keeping in mind our conventions for the left and right
boundaries, we have

lj = Jk| € jxq1 — Jx —1 = number of indices strictly between j, and j, 4
<IGN\Gi <16, A Gyl =D

- |iggq — Ikl < b, + 1. Indeed, looking at Figure 2 and keeping in mind our conventions for the left and
right boundaries, we have

ligy1 — Bl = ij4q — I = number of indices between i, and i, (including i,,)

<IG\C I +1< 16, ACll+1=Db, +1.

- x;.k,n d, <m(G,) + 2 by (3.6) (if j, € J,) or by direct verification (if j, = 0).
= Xy — 4| < m(Gy) by definition of m(G,) (if i, € I,,) or by direct verification (if i, = 0).
- Xy~ % < max(m(g,, |1— ﬁ|> = max(m(gn),di), where the quantity 1/d, takes into

account the boundary case i;,, =d, + 1.

Thus,
PR A PRI AN /3 P D S
e < M ]knl Jeh ! a
b, b
/ n “n
<Xj 2~ . 26, +m(G, )+2d’ @
b,
= |Xik+1,n 1 nl +2£ +m(g )+3d,
et et _ I I b,
<Xik+1’n_d7n+d7n_d7n+d7n ln+2£ +m(g)+3dl




DE GRUYTER G. Barbarino et al.: From asymptotic distribution to uniform convergence with applications == 17

< max(m(gn) 1 ) + by +1 +m(G,) + 2, + m(G,) + 3ﬁ

" d, d, d
b,+2 b
< + 1 +2¢, +3-2.
3m(G,) q, En Bd;z

In conclusion, by combining the two considered cases, forall j =1, ..., d;l we have

x;’n - d]—,
n

b"+2+2£n+3&

<3 ,
m(G,) + a i

which is a quantity independent of j and tending to 0 as n — oo (recall that b, = o(d,) and d/, ~ d,, as n — ).
Thus, the thesis (3.5) follows. O

3.4 Properties of continuous functions satisfying particular conditions

Lemma 3.8 highlights a property of continuous monotone functions on a compact interval. This property can be

proved on the basis of the following more general results:

— if f:[a, b] - R is continuous and strictly monotone, then its inverse f‘lz f(a, bD — [a, b] is continuous and
strictly monotone;

— if f:[a,b] - R is continuous and monotone, then f is uniformly continuous.

However, for the reader’s convenience, we include a direct proof of Lemma 3.8.

Lemma 3.8. Let f:[a,b] - R be continuous and strictly monotone on [a, b]. Then, for every 6 > 0 there exists
€ > 0 such that
[f()—e, fO)+ €]l C f(Ix—06,x+ 0] Vxela+6,b— 0l

Proof. We prove the lemma under the assumption that f is strictly increasing on [a, b]; the proof in the case
where f is strictly decreasing on [a, b] is completely analogous. Fix 6 > 0. Since f is continuous and strictly
increasing on [a, b], the function f5+ (x) = f(x+ 6) — f(x) is continuous and strictly positive on [a,b — 6]. As a
consequence, f; (x) has a strictly positive minimum £+ > 0 on [a,b — 5]

fx+8)— fx) > et VY x € [a,b - 5].

Similarly, the function f;(x) = f(x) — f(x — 6) is continuous and strictly positive on [a + 6, b] and so it has a
strictly positive minimum £~ > 0 on [a + 6, b]:

fO)— fx—0) =€ V x €la+ o6,b].

If we set € = min(e™, e7) > 0, then we see that

{f(x+5)—f(X)>£,
Vxela+6,b—5],

fOO—fx=46) > ¢,
which is equivalent to

Vx€ela+6,b— 6l
fX)+e< f(x+06),

Thus, for every x € [a+ 6,b — 6] we have [f(x) — €, f(X) + €] C [f(x — 0), f(x + )] = f([x — 6, x + 5]), where
the latter equality follows from the fact that f is continuous and monotone increasing. O

{f(x—é) < fx) —e,
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Lemma 3.9 shows that the preimage of any point through a continuous function f: [a, b] — R having a finite
number of local maximum/minimum points is finite.

Lemma 3.9. Let I be a bounded real interval and let f:1 — R be continuous on I with a finite number of local
maximum points and local minimum points. Then, for every A € R, the set f (1) = {x € I f(x) = A} is finite.

Proof. For a given A € R, suppose that &, # are any two distinct points in f~(4) with & < #. The function
f:[&,n] - Ris continuous by assumption, is not constant on [£, #] by the assumption that it has a finite number
of local maximum/minimum points, and satisfies f(£) = f(n) = A. Thus, at least one local extremum point of f
(either the absolute maximum or the absolute minimum of f on [£, #]) lies in the open interval (&, ).

Now, suppose by contradiction that f~(4) is infinite for a certain A € R. Since f~*(A) is contained in the
compact interval I, it must have an accumulation point & € I. Hence, we can find a strictly monotone sequence
{&}i € f(A) such that &; — a. In each interval between two consecutive points &; and &;,; we have at least one
local extremum point of f by the reasoning at the beginning of the proof. We conclude that f has infinitely many
local extremum points, which is a contradiction to the hypothesis. O

Corollary 3.1. Let I be a bounded real interval and let f:I — R be continuous on I with a finite number of local
maximum points, local minimum points, and discontinuity points. Then, for every A € R, the set f (1) = {x €
I: f(x) = A} is finite.

Proof. Leta < bbethe endpointsof theintervalI andleta = n, < #; < ... <3, < 1,4 = bbe the discontinuity
points of f, to which we also add the boundary points , = aand 77,,; = b. Note that the restriction f: (n;,7,,) —
R is continuous and satisfies the assumptions of Lemma 3.9 for every j = 0, ..., #. Hence, for every A € R, the
set

¢
ffA={xel fx)=4} C U {x € mj,njs0): FOO = A} U {ngs s - s Mg}
=1

is finite by Lemma 3.9. O

3.5 Proof of Theorem 2.2

The last results we need to prove Theorem 2.2 are the following two technical lemmas. Lemma 3.10 provides
a straightforward estimate of the largest number of points taken from a uniform grid that can lie in a fixed
interval; the proof is left to the reader. Lemma 3.11 is a slight generalization of ref. [1, Ex. 3.3].

Lemma 3.10. Leth > 0 and let {9, ;},c, be a uniform grid in R with stepsize h, say 9; , = x, + thwith x, € R and
i € Z. Then, for any interval [, f] C R, we have

i€ z:9;, €la, p}I < [(B—a)/h] +1.

Lemma 3.11. Foreverye > 0, let {q,(€)}, be a sequence of numbers such that q,(€) — q(€) asn — oo and q(e) — 0
as € — 0. Then, there exists a sequence of positive numbers {g,}, such that €, — 0 and q,(¢,) — 0.

Proof. Since q,(¢) — q(e) for every € > 0,
— for € = 1there exists n; such that |q,(1) — q(1)| <1forn > n,,

- fore= % there exists n, > n, such that |qn(%) - q(%)| % forn > n,,

<
- fore= % there exists ny > n, such that |qn(%) - q(%)l < % forn > ns,
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Define
- g, =1forn <n,,
1
- g = forn, <n<n,
1
g, =3z forny <n<n,
By construction, £, — 0 and |q,(e,) —q(e,)| <¢g, for n=n,, so |q,(e)| < lqle)| +¢€, for n>n, and
q,(e) — 0. O

Proof of Theorem 2.2. Let0;, = a+ib—a)/d, i=1,...,d,. Itis clear that the grid {0, ,},—; 4 C [a,b]isa.u.
in [a, b]. Hence, by Corollary 2.1, for every n there exists a permutation 7, of {1, ..., d, } such that
nax | f(0;,) = A nl = Mmax 1f(0;,) = Hinl = €, =0, @7

where for simplicity we have set y;, = 4, ;) , foralli=1,..., d,. Moreover, A, C f([a, b]) by hypothesis. This
implies that, for every nand everyi =1, ...,d,, theset f _1(;4”[) is finite (by Corollary 3.1) and non-empty. Thus,
we can define the grid §, = {x; .}y, 4, C [a,b] such that, for every nand everyi=1,...,d,, the point x; , is
chosen as one of the closest points to 8; , in f _1(,ul-’n), ie,

f(Xi,n) = Hin> |Xi,n - Hi,nl = XE?}}ai") [x— ei,nl = xer{zlz}g]l: [x — Hi,nl' 3.8

' f(X):”i,n
We show that G, is a.u. in [a, b] (provided that we arrange its points in increasing order). Once this is done, the
theorem is proved.
For every 6, € > 0 and every n, we define the “bad” sets

Es,={x€la+68b-08L[f0)—¢, f0)+el ¢ fllx—6,x+ 8D} Ula,a+8)U(b-6,bl,
85’,1 = {l (S {1, ,dn}lei’n (S E(S,E"}'

We call them “bad” sets, becauseifi & &; ,,1.e.,0;, & Es, ,then “things are fine” in the sense that |x; , — 6;,| < 6.
In formulas, for every 6 > 0, everynand everyi=1,...,d,, we have

i (S (8§’n)c — 91"" (S (Eé’én )C = |Xi,n - Hi,nl S 5, (3.9)

where (&;,)° is the complement of &, in {1,...,d,} and (E;, )° is the complement of E;, in [a,b].
To prove (3.9), suppose that 8;, € (Es, ). Then, by definition of E;, , we have 6;, € [a+6,b— 6] and
[f0;,) —€,, f0;) + ,] € fO;,, —5,0;, + 5]. Since u;, € [f(0;,) — €,, f(0,,) + £,] by (3.7), we infer that
Hin € fUO;, — 5,0;, + 5]). Hence, thereexists y; , € [0,, — 6,0, , + 6]such that f(y; ,) = y;,. Butthen we have
Yin € 7 (uy,) and | Yin — 0] < 6, whichimplies |x;,, — 0;,| < |y;,, — 0;,| < 6 by our choice of x; , as one of the
closest points to 8; , in f _1(,ui7n); see (3.8). This concludes the proof of (3.9).

Now, leta=¢&;, < &, < ... <&, < &1 = b be the local maximum points, local minimum points, and dis-
continuity points of f, to which we also add the boundary points &, = aand &,,; = b.Forevery j =0, ..., k, the
function f is continuous on (¢}, £;,4) and has no local maximum/minimum points on (§;, £;,4), so it is strictly
monotone on (&;, ;). Thus, by Lemma 3.8 applied to f:[&; +6/2,€;,4 — /2] - R, for every j =0, ...,k and
every 6 > 0 there exists €/® > 0 such that

[F00 — €09, 00+ UP1 C fllx = 5/2,x+6/2) C f(Ix = 6,x+8]) VX E[£;+ 8,541 — 6.

Hence, for every 6 > 0 there exists € = min,_, &9 > 0 such that

.....

k
[f00)—€?, fO)+D1C fllx—6,x+8D)  Vxe|JIg+6,&4 -l (3.10)
j=0
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For every 6 > 0, let ng be such that £, < €® forn > ng. If n > ngand i € {1, ...,d,} is an index such that
0, € UI];() [£; + 6,&j44 — 6], then in particular 6, , € [a + 6, b — 6] and, by (3.10),

[f(ei,n) —&ps f(ei,n) + En] c [f(ei,n) - 5(5)’ f(ei,n) + 5(5)] c f([ei,n =6, gi,n +4)).

Hence, 0;, € E;, ,ie. i & &;,. Infollows that, for every 6 > 0 and every n > n;,

k+1
{ie {1,...,d,):0,, € U[g,—5,§j+5]}|

Igé,nl = I{l S {1, ,dn}iei,n €E§,5"}| <

j=0
d
<(k+2)<26 "+1>,
b—a

where the latter inequality is due to Lemma 3.10. We can therefore choose, by Lemma 3.11, a sequence of positive
numbers {6, }, such that 5, — 0 and |&; ,|/d, — 0.

Xpe if 6, € (5 ),

Oin. if 0,, €E; , .

G, Cla,b] and ¢/ is a.u. in [a, b] because its distance from the a.u. grid {6; ,};—; 4, is uniformly bounded by
0, — 0.Indeed, by (3.9),

/
max |x. —0;,,|= max |x;,—0;,|<56,.
=l d, B BT e g Ty, TR TR
ei.nE(EJ,l.fn )

The grid ¢/, differs from the original grid G, by at most 2|5 , | = o(d,) elements, in the sense that |G} A G,| <
2|&;, ¢, |. Thus, by Lemma 3.7, G, is a.u. in [a, b] (provided that we arrange its points in increasing order). O

3.6 Concatenation lemma

The following lemma is a plain consequence of Definition 1.1 and has often been used in the literature, but lucid
statement and proof have never been provided. We therefore provide the details below.

Lemma 3.12 (concatenation lemma). Let {4, },, be a matrix-sequence, let f:[a, b] —» C™" be measurable, and sup-
pose that {A.}, ~, f.Let 4(f), ..., A.(f):[a, b] - C ber measurable functions such that A,(f(x)), ..., A,.(f(x)) are
the eigenvalues of f(x) for every x € [a, bl. Then {A,}, ~,f, where f is the concatenation of resized versions of
M), ..., A(f) given by

rﬂl(f(a+ (b —a)ry)), 0<y< %
A(fla+ (b - a)ry — 1)), % <y< %
Floa-C FO =1 4@t k- ary -2, %<y< %

r—1
r

Afla+ (b —a)ry —r+1))), <y<1l

Proof. The result follows from Definition 1.1, after observing that, for every F € C.(C),
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1 r i/r
/F(f(y))dy = Z / F(A(fla+ (b—a)(ry — i+ 1)))dy
0 = Znr

T b SEGO)
-y _ 1 , _ i=1
‘;‘(b—a)r/u Fafoondr = L[ E

a

where in the second equality we have used the change of variable formula for the Lebesgue integral. O

3.7 Restriction operator and asymptotic spectral distribution of restricted
matrix-sequences

For every n > 1,let Z, be the uniform grid in [0,1] givenby Z, = {i/(n+1:i =1, ...,n}.IfE C R, we define d-
as the number of points of =, inside E, i.e., d};‘: = |E, N E|.If Ais a square matrix of size n and E C R, we define
R;(A) as the principal submatrix of A of size dfl obtained from A by selecting the rows and columns corresponding
toindicesi € {1,...,n} such thati/(n + 1) € E. For the proof of the next lemma, see [3, Lem. 4.9].

Lemma 3.13. Let Q C [0,1] be a regular set with u () > 0, let {I',},, be a sequence of measurable sets con-
tained in [0, 1], and suppose that d?AF" — oo and d?AF" = o(d,). Then, for every matrix-sequence {A,}, formed

by Hermitian matrices with A, of size d,, we have the equivalence

RoA ~, f = {Rp, (A}, ~if.

3.8 GLT sequences

Let {4,}, be a matrix-sequence and let x: [0,1] X [z, 7] — C be a measurable function. We say that {4,}, is a
GLT sequence with symbol x, and we write {4,},, ~qir %, if the pair ({4,},, ») satisfies some special properties
that are not reported here as they are difficult to formulate. The interested reader is referred to refs. [1, Ch. 8] and
[7] for details. Here, we only collect the properties of GLT sequences that we need in the proof of Theorem 2.3.
The first property is reported in the next lemma [3, Lem. 5.1].

Lemma 3.14. Let {4,}, be a matrix-sequence formed by Hermitian matrices, let x:[0,1] X [-x, ] — C be mea-
surable, and suppose that {A,}, ~c1 x. Then, {Ro(A,)}, ~; x| aui—r..1 fOT every regular set Q C [0,1].

The second property is reported in the next lemma [32, Th. 2].
Lemma 3.15. Let g:10,1] — C be measurable and let {D,}, be a matrix-sequence formed by diagonal matrices
such that {D,}, ~, 8 Then, there exists a matrix-sequence formed by permutation matrices {P,}, such that
{P,D,P} ~cirx(x,0) = glx).

The third property is reported in the next lemma, which has never appeared in the literature.

Lemma 3.16 (splitting of GLT sequences formed by diagonal matrices). Let g:[0,1] —» C be measurable and let

{Ay = {A4ns -+ Aq nl}n be a sequence of finite multisets of real numbers such that d, — co as n — co. Assume
the following:
= {Dp}n ~aur x(x, 0) = g0) with D, = diag(Ay s ..., Ag_n);

{Lyitns -+ s {Lpy)n are sequences of natural numbers such that L,i+ ...+ L, =d, for every n and

L,;/d,—1/kasn— oo foreveryj=1,... k.
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Then

{ ;hag (Ap,,+- +L"]1+1n)} ~a8liG-mims =1k
i=
n

L j

Proof. Let Qj =[(G-D/k,j/klforj=1,...,k and fixj € {1,...,k}. Since {D,}, ~gir (X, 0) = g(x) and the
matrices D, are Hermitian, by Lemma 3.14 we have {RQ]_(Dn)}n ~ % |Q}_X[_mﬂ], which is equivalent to

{Ro,(Dp)}n ~ 1 &l 311
Let
F _{Ln’1+"'+Ln’]’_1+i'i_1 L }
nj 4 +1 : seeesLpjp
For every n, we have
QAL ; . o
d] = {16{1,’dn}dn-|-1€9]AFn’]}
= {ze{l,... d,}: d+1eQ\F } {ze{l,... }d_l_lan]\Q}
; i i Lyg+---+Lpj
= 1,...,d}.— €Q,, < i
{IE{’ ) dn+1e 7 od, +1 d,+1
. i i L+t Ly
1,... L e Q. d -
+{IE{’ ) dn+1E 7 d,+1 d,+1

. o i j-1
1,..,d}:——€T,, <l =
* {16{ e R R B }

. o i j
+ {le{l,...,dn}.dn_l_lern’j, dn-|-1>k}'

) {ie{l’ “ ] - 11<Ln,1+(-1n--i_-|;lzn,i—1}‘
+ {ie{1,.-',dn}¢L"’1J;;;:Ln’j d,,i+1<’]<}‘
e i)
+ {ie{l,...,dn}:£<dnl;i_lgLnJ‘l;lr'l;:-Ln,i}‘

i1 L+ 4Ly, : 4 L4 4L
{le{ ,d,): mm(] 1 ittt n,1—1> < i <max<] 1 it nJ—l)}‘
n

k d,+1 +1 k d,+1
i Lyg4-+Ly; i i Lyg+--+Ly;
; cin [ ] End n,j t J “ni n.j
1,... : = < < L
+ {IE{’ >} mm(k’ d,+1 ) d,+1 max(k d,+1 )}'
<H(dn—l—ll:(]_1)_l‘n,1_"'_l‘n,j—1 J+H(dn:1)]_l‘n,1_"'_l’n,j J+2’

where the last inequality is due to Lemma 3.10. Since L, ;/d, - 1/k as n— oo for every i=1,...,k by
assumption, we have

1|, + DG = 1)
d k

n

1|(d, +1)j
—Ln,1—"'—Ln,j—1—’ d*"T]_Ln,l_"'_Ln,j_’O»

n
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A
andsod, = o(d,). Therefore, by (3.11) and Lemma 3.13,

i=1,....L

o, j

{RFM'(DH)}”:{ diag (/1L,L1+--~+Lm-1+i,n)} ~A ng]ﬂ O
n

3.9 Proof of Lemma 2.1

We have now collected all the ingredients to prove Lemma 2.1.

Proof of Lemma 2.1. By Lemma 3.12, the hypothesis {D,}, ~, f is equivalent to {D,}, ~, f, where f:[0,1] - R
is a concatenation of resized versions of the functions f, ..., f;. More precisely,

f(X)=fj(a+(b—a)(kX—j+1)), X € T’i)’ J=1....k f) = fi(b).
By Lemma 3.15, there exists a sequence {z,}, such that 7, is a permutation of {1, ..., d,} and

{D, = diag(A; qyps -+ > Az, (a0 tn ~ar fO0).

By Lemma 3.16, we conclude that

{ diag (XTH(LM_,_...+an}__1+,'),n)} N&fl[(j—l)/k,j/k]’ ] =1,..., k.
n

i=1,...,L,lY1-
Since
JIk JIk b
G)/k (1)K a

(this is proved by direct computation using the change of variable formula for the Lebesgue integral as in the
proof of Lemma 3.12), the thesis is proved with

D,;= diag (AT,I(L,,,1+~~‘+L,l']-,1+i),n)’

i=1,....Ly

An,j = {AT,I(L"J‘F"'+L,‘.j_1+l'),fl: i=1,.. ,Ln,j}-

3.10 Proof of Lemma 2.2

In order to prove Lemma 2.2, we need some auxiliary results. The first result is reported in the next lemma [1,
Th. 3.1].

Lemma3.17. If{A,}, ~, [, then

n—-oo dn

Ve>0,

where d,, is the size of A,,.

The second result is reported in the next lemma [1, Th. 3.2]. In what follows, the notation {Z,}, ~, 0 means
that {Z,}, is a matrix-sequence with an asymptotic singular value distribution described by the identically
zero function defined on any subset Q of some R? with 0 < u,(Q) < co. Hence, regardless of Q, the notation
{Z,}, ~» 0 means that dinZilF(ai(Zn)) — F(0) for all F € C.(R), where d,, is the size of Z,,.
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Lemma 3.18. Let {Z,}, be a matrix-sequence with Z, of size d,. We have {Z,}, ~, 0 ifand only if Z, =R, + N,
for every n with lim,_ _(d,)"'rank(R,) = lim,_ . [|N,|| = 0.

n—o0o0 n—-oo

The third result is reported in the next lemma [1, Ex. 5.3].

Lemma 3.19. Let {X,}, and {Y,}, be matrix-sequences formed by Hermitian matrices, with X, and Y, of the same
size If { X}, ~, fand {Y,}, ~, 0 then (X, + Y}, ~, f.

The last result is the following lemma of graph theory. In what follows, given a directed graph ¢ = (V,E)
and any two nodes i, j € V, a directed path from i to j is any sequence of nodes i, ... {; such that i, = i, i, = j,
and (i,,i,,4) € Eforalla=1,...,q — 1. Note that a directed path from a node i to itself always exists (take the
sequence i consisting only of the node i).

Lemma 3.20. Let X be a finite set, and let A,,..., A, and B, ..., B, be two partitions of X with |A;| = |B,| for every
i=1,...,k Let G = (V,E) be adirected graph on k nodes V = {1, ..., k} such that a directed edge (i, j) € E exists
if and only if A; N B; is not empty. If (i, j) € E then there exists a directed path from j to i

Proof. Suppose by contradiction that (i, j) € E but there is no directed path from j to i. Then, the sets of nodes
N; = {nodes with a directed path to i}, N’/ = {nodes with a directed path from j}

are disjoint. Moreover, there is no edge from N’ to (N/)¢, hence

DlAd= Y D 1ANBI= Y Y IANB,

XENJ XENT yEV XENJ yeN]
2 IBI= Y Y IANBI>I14NBI+ Y ¥ 4NB.
YEN/ YENI XEV XENJ yeNi

where the last inequality follows by letting x vary in N/ U {i} instead of V. We have thus obtained a contradiction,
because ) yilAyl = ZyeN,-|By| and [4; N Bj| > 0. O

Proof of Lemma 2.2. The hypotheses of Lemma 2.1 are satisfied with f,..., f;, A, as in the statement of
Lemma 2.2and with L, ; = |1~\n, j| for every nand every j =1, ..., k. Thus, by Lemma 2.1, for every n there exists

a partition {f\n’l, ... s Ay i} of A, such that, for every j =1, ..., k, the following properties hold:
|An,j| =Ln,j = |An,j|;

A . A A )] 2() 23J) 2(J) A

{Apjtn~ fiie, Dy}, ~, f; where D, ; = dlag(/llfn, ,AL{L]_J[) and {/11{", s /1L]M_’n} =A,;
The partition {IA\M, s /A\,Lk} satisfies the first two properties required in the thesis of the lemma, but it may not
satisfy the third property. Through “successive displacements”, we want to change the partition {/A\n,l, ey f\n, o)
into a new partition {A, 4, ..., A, ;} that satisfies also the third property.

For every j =1, ...,k, since {f)n’ itn ~4 fj, by Lemmas 3.11 and 3.17 there exists some 6, ; tending to 0 as
n — oo such that .

A, NERD |

J
L

— 0 asn—- oo.
n,j

Note that the previous limit relation continues to hold if we replace L, ; with d,, (because L, ;/d, = |/~\n’ jl/dn—
1/k by hypothesis) and 6, ; with 6, = max(8,,s, ... , 6, x» €,), Where g, is the same as in the assumptions of the
lemma. Thus, if we define

Ej=An(ERSDY,  j=1....k (3.12)
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then we have the following: for every n there exists some §, tending to 0 as n — oo such that €, < 4, and, for
everyj=1,...,k,
|En,j|
—>=—=0asn- co. (3.13)
n

We remark that, since /~\n, j € (ER(f)),, by assumption, we have

E,; CER(f))) CERUSE S A, )" (314)

Now, fix n and take an element x € En,1 U...uU f?n’k. To fix ideas, suppose that x € E‘n,l. By definition
of E,; we have x € A, and by (3.14) we have x & A, ;. Since {A,,...,A,,} is a partition of A, just
like {An,l’ ,/A\n,k}, there exists p € {1,...,k} with p#1 such that x € An’p. Note that all hypotheses
of Lemma 3.20 are satisfied for X = A, and the partitions {4;,...,4;} = {/A\n,l, ,f\n’k} and {Bi,...,By}
= {Ap1, ..., Ay}, and moreover (1, p) is an edge of the graph ¢ mentioned in Lemma 3.20 due to the element
X € /A\n,1 N /N\n, p- Hence, by Lemma 3.20, there exists in G a directed path from p to 1. This means that there exist
indices

h=1 L=p b b .., g dgg=1

(with i, ... ,iq 1 €1{1,....k} and i, ... ,iq distinct) and corresponding elements

XO =X, Xl’ Xz, Xg, ey Xq

(with x, ... Xq € A,) such that

X, €A NA §=0,...,q.

n’is+l ’

As a consequence, we can produce a new partition {A, j, ..., A} of A, with the same cardinalities

| ”,flan,jzlAn,an j=1,...,k,

by removing x, from f\n,is and adding it to /A\n,is+1 fors=1,...,q. Note that, for everys =0, ..., q,

X, € Ay, S (ER(S, D), C(ER(S ;.
hence
X &Ey . s=0,...q (3.15)
Therefore, if in analogy with (3.12) we define
Enj=AjNERS .  j=1.0k, (3.16)

then we have

E;CE,

j=1,...,k
|Enql = 1Bl — 1,

where the latter equation is due to the fact that x = x, has been removed from }3",[’1 and has been replaced with
Xq & En,l ; see (3.15). In conclusion, starting from the original partition

Ao Bids {Bpps o Ei)
we have produced a new partition

Az ooosAnids {Epgs o Enid
with the same cardinalities

|An,1| = Ln,l = |An,1|’ cees |An,k| = Ln,k = |An,k|
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and with
EjyU...UE G EU...UE,,.

We can now repeat the same procedure for another element x € Em U...uU En’k until all the “E-sets” are empty.
At the end of the whole construction, we obtain a final partition

{Apgs s Mgt {Epgs - s Engd
with the same cardinalities
|An,1| = Ln,l = |[\n,1|» cees |An,k| = Ln,k = |[A\n,k| (317

and with corresponding “E-sets”
Epy=...=E; =90, (3.18)

where E, ; is defined in analogy with (3.12) and (3.16) as follows:
E,j=Ay;N (‘SR(fj))fsn’ j=1,...,k (3.19)

We prove that the partition {A,;, ..., A, } satisfies the three properties required in the thesis of the lemma.

The partition {A, 4, ..., A, } satisfies the first property by (3.17) and the third property by (3.18) and (3.19).
It only remains to prove that {A,, ..., A, ;} satisfies the second property. To this end, we note that the above
procedure must be repeated at most a number N, of times equal to

Ny =1EU... ULl < |Eql + -+ -+ Byl = o(dy), (3.20)

because each time we apply the procedure, the union of the “E-sets” loses an element (the final equality in (3.20)
is due to (3.13)). Moreover, each time we apply the procedure, the new partition {A;“f""), . A;“;W) } differs from

the previous partition {A;Oid), . Afl",l(d’ } by at most 1 element per set, in the sense that
(new)y A (old) -
AR N\AYYI <L j=1 Lk
For example, the first time we apply the procedure, we obtain
IAn,j\An,jl <1, j:].,...,k.
So, after N, applications of the procedure, we obtain
|An,j\An,j| SNH’ j=1,...,k.

Thus, for every j =1, ..., k, if we define D, ; as in the second property of the thesis of the lemma, the previous
inequality implies that, after a suitable permutation of its diagonal elements, D, ; becomes equal to Dn, it Ay
with A, ; a diagonal matrix with rank(4, ;) = |A,, j\f\n, jl <N, = o(d,). This implies that {A, ;}, ~;0 by
Lemma 3.18 and {D,, ;}, ~, f; by Lemma 3.19. O

3.11 Proof of Theorem 2.3

We have now collected all the ingredients to prove Theorem 2.3.

Proof of Theorem 2.3. The theorem follows immediately from Lemma 2.2 and Corollary 2.1. Indeed, by
Lemma 2.2, for every n there exists a partition {A, ..., A} of A, such that, for every j=1,... k, the
following properties hold:

Al = Al () () () ()

{Dyj}n ~4 fj, where D, ; = diag(/llfn, cees All’\n’jl,n) and ”1,ln’ cees Alj\n,j\,n} =A
- Ay Clinf, ) f; — 65, SUP(y fj + 6,] for some 6, — 0 asn — 0.

n,j»
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By Corollary 2.1, for every j =1, ..., k and every a.u. grid {xﬁjn) }i=1,...,|An,| in [a, b] with {ngn)}i=l,...,lAnj| C [a, b],

. . ) )
ifo, j and 7, j are two permutations of {1,..., IA,, il } such that the vectors [ fl‘(XzT,lyj(l),n)’ e f]-(x%_(| An,,-l),n)] and
[ /1(]')

ST A ] are sorted in increasing order, we have
n,jits

Tn,j(|An.j|)7n

max |fj(x(j) )— AV

. | —>0asn—- oo. [
=LAy | on (D T ]-(l),n|

4 Numerical experiments

In this section, after recalling some properties of Toeplitz matrices, we illustrate our main results through
numerical examples.

4.1 Preliminaries on Toeplitz matrices

It is not difficult to see that the conjugate transpose of T,(f) is given by
To(f)* = T,(f)

for every f € L'([—x, z]) and every n; see, e.g., [1, Sect. 6.2]. In particular, if f is real a.e., thenf = fa.e.and the
matrices T,(f) are Hermitian. The next theorem collects some properties of Toeplitz matrices generated by a
real function. For the proof, see [1, Theorems 6.1 and 6.5].

Theorem 4.1. Let f € L'([—x, z]) bereal and letmy = essinfy_, ,, f and My = ess sup|_, . f. Then, the following
properties hold:

1. T,(f) is Hermitian and the eigenvalues of T (f) lie in the interval [my, M] for all n;

2. iffisnot a.e. constant, then the eigenvalues of T,(f) lie in (mg, M) for all n;

3. {Tn(f)}n ~i f

4.2 Numerical examples

Example 4.1. Let f(6) = a+ b cos 0:[-x, 7] - R,witha,b € Rand b # 0,andlet A, = {A,, ..., 4,,} bethe
multiset consisting of the eigenvalues of the Hermitian Toeplitz matrix T,(f). By Theorem 4.1 and the fact that f
is an even function, we have {A,}, ~ flj. and A, C (miny, ,; f, maxy, ; f). Since f is continuous, f]j, ,; and
A, satisfy all the assumptions of Corollary 2.1 and Theorem 2.2, and we therefore conclude the following.
- Forevery a.u. grid {0}, ., in [0, z] with {0;,},_; ., C [0, x], we have

Jnax [f(0;) — A, iyl = 0 @8 N — o0,

i=1,..., n e

where 7, is a suitable permutation of {1, ...,n}.

—  There exists an a.u. grid {0, .}, ., in [0, z] with {0, ,},;

/lrn(i),n = f(ei’n), i = 1, ey n,

where 7, is a suitable permutation of {1, ...,n}.

The two previous assertions are actually well known in this case, because A, = {f(izr/(n+1):i=1,...,n};see
[33, Th. 2.4].
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1+ g . . . Table 1: Example 4.2: Computation of M, for
increasing values of n.
21 J
n M,
8 0.0851
16 0.0632
1 i ] 32 0.0454
: 64 0.0312
128 0.0206
256 0.0132
0 . H L 512 0.0082
s s 3T
Z = 20 1,024 .
0 n 5 T T 0.0050
Figure 3: Example 4.2: Graph on the interval [0, ] of the function f(0)
defined in (4.1).
Example 4.2. Let f:[-7, 7] - R,
1, 0<0<x/2,
fO)=30+1—1x/2, r/2<0 <, 4.1
f(=0), -1<0<0,

andlet A, = {4y, ..., A, } be the multiset consisting of the eigenvalues of the Hermitian Toeplitz matrix T, (f).
Figure 3 shows the graph of f over the interval [0, x]. By Theorem 4.1 and the fact that f is an even function, we
have {A,}, ~ fl.,and A, C (miny, ; f, maxy , f) = (1,1 + x/2). Since f is continuous, |, ,; and A, satisfy
all the assumptions of Corollary 2.1, and we therefore conclude that, for every a.u. grid {60, .}, .., in [0, z] with
{0;n}i=1....n C [0, x], we have

M, = i=1f.a.)fn [f(60i0) — Az (ynl = 0 @s n— oo, 4.2)
where 7, is the permutation of {1, ... ,n} thatsorts 4, ,, ..., 4, , in increasing order (note that f|, ,; is increas-
ing). To provide numerical evidence of (4.2), in Table 1 we compute M, for increasing values of n in the case of
the a.u. grid 8, , = ix /(n+1),i=1,...,n Wesee from the table that M, — 0 as n — oo, though the convergence
is slow.

Now we observe that f]j, ,; and A, do not satisfy the assumptions of Theorem 2.2. Actually, they satisfy all
the assumptions of Theorem 2.2 except the hypothesis that f has a finite number of local maximum/minimum
points. Indeed, f is constant on [0, /2] and so all points in [0, 7z /2) are both local maximum and local minimum
points for f according to our Definition 2.1. We observe that, in fact, the thesis of Theorem 2.2 does not hold in
this case, i.e., there isno a.u. grid {6, ,},=; ., in [0, z] with {0; ,},_, ., C [0, x] such that, for every n,

Az ion = f(O;), i=1..,n

for a suitable permutation 7, of {1, ..., n}. This is clear, because A, C (1,1+ x/2) and so any grid {6; ,};=y. , C
[0, ] satisfying the previous condition must be contained in (x /2, ), which implies that it cannot be a.u. in
[0, x].
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™ T T T Table 2: Example 4.3: Computation of M, for
increasing values of n.
n M,
| 8 0.7220
16 0.5625
. 32 0.4471
64 0.2956
- 128 0.1783
256 0.1096
-9 . . . 512 0.0605
s s 3 1,024 0.0373
0 4 2 1 T
Figure 4: Example 4.3: Graph on the interval [0, ] of the function f(8)
defined in (4.3).
Example4.3. Let f:[-7, 7] - R,
cos(20) + cos(30), 0<0<x/2,
f(6)=- 0, r/2<0< 4.3
f(=0), -r<0<0,
andlet A, = {4y, ..., 4,,} be the multiset consisting of the eigenvalues of the Hermitian Toeplitz matrix T,,(f).

Figure 4 shows the graph of f over the interval [0, z]. By Theorem 4.1 and the fact that f is an even function, we
have {A,}, ~ fljo.nand A, C (ming , f, maxy ,;f) = (—i—i 10\F , ). Note that the function f, ,; is not con-
tinuous, but it satisfies anyway all the assumptions of Corollary 2. 1 and Theorem 2.2, and we therefore conclude
the following.

- Foreverya.u. grid {0}, ., in [0, z] with {0;,},_; ., C [0, x], we have

MYI = I’Il'laXn |f(90'n(i),fl) - )'rn(i),nl g 0 as n — oo, (4.4)
i=1,...,
where o, and 7, are two permutations of {1,...,n} such that the vectors [f(6,, 1),). ---, f(6;, (nx)] and
(A, yns -+ s Ar (0] @re sorted in increasing order

- There exists an a.u. grid {0, .} =, ., in [0, z] with {0, ,},

,,,,,,,,,

‘L'(l)rl f(gln) i=1,...,n,

where 7, is a suitable permutation of {1, ...,n}.
To provide numerical evidence of (4.4), in Table 2 we compute M, for increasing values of n in the case of the
augridd;, =ir /(n+1),i=1,...,n We see from the table that M,, - 0 as n — oo, though the convergence is
slow.

Example 4.4. Consider the following second-order differential problem:
— (@' () =g, x€(0,1),
u0) =a, u(l)=4p,

where a:[0,1] — R is assumed to be continuous and non-negative on [0, 1]. In the classical finite difference
method based on second-order central finite differences over the uniform grid x; =i/(n+1),i=0,...,n+1,
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the computation of the numerical solution reduces to solving a linear system whose coefficient matrix is the
symmetric n X n tridiagonal matrix given by

Ay, + a3y YY)
—0z/) A3y + sy —0spp
A, = —as, ,

—An_1/2

A1y Onoajy T Anpays |

where a; = a(x;) for all i in the real interval [0, n + 1]; see [1, Sect. 10.5.1] for more details. Let f(x,0) = a(x)(2 —
2 cos 0):[0,1] X [0, 7] » R, and let A, = {4, ..., 4,,} be the multiset consisting of the eigenvalues of A,. We
know from ref. [1, Th. 10.5] that {4,}, ~, f,ie., {A,}, ~ f. Moreover, in view of the dyadic decomposition of 4,
in ref. [34, Sect. 2], we have

A, € [/lmm(Tn(z —2cos 0)) - r{r(}llrll a, Apax(Th(2—2 cos 0)) - r[r(l)alfi a] C [0,41[%’1])( a]

f| = fU0,11 X [0, z]) = ER(f),

min f, max
[0.11x[0,7] *  [0,1]X[0,7]

where the latter equality follows from the continuity of f and the fact that the domain [0,1] X [0, ] is not “too
wild” (in particular, it is contained in the closure of its interior); see [1, Ex. 2.1].

Now, following the notations of Theorem 2.1, let @ = (0,0) and b = (1, n), so that [a,b] =[0,1] X [0, z].
Assume that n is a perfect square, let n = n(n) = (\/ﬁ, \/ﬁ), consider the a.u. grid in [a, b] given by

) _ x‘,")} X0 —gypib—a) [ 4 br i=1,...,n
n { infizy, n in M NG YA B
» be the same as the vector [f(x{), ..., fOx)] = [F({))]is ... but indexed

and let [fl,m s fn,n] = [fi,n]i=1 1n nn
with al-indexi=1,...,ninstead of a 2-indexi =1, ..., n. Then, by Theorem 2.1,

.....

M, = max [ fo,on = Az pnl = 0 @s N — o0, (4.5)

where ¢, and 7, are two permutations of {1, ..., n} such that the vectors

s (D,n> -+ A (n),n] =1/ (i),n]i=1 ..... n»
n n n
[/lr,l(l),n’ e ﬁr"(n),n] = u’rn(i),n]izl ..... n

are sorted in increasing order. To provide numerical evidence of (4.5), in Table 3 we compute M, for increasing
values of n and different choices of a(x). In all cases, we see from the table that M, — 0 as n — oo, though the
convergence is slow.

Example 4.5. Consider the two-dimensional Poisson problem
- Au(x) = g(x), x € (0,1,
u(x) = h(x), x € 0((0,1)%).

In the isogeometric Galerkin discretization based on tensor-product biquadratic B-splines defined over the uni-
formgridi/nfori =0, ...,nandn = n(n) = (n, n), the computation of the numerical solution reduces to solving
a linear system whose coefficient matrix is the symmetric n> X n? matrix given by

A, =K, @ M, + M, ® K,
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Table 3: Example 4.4: Computation of M, for increasing values of n and different choices of a(x).

(@)a(x) =e* (b) a(x) = 2 + cos(3x) (c) a(x) = x log(1 + x)
n M, n M, n M,
900 0.0684 900 0.1471 900 0.1240
1,600 0.0559 1,600 0.1132 1,600 0.0915
2,500 0.0473 2,500 0.0890 2,500 0.0717
3,600 0.041 3,600 0.0738 3,600 0.0583
4,900 0.0364 4,900 0.0634 4,900 0.0497
6,400 0.0326 6,400 0.0558 6,400 0.0435
8,100 0.0296 8,100 0.0484 8,100 0.0383
10,000 0.0271 10,000 0.0436 10,000 0.0344

where ® is the Kronecker tensor product and K,,, M,, are the symmetric n X n matrices given by

8 -1 -1 (40 25 1
-1 6 -2 -1 25 66 26 1
-1 -2 6 -2 -1 1 2 66 26 1
1 . =1
=% A o M= ’
-1 -2 6 -2 -1 1 26 66 26 1
-1 -2 6 -1 1 26 66 25
i -1 -1 8] i 1 25 40

see [2, Sect. 7.6] for more details. Let
f:10, 71 - R, f(01,0,) = x(0)u(60,) + u(6,)x(6,),

where

- Zgsp_ _n. 13 1
x(0)=1 3 cos 0 3 cos(20), u@) 20 + 30 cos 6 + 60 cos(20),

andlet A, = {4y, ..., A2, } be the multiset consisting of the eigenvalues of A,. We know from ref. [2, Th. 7.7)
that {4,}, ~, f.ie, {A,}, ~ f. Moreover, numerical experiments reveal that there are no outliers, i.e.,

nep]-

min f,max f| = f([0, z]*) = ER(f)
[0,7]? [0,7]%

for all n. Thus, Theorem 2.1 applies in this case. In fact, in view of the spectral decompositions obtained in ref.
[35, Sect. 3.3], the eigenvalues of A, are exactly given by

fo), i=1,....n,

where n = n(n) = (n, n) as above and G = {XE’,‘: }iz1... nisthe a.u. grid in [0, 7] given by

L I, .
x5’3=<1nzn> i=1,..,n

Example 4.6. Consider the following second-order differential problem:

—u"(x) = g(x), x € (0,1),
u0)=a, u(l)=4g.
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In the classical Galerkin method with basis functions given by the 2n — 1 B-splines of degree 2 and smoothness
€°([0,1]) defined over the uniform knot sequence {0,0,0, % % % % - ”T_l ”7_1,1, 1,1} and vanishing at the

boundary points x = 0 and x = 1, the computation of the numerical solution reduces to solving a linear system
whose coefficient matrix is the symmetric 2n — 1) X (2n — 1) matrix given by

4 -2

-2 8|-2-2
-2 4 -2
-2|-2 8|-2 -2

1
A, = 3 ) . . ’
-2 4-2
-2(-2 8|-2 -2
-2 4-2
-2|-2 8|-2
see [22, Sect. 2.3.2] for more details. Let
1 —2 — 2¢%
0) = : :[0, 7] - C¥2,
/ 3[—2—2(’9 8 —4 cos 6
and let A, = {4y, ..., Ayp_1,} be the multiset consisting of the eigenvalues of A, (sorted in increasing order

for later convenience). We know from refs. [5, Th. 6.5] and [22, Sect. 2.3.2] that {4,}, ~, f, i.e, {A,}, ~ f. By
Definition 1.1, the latter is equivalent to {A,}, ~ diag(f;, f,), where f;, f,: [0, #] - R are given by

£(0) = A,(f(0) =2 — %cos 6 %\/3 +cos’ 0, (46)
£(0) = A(F(8)) =2 — % cos 6+ §\/3 + cos? 6. @7)

Figure 5 shows the graphs of the functions f; ,(0) and the set of eigenvalues A, for n = 20. The eigenvalues 4, ,,
i=1,...,2n—1,are positioned at iz /nfori=1,...,nand i —n)z/nfori=n+1,...,2n — 1. Note that

ER(f) = /10, 21) = [£(0), ()] = o, g]

ER(f,) = f,([0, 7)) = [£,0), f(x)] = [24]

From the figure, we may assume that the hypotheses of Theorem 2.3 are satisfied with the partition {[\n,b [\n,Z} of
A, given by /N\n’l ={Ap> -+ App and IN\,LZ = {Apt1n5 -+ » Aop—1n}- Thus, by Theorem 2.3, for every n there exists
a partition {A, 5, A, ,} of A, (Which must necessarily coincide with the original partition {]\n,l’ /~\n,2}) with the
following properties:

- |An,1| = |An,1| =nand |An,2| = |An,2| =n-1,

- N C |6y ‘33 +4,| and A, , C [g — 6,4+ 5n] for some §,, —» 0 as n — oo;

- {An,l}n ~ fl and {An,Z}n ~ f2;

- if{0;,}imy. pand {8}, -1 are any two a.u. grids in [0, x] contained in [0, z], then

,,,,,

M, = max [fi(0;,) — Aipl = 0 as n— oo, 4.8)

M,,= _max 1£2(8;1) — Aignnl = 0 as n— oco. (4.9)
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9 | |—Graph of fi(0)
Graph of f»(6)
e Figenvalues of A,

3T Figure 5: Example 4.6: Graphs of the functions f,,(6) in
4 T (4.6)-(4.7) and set of eigenvalues A, for n = 20.
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Actually, we can say more than (4.8) and (4.9). Indeed, numerical experiments reveal that M, ; = M, , = 0 for all
nif we choose the a.u. grids suggested by Figure 5,i.e., 6,, = iz/n,i=1,...,n,and §;, =iz /n,i=1,...,n -1
In other words, the eigenvalues of A, are explicitly given by

{(f0;,):i=1,....,nf U {f,(8;):i=1,....,n—1}.

We refer the reader to Appendix A for further explicit formulas for the eigenvalues of B-spline Galerkin dis-
cretization matrices. These formulas have been obtained through numerical experiments and provide further
confirmations of Theorem 2.3.

5 Conclusions

We have provided new insights into the notion of asymptotic (spectral) distribution by extending previous results
due to Bogoya, Bottcher, Grudsky, and Maximenko [25], [26]. In particular, using the concept of monotone rear-
rangement (quantile function) and matrix analysis arguments from the theory of GLT sequences, we have shown
that, under suitable assumptions, if the asymptotic distribution of a sequence of multisets A, = {4, ..., 4g »}
is described by a function f in the sense of Definition 1.2, then we observe the uniform convergence to 0 of the
difference between a proper permutation of the vector [4,,, ..., 44 ,] and the vector of samples of f over an
a.u. grid in the domain of f. We have also illustrated through numerical experiments the main results of the
paper.

We conclude this paper with a remark. The notion of asymptotic distribution given in Definition 1.2 is
deeply connected with the notion of vague convergence of probability measures, which is also referred to as
convergence in distribution in ref. [26]. More precisely, as shown in ref. [32]:

- if {A,}, is as in Definition 1.2, then we can associate with each A, the atomic probability measure on C

defined as .
1 n
MAn = diz 6ﬁi.n’
n =1
where 8, is the Dirac probability measure such that 6,(E) = 1if z € E and 6,(E) = 0 otherwise;
- if fisasin Definition 1.2 with k = 1, then we can associate with f a uniquely determined probability measure
HronC such that

%D) / F(f(x))dx = / F(2)dusz2) V¥ F€C/C).
D C

Hi
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The asymptotic distribution relation

n—oo dn

d
1 1
lim —;F(ﬂiﬂ) = ﬂd(mé F(f(x))dx VFeC(C)

can therefore be rewritten as

,l,iIBO/F(Z)d”An(Z)=/F(Z)d/”f(z) V F € C.(C),
c c

which is equivalent to saying that 4, converges vaguely to 4 [36, Def. 13.12]. This equivalence allows for a
reinterpretation of the main results of this paper in a probabilistic perspective. In this regard, it is worth pointing
out that any multiset of complex numbers A, = {4, ..., 44 ,} coincides with the spectrum of a matrix A, (take
A, = diag(4y,, ..., 44 ,)) and any probability measure 4 on C coincides with 4 for some f [32, Cor. 1].
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Appendix A: Formulas for the eigenvalues of B-spline Galerkin
discretization matrices

Consider the following second-order differential eigenvalue problem:

— u;’(x) = Aju;(x), x €(0,1),
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Let p > 1and 0 < k < p — 1. In the classical Galerkin method with basis functions given by the n(p — k) + k — 1
B-splines B, ., ...,

By (p—k+k,px Of degree p and smoothness C*([0,1]) defined over the uniform knot sequence

{0,...,0 % % % E,...,”_l, .,"‘1,1, ,1}
M —_—— W %,_z
p—k p—k p—k

and vanishing at the boundary points x = 0 and x = 1, the computation of the numerical solution reduces to
solving a linear system whose coefficient matrix is the (n(p — k) + k — 1) X (n(p — k) + k — 1) matrix given hy

Ln,p,k - Mr?p kKn,p,k’

where K M, , i are the symmetric positive definite matrices given by

n,p,k>

-1 q(p—k)+k—1
Ky pi = / 4, pk(X)Bz+1 pk(x)dx )
L 0 di,j=1
-1 q(p—k)+k—1
My p i = / Bji1,pkCOBiy i (0dX ;
L 0 di,j=1

see [22, Sect. 2.5] for more details. We remark that, for p = 2 and k = 1, the matrix n'K,, , ; coincides with the
matrix A, of Example 4.6. As proved in ref. [5, Th. 6.17], we have

{n"'K, pk} ~; Fogeos
{ pk}n Ahpk’

{n Zank} ~a pk_(hpk) fpk’
where:

the functions f,, ., h,,: [0, 7] - CP=0*(P=k) are given by

fp,k(e) — Z KWeit0 — gl0l 4 Z

) T
“) o ( KLK}]{ elft 4 ( K;f]]{ > e—um)’
tez TS0 ’ ’

T
(€1 6ir0 — 10 (41 i (1) o-ico ).
Rpu®) = Y, MULe0 = M7 +y <M + (M) e >
ez >0
(#1 ayil ;
the blocks K e M p.k A€ given by

1p-k
71 —_ ’ ’ _
K = / B0 t—0d| . ez,
LR dij=1
1Pk
4
My} = /ﬂj,p,k(f)ﬁi,p,k(t—f)dt . (€
L R lij=1
- the functions g, ;.

Bk, pi: R — R are the first p — k B-splines defined on the knot sequence

T TR RS D T T [p“w
N—— —— N~——

p—k|
p—k p—k
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We remark that, for every § € [0, ], the matrix f’ p,k(H) is Hermitian positive semidefinite and the matrix h p,k(e)
is Hermitian positive definite; see [22, Rem. 2.1]. The following Maple worksheet computes f, ;(6) and h,, ;(6)
for the input pair p, k defined at the beginning. Here, we have chosen p = 2 and k = 0 for comparison with
Example 4.6.

>p =2 k:=0:
>n= ceil(ﬁ—j):
> with(Curvefitting): with(LinearAlgebra):
> ReferenceKnotSequence := [seq(seq(j,i =1..p — k), j = 0.n)]:
> # Construction of the reference B-splines By ;s ..., B p— pi
>p =1
for i from 1 to p — k do
B :=[op(f), BSpline( p + 1,t, knots = ReferenceKnotSequenceli..i + p + 1)1
od:
> # Derivatives of the reference B-splines By . ..., Bp—i px
> D_pf = simplify(diff (B, t)):
> # Construction of the nonzero K_blocks KL’} and the nonzero M_blocks M[:]k
> Kblocks := []. Mblocks:= [1:
for / from 0 to # — 1 do
K := Matrix(p — k): M := Matrix(p — k):
for r from 1 to p — k do: for s from 1to p —k do
K(r,s):= [,'D_pls] - eval(D_Plr],t = t — Ndt: M(r,s):= [, Bls] - eval(BIr],t = t — I)dt:
od: od:
Kblocks :=[op(Kblocks), K]: Mblocks := [op(Mblocks), M]:
od:
> # Construction of the functions f = f,, and h=h
> f(0) := Kblocks[1]: h(6) := Mblocks[1]:
for j from 2 to n do
f(0):=simplify( f(0) + Kblocks[j] - exp(I - (j — 1) - @) + Transpose(Kblocks[j]) - exp(—=1- (j—1) - 0)):
h(0) := simplify(h(0) + Mblocks[j] - exp(1- (j — 1) - @) + Transpose(Mblocks[j]) - exp(—L- (j —1) - 6)):
od: f(0), h(@)

4 2 _2¢¥ 2 1 e

3 37 3 15 10710
2_2e" 8 _4cos@) |1, e 2 cos(6)
3 3 3 3 010 5 15

In Theorems A.1-A.3, we report the formulas for the eigenvalues of the matrices n~'K,, o WMy p s n—L, Pk
that we obtained through high-precision numerical computations performed in Julia, using an accuracy of at
least 100 decimal digits. In what follows, for every 6 € [0, z] and every j =1,..., p — k, we define 4;(f, x(6))
(vesp., 4;(h, x(0)), (e, (6))) as the jth eigenvalue of f, () (resp., h,;(6), e, (6)) according to the increasing
ordering:

Mo < ... < Ap i (f(0)), 0 €10,7],

MRy 0) < ... < 4, (h,, (0), 0 €10,xl,
Ay(e, (0 < ... < Ay ile,i(0)), 00,

Moreover, for every n > 1, we define the uniform grids

n

0, = {i:::i: 0,... ,n}, 0’ =0,\{0}, ©T=0,\{r}, O’ =0,\0,x}.
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Theorem A1, Let 1< p <100 and 0 < k <min(l, p — 1. Then, for every n=1,...,100, the eigenvalues of
n'K, ,  are given by

A fpu®),  6€0) . j=1...p-k

where the grid G);] )p’k belongs to {@n, (92, o7, ®?{” } and is given in Figure A.1.

Conjecture A.1. Theorem A.1 continues to hold if we replace “for everyn =1, ...,100” with “for every n > 1”.

To simplify the statement of Theorem A.2, we define the integer sequence
a(m)=m+{\/8mJ, m>1.

The sequence {a,,} .-, .. isreferred to as the A186348 sequence in the on-line encyclopedia of integer sequences
(OEIS); see https://oeis.org/A186348. For every p > 3, we define

a, a,+1
a, = minimum positive integer such that p € Z a(m), Z a(m) |.
m=1 m=1

It is not difficult to check that {p — @} ,—3, . is an increasing sequence such that p —a, > 2 forall p > 3.

Theorem A.2. Let 1< p <100 and 0 < k < min(1, p —1). Then, for every n=1,...,100, the eigenvalues of

nM, ,x are given by

A0, 6€@l . j=1..,p-k

where the grid @g]p , belongs to {@n, (92, o7, (92’” } and is defined as follows:

@), if p+jisodd,

@Tp,o=< O, if p+jisevenand j# p,
9?1’”’ lf]=p9

@n, lfp >2andj=p—ap_1,

e, ifp=2or

G)L{]p’l=< if p >2and either j<p—a,—1land p+jisoddor p—a,—-1<j<p-1land p+jis even,

@7, if p>2and either j < p—ap,—land p+jisevenor p—a,—1<j<p-1and p+jis odd,

@2’”, if p>2and j=p—1

Conjecture A.2. Theorem A.2 continues to hold if we replace “1 < p < 100” with “p > 1” and “for every n =
1, ...,100” with “for every n > 1”.

Theorem A3. Let 1< p<100 and 0 < k <min(1, p —1). Then, for every n=1,...,20, the eigenvalues of
n*L, , are given by

Afe,i0),  0€8 . j=1...p-k


https://oeis.org/A186348
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Figure A.1: Grid @;{) P for the values of
n, p,k considered in Theorem A.1 and for j =
1, ..., p— k.Forexample, forp =2,k =0, and
every n=1,...,100, we have ®)) | = @’ and

(E)(NZZ)O = @2‘”, in accordance with Example 4.6.
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where the grid G)fpp , belongs to {@n, (92, o7, G)g’” } and is defined as follows:

®, ifp+jisoddandj>1,
@(I) =1@°

npk n’

if p+jisoddand j=1,

0,7 . ..
©,", if p+]jis even

Conjecture A.3. Theorem A.3 continues to hold if we replace “1 < p < 100” with “p > 1” and “for every n =

1, ...,20” with “for everyn > 1”.
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