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Abstract Bogoya, Bottcher, Grudsky, and Maximenko have recently obtained the
precise asymptotic expansion for the eigenvalues of a sequence of Toeplitz matri-
ces {T,,(f)}, under suitable assumptions on the associated generating function f. In
this paper, we provide numerical evidence that some of these assumptions can be
relaxed and extended to the case of a sequence of preconditioned Toeplitz matrices
{Tn_l (8)T,(f)}, for f trigonometric polynomial, g nonnegative, not identically zero
trigonometric polynomial, r = f/g, and where the ratio r plays the same role as f
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in the nonpreconditioned case. Moreover, based on the eigenvalue asymptotics, we
devise an extrapolation algorithm for computing the eigenvalues of preconditioned
banded symmetric Toeplitz matrices with a high level of accuracy, with a relatively
low computational cost, and with potential application to the computation of the
spectrum of differential operators.

Keywords (Preconditioned) Toeplitz matrix - Mass and stiffness matrix -
Eigenvalues - Eigenvalue asymptotics - Polynomial interpolation - Extrapolation

Mathematics Subject Classifications (2010) 15B05 - 65F15 - 65D05 - 65B05

1 Introduction

A matrix of size n, having a fixed entry along each diagonal, is called Toeplitz and
enjoys the expression

ao a_l a_z ...... a*(}’l*])
aq '
L . an
[a’*]]i,jzl = .
: a_s
a—q
_an_l “ e “ e a2 al ao _

Given a complex-valued Lebesgue integrable function ¢ : [—m, 7] — C, the nth
Toeplitz matrix generated by ¢ is defined as

n n
Tn((p) = [¢i_j]i,j:l’
where the quantities qA&k are the Fourier coefficients of ¢, which means

N 1 T .
b=— | #©®)e*ap, keZ.
27 J_,

We refer to {T;,(¢)}, as the Toeplitz sequence generated by ¢, which in turn is called
the generating function of {7;,(¢)},. In the case where ¢ is real-valued, all the matri-
ces T,(¢) are Hermitian and much is known about their spectral properties, from
the localization of the eigenvalues to the asymptotic spectral distribution in the Weyl
sense: in particular ¢ is the spectral symbol of {7, (¢)},, see [7, 14] and the references
therein.

More in detail, if ¢ is real-valued and not identically constant, then any eigenvalue
of T,,(¢) belongs to the open set (mg, M), with mg, My being the essential infimum,
the essential supremum of ¢, respectively. The case of a constant ¢ is trivial: in that
case if ¢ = m almost everywhere then 7, (¢) = ml, with [, denoting the identity
of size n. Hence if My > 0 and ¢ is nonnegative almost everywhere, then 7}, (¢) is
Hermitian positive definite.

In this paper, we focus our attention on the following setting.
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e  We consider two real-valued cosine trigonometric polynomials (RCTPs) f, g,
that is

mj
fO) =fo+2) frcoskd),  fo.f... fm €R, mieN,

k=1

ma
§©0) =% +2) gcosk6),  Fo.81.....4m €R. maeN,
k=1
so that 7,,(f), T, (g) are both real symmetric.
® We assume that M, = max g > 0 and m; = min g > 0, so that 7, (g) is positive
definite.
e We consider P,(f,8) = T, Y(@)T,(f) the “preconditioned” matrix and we
define the new symbol r = f/g.

The nth Toeplitz matrix generated by ¢ € {f, g} is the real symmetric banded
matrix of bandwidth 2m + 1, m € {m;,my} (m = my if ¢ = f and m = my if
¢ = g), given by

— ~ -

b0 P1 - b
PR .

bm

Tu(¢) = b - D1 Po b1 - b

~

bm

°. . S ,: . ¢il

Om - P1 Po

Matrices of the form P, (f, g) are important for the fast solution of large Toeplitz
linear systems (in connection with the preconditioned conjugate gradient method [9—
11, 18] or of more general preconditioned Krylov methods [15, 16]). Furthermore,
up to low rank corrections, they appear in the context of the spectral approximation
of differential operators in which a low rank correction of 7, (g) is the mass matrix
and a low rank correction of T,,(f) is the stiffness matrix.

Their spectral features have been studied in detail. More precisely, under the
assumption that r = m identically P,(f, g) = rl,, while if m, < M,, then any
eigenvalue of P, (f, g) belongs to the open set (m,, M,), see [11], and the whole
sequence {P, (f, g)}n is spectrally distributed in the Weyl sense as r = f/g (see
[19D).

@ Springer



870 Numer Algor (2018) 78:867-893

In our context, we say that a function is monotone if it is either increasing or
decreasing over the interval [0, ].

Under the assumption that r = f/g is monotone, in this paper, we show experi-
mentally that for every integer « > 0, every n and every j = 1, ..., n, the following
asymptotic expansion holds:

3 Palh, ) = r @) + 3 kO h* + Ej e )
k=1

where:

e the eigenvalues of P,(f, g) are arranged in nondecreasing or nonincreasing
order, depending on whether r is increasing or decreasing;

® {cklk=1.2... is asequence of functions from [0, 7] to R which depends only on r;

. h:ﬁandé’j,nzlf—flzjnh;

® LEjng = O (h**t1) is the remainder (the error), which satisfies the inequality
|Ejnal < Cyh®*! for some constant C, depending only on o« and r.

In the pure Toeplitz case, that is for g = 1 identically, so that P, (f, g) = T,,(f)
and r = f, the result is proven in [4-6], if the RCTP f is monotone and satisfies
certain additional assumptions, which include the requirements that f'(6) # 0 for
0 € (0, ) and f”(0) # 0 for € {0, 7}. The symbols

f,0)=@2—2cos0)?, g=12,..., 2)

arise in the discretization of differential equations and are therefore of particular
interest. Unfortunately, for these symbols, the requirement that f”(0) # 0 is not sat-
isfied if ¢ > 2. In [13], several numerical evidences are reported, showing that the
higher order approximation (1) holds even in this “degenerate case.”

Here, as first purpose, we show numerically the same for the preconditioned
matrices P, (f, g) and, from a theoretical point of view, the numerical testing is
complemented by the proof of the above conjecture in the basic case of & = 0.

Furthermore, in [13], the authors employed the asymptotic expansion (1) for com-
puting an accurate approximation of A ;(7,(f)) for very large n, provided that the
values A, (T, (f)), ..., Aj,(Tn, (f)) are available for moderate sizes ny, ..., ny with
Ojing = -+ = 0j,n, = 0jn, s > 2. The second and main purpose of this paper is
to carry out this idea and to support it by numerical experiments, accompanied by
an appropriate error analysis in the more general case of the preconditioned matri-
ces P, (f, g). In particular, we devise an algorithm to compute A;(P,(f, g)) with
a high level of accuracy and a relatively low computational cost. The algorithm is
completely analogous to the extrapolation procedure, which is employed in the con-
text of Romberg integration (to obtain high precision approximations of an integral
from a few coarse trapezoidal approximations [20, Section 3.4], see also [8] for more
advanced algorithms). In this regard, the asymptotic expansion (1) plays here the
same role as the Euler—-Maclaurin summation formula [20, Section 3.3].

The third and last purpose of this paper is to formulate, on the basis of numerical
experiments, a conjecture on the higher-order asymptotic of the eigenvalues if the
monotonicity assumption on r = f/g is not in force. We also illustrate how this
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conjecture can be used along with our extrapolation algorithm in order to compute
some of the eigenvalues of P, (f, g) in the case where r is nonmonotone.

2 Error bounds for the coefficients c; in the asymptotic expansion

We start this section by manipulating the error expression implicitly given in (1),
the goal being that of using extrapolation methods [8]. In fact, if we assume that the
relations in (1) hold, then we can write

o
Ejno=Y_ cx@m)h* + Ejna. 3)
k=1

where Ej 50 = A;j(Pu(f, 8)) —r(O)n).
We now suppose to know the -eigenvalues for different (small) n;

namely {(nls )"J| (Pn] (f7 g)))9 (n2» )"12 (Pnz (fv g)))3 ) (nou )\’jo( (,Pna (fv g)))}9
where ny,na,---,nq and ji, jo, -+, j, are chosen in such a way that
Ji/(ni+1) = jp/(na+1)=---= jo/(ng +1).

By defining hy = 1/(n1+ 1), hp = 1/(na+ 1), ..., hy = 1/(ny + 1), for a given
set of eigenvalues, (3) can be written as

o

Ej 0= > Ck(ejl,nl)hlf +Ejna

k=1
o
_ . k .
Ej ny0 = > ckOjyny) hy + Ejyny s
k=1
o « 4
Ejiny0 = > ck(Oj3.n3) h3 + Ejynz.a @
- k
Ejaanaao = kZ ck(ejaana) hot + Ejav”a,a'
=1
Let ¢, ¢ be the vectors
T. ~ ~ ~ 1T
c=lc1,c2,...,¢q]; c=[c1,¢2,...,Cql",

and let A be the coefficient matrix of size o x o with (A); ; = h{ . Hence, the set of
(4) can be written in matrix form as

Ac =bo — by, (&)
where  bg = [Ejin.00 Ejpng0s s Ejyng.0l’  and  bgy =
LEj nias Ejpng,ar -+ s Eja,na,a]T. Furthermore, by neglecting the higher order
errors, we may define an approximation ¢ of ¢ according to the expression below

Ac =by. (6)

By solving the linear system of equations above, the approximation of c¢ is easily
obtained since the matrix size is very small. In a subsequent step, we derive upper-
bounds for |¢ — ¢|: in reality, (5) and (6) leads to

A(C —¢) = by. @)
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. ~ Ej n;,o .
If we define Ac =¢ —cand n; = 2’0;;1' fori =1,..., a, then the system (7) can
be written as l
+1
mh‘fﬂ
mhs
AAc = 2, ®)
ﬂahg-H
with |n;| < C, fori =1, ..., a, where Cy is a constant. The coefficient matrix can
be expressed as
hy h} ... h% h
hy h3 ... hS hy
A= o S| = . V(hi, ..., hy),
he h% ... hY hq
where V(hy,...,hy) is the Vandermonde matrix of order o corresponding to
hi,..., hg.

By assuming W = V_l(hl, ..., hy), we deduce

Z hi, - hi,

1<k <..<ky_i<a

k] ----- kotfi 7&/

[T (rj—m)

(W), = 1%’;5“ 9)

[T (=)

1<k=<a

k#]

1<i<a,

Therefore for the inversion of the matrix A, we have

Z hi, - i,

1<k;<..<ky_i<a
kiyoskg—i #J

hp T (=)

A= 10
( )1,] 1%/;?(1 (10)

1<i<a,

hj [T (hj—he)

1<k=<a

k#j

and we can obtain an explicit expression for (Ac);,i =1, ..., «, thatis

(Ac)i =) (A7 mhst (11)
j=1
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Casel If i = «, then

i njho_t-l-]
(Ac)y = ! :
j=1 hj l_[ (hj - hk)

1<k=<a
k#j
Whence, from the fact that |n;| < C, fori =1, ..., «,

o In;1net! o Coh®

U;I, alt;
[(Ac)al <Y - =y —t—
=y ] ty—nd — 5= TT vy =l

1<k<a 1<k<a
k#j k)
With the choice h; = %hl for j =1, ..., a, m positive integer, we have
J mJ—1
N e P ()
[(Ac)e| = Cq Zj:[ 1 1 = Cohi Zj:l ) 1 1
l_[ hy | hy l_[ s
1<k<a 1<k<a
k#j ] k#j
(m ,71)0‘
=mCo 35 ’1 1= 0.
i—1 o k—1
<k=<a m/ m
k#j

Case2 Ifi=1,...,a — 1, then

Z hi, - b,
a 1<k <..<kq_i <«
i kiyooska—i #J
(Do) = Y (=1 nnsH!
st ! hi T (=)

1<k=<a

k#j

that is different from the case i = « just for the numerator

Z hiy -l

1<ki<..<kg_i <«

kiyoska—i #J
As a consequence,
Z iy - iy
a 1<k <.<ky_i<a
ki,.oka—i #J
[(Ac)i| < Ca Y hS =
’ [ j = hl
j= J
I<k=<a
k#j

@ Springer



874 Numer Algor (2018) 78:867-893

With the choice h; = #hl for j =1,...,a, weinfer

wif 1 1 1
Z hi O Y |

1<k <..<kg—i <a

o ki,...kg—i #J
(Ao =G X (i) - ! ] 1
l_[ h I
I<k=<a
kAT

1 1 1
Z P Y e |

1<k <...<kq—i <a

L\ (e ki,....ko—i #J
=C, Z‘;:l (F) ( }I'all ) 1 1

1 1 1
Z Y e Y |

—it1 1Y kienkei ] —it1
=hi""" Ca le:l(m) 1 1 =0h{™™).
1_[ mi—1 k1
1<k=<a
k#j
As a conclusion, with the choice h; = #hl for j = 1,...,a and under the
assumption that the asymptotic expansion reported in (1) is true, we deduce
[(Ac)i] = O™, (12)
fori =1,...,«.

3 Error bounds for numerically approximated eigenvalues

The goal of this short section is to provide error bounds based on the linear system in
(6) for the computation of the eigenvalues of P, (f, g): of course, these error bounds
are based on the conjecture that the relations reported in (1) are true. However, as we
can see in Section 4, the numerical tests fully support the existence of the considered
asymptotic expansion.

Indeed, as already observed, by solving (6), we can approximate c;. Once we have
the values of ¢, we can approximate the eigenvalues A j, of a large dimension matrix
of sizeng,hereng+1 = mP~1(n1+1). The asymptotic expansion (3) can be written
as

Ejyng0=hic+ Ejynya- (13)
By subtraction fzgé from both sides of the equation above, we find
Ejﬁ,l’lﬁ,o - ]/_lga B = }_lg_(c - 5) + Ejﬂ‘nﬁ,ot’
)"j(,])nﬁ(fv g))_r(gj,nﬁ)_hgg ZthC+Ejﬁ,nﬁ,aa
- o .
3 Py (£ 80) = r(610) = BEE| = X WY IAOH + | Ejynpal: (14)

i=1

- o .
0Py (£ 80 = @) — B3| < 3 A0+ Cali
i=1
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where }_1/3 = [hg, h/23’ oo ,h%]T, |Ejﬁ’,1ﬂ,a| < Cath“] for some constant C, and
[(Ac);| is given in (12).

4 Numerical tests

In this section, we want to present a few numerical experiments to support the asymp-
totic expansion (1) in the case where one or more properties of the following list are
satisfied:

f"(0) # 0 (see Example 1, Example 3, and Example 5),
f”(0) = 0 (see Example 2 and Example 4),
min g > 0 (see Example 1, Example 2, and Example 5),
min g = 0 (see Example 3 and Example 4),
r = f/g is non monotone (see Example 5).

Al

The approximation of eigenvalues of large matrices in each case is also computed.
The expansion (1) fora =4 is

2j(Pu(f.8)) = r(Oj)+c1j0) htca(0)0) B +¢30)0) P +caO0) K+ Ejna,
3j(Pu(f, 8)) = rO) = c1O)) h + c2(0j,0) h* + 301,
+eaOj) B+ Ejpa (15)

Ejno

In all numerical examples, we choose four matrix-size values, that is n; for i €
{1,2, 3,4}, in a way that they satisfy n; = mi~! (n1 4+ 1) — 1, with m being a positive
integer. The expansion (15) for the set of the four dimensions n; can be written as

Ejim.0 = 1O n) hi 420, n) b3 + 30, 0) 13 + sy ) h + Ejy ny 4,
Ejynp.0 = c1Bjy.ny) h2 + c2(0,.n,) h% +¢3(0j5,n,) h; +¢c4(Ojy,n,) hg + Ejy.ns.4,
Ejins0 = c10j5.n3) h3 + 20y n5) 13 + €30 )5.03) by + €40y n3) B + Ejy s 4
Ejunao =10 ny) ha + 20, n,) b5 + 30, n) by + €Oy ny) By + Ejy s s

(16)
where h; = ﬁ and j; = m'~! jj fori € {1,2,3,4}. Notice that 0}, ,, = 0}, », =0
for a fixed j; € {1,2,---,n1}. We are interested in the numerical approximation

of ¢; (0_) for i € {1,2,3,4} and then in the precise numerical approximation of the
eigenvalue of P, (f, g) for large n. The set of (16) can be written as

Ej om0 = ¢10) hy + &20) h3 + E(0) h3 + E4(0) h,

Ejym.0 = &10) ha + &2(6) hy + (0) by + & (@) hy, an
Ejyny.0 = ¢1(0) ha + G2(0) h3 + &3(0) b3 + G4 (0) 3,
Ejyng,0 = €1(0) ha + &2(0) hy + &3(0) hy + & (6) hy.

We solve the system of linear equations above for j; € {1,2,---,n1} to compute

¢;(0). The computed & are used to approximate the eigenvalues of large size n g by
exploiting the following relation

iy (Pug(f.8) =rOjsng) +hpe. (18)
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Example 1 Let g, f, and r be the functions defined as

f(@) =4 —2cos(0) —2cos(20) = (2 —2cos(0))(3 4+ 2cos(h)),
g(®) = 3+2cos(9),
0
r@@) = & =2 —2cos(0),
8(0)
where 6 € [0, w]. The graphs of generating functions are shown in left panel of
Fig. 1, and the approximations ¢, for k = 1, 2, 3, 4 are shown in the right panel.
Note that g(0) > 0,V € [0, 7], f(0) # 0, and furthermore r is monotone. We set
n =np € {40, 60, 80, 100} and m = 2.

Example 2 Let g, f, and r be the functions defined as

f(@) = 20 —30cos(0) + 12cos(20) — 2cos(30) = (2 — 2005(9))3 ,
g(0) = 3+ 2cos(0),

f0) _ (2—=2cos(6)’
T %0 3+2cosd)

where 0 € [0, w]. The graphs of generating functions are shown in left panel of
Fig. 2, and the approximations ¢, for k = 1,2, 3, 4 are shown in the right panel.
Remark that g(0) > 0,V 60 € [0, ], f”(0) = 0, and furthermore r is monotone. We
setn = ny € {40, 60, 80, 100} and m = 2.

There is an important issue to discuss here. Both the functions f and r attain
the minimum at & = 0 with a very high order. Indeed, we have f(0),r(0) = 69,
with ¢ & ¢, being the symmetric, transitive relation telling that there exist positive
constants ¢, C > 0 such that c¢; < ¢» < C¢1 on the whole definition domain [0, ].
Therefore for fixed j (independent of n) the jth smallest eigenvalue of P, (f, g) is
asymptotic to k jh(’, k; positive constant depending on j but not on n: the reader is
refereed to [17] for the preconditioned case with the limitation j = 1 and to [1] and
references therein for very elegant and precise estimates regarding the pure Toeplitz
case.

r(0)

—f(6)
—9(0)

function values

0 /4 /2 37r‘/4 ™ 0 Tr)4 7r)2 3 /4 ™
[4 0

m)

)

m)
é(0jim)

Fig. 1 Example 1: Generating functions (f, g, and r) and ¢ fork = 1,2,3,4
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70

—f(0)

60

50 -

40

function values

e w— L L L
0 /4 /2 3m/4 ™ 0 /4 /2 3m/4 ™
(4 (4

Fig. 2 Example 2: generating functions (f, g, and r) and ¢y fork = 1,2, 3,4

Now if we fix j and we put together A; (P,(f, g)) =~ h® with relations (3)—
(4), then the only possibility for avoiding a contradiction is that the functions
c1(0), c2(0), c3(0), c4(0), c5(0) all vanish at 6 = 0.

The approximations ¢, for k = 1, 2, 3, 4 shown in the right panel of Fig. 2 are
coherent with the above mathematical conclusion and in fact all these approximations
vanish simultaneously at & = O (the fifth is not displayed, but we computed it and it
also equals to zero at & = 0, while, as expected from an extension of the results by
[1] to the preconditioned Toeplitz case, the sixth is nonzero at 6 = 0).

Since the argument and the conclusions are the very same, we anticipate that
the discussion can be repeated verbatim for Example 4, where the functions f and
r attain the minimum at & = O with order 10. As a consequence, we expect that
the functions c¢1(6), ..., cg(f) all simultaneously vanish at 6 = 0, while c19(0) #
0: this is confirmed for the first four of them as reported in the right panel of
Fig. 4.

—logy, | £(0)]
logy |9(0)|
logyg |7(0)]

logy [function values|
)

0 w/4 /2 3r/4 ™ 0 /4 /2 3 /4 s
0 0

Fig. 3 Example 3: generating functions (f, g, and r) and ¢ fork = 1,2, 3,4
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10

logy | £(0)]
——logyo |9(6)|
- logyy |r(6)| 1500
5
Fl e
3 1000
[}
= 0
g
5 ﬁ & 500 -
E
& 5
& 0
S
1
0 -500
-15 . -1000
0 w/4 /2 3r/4 w 0 /4 /2 3n/4 s
6 0

Fig. 4 Example 4: generating functions (f, g, and r) and ¢ fork = 1,2, 3,4

Example 3 Let g, f, and r be the functions defined as

f(@) = 1+cos@) + 3005(29) + é cos(30) + % cos(49) + % cos(56) ,

g(@) =2 —2cos(),

F®)  1+cosd) + 1 cos(20) + £ cos(30) + 15 cos(40) + 15 cos(56)
g 2 —2cos(6) ’
where 6 € [0, w]. The graphs of generating functions are shown in left panel of
Fig. 3, and the approximations ¢, for k = 1,2, 3, 4 are shown in the right panel.

Note that ming(6) = 0, V0 € [0, ], f”(0) # 0, and furthermore r is monotone.
We set n = n; € {40, 60, 80, 100} and m = 2.

r@) =

Example 4 Let g, f, and r be the functions defined as

f(@) = 252 — 420 cos(6)+240 cos(20) —90 cos(36) + 20 cos(49) — 2 cos(50) = (2 — 2(:05(0))5 R
2 4+ 2cos(@),
f®)  (2—2cos(h)’

r@ = % T 2+42cos(8)

g(6)

0.5 H

function valucs
Ck
o

-0.5

0 1r}4 7r}2 31r‘/4 ™ 0 /4 7r}2 31r‘/4 ™
0 0

Fig. 5 Example 5: generating functions (f, g, and r) and ¢ fork = 1,2, 3,4
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-0.005

-0.01

-0.015

-0.02

-0.025

-0.03

-0.035

-0.04
0 /4 /2 3m/d ™ 0 /4 /2 3n/4 ™
0

x10~*

0 /4 /2 3n/4 ™ ) /4 /2 3r/4 ™

2, L . 0.8 " "
0 /4 /2 3r/4 T 0 /4 /2 3r/4 T
0 0
1 —n; =100
1
3
-1
2 -0.6
0 /4 /2 3r/4 T 0 /4 /2 3n/4 T
0 0

Fig. 6 Example 1: E; , o, Ej,n,k (k=1,2,3),and ¢ (k =1, 2,3,4), forn = n; = {40, 60, 80, 100}
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Ejimo

0 /4 /2 3r/4 ™ 0 w/4 /2 3r/4 i

— =40

0 /4 /2 3m/4 T 0 /4 /2 3n/4 g

5 x10°¢

— =40 4 — =40
sl —n =60 —ny =60
1.5 —n =80 ——m =80
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Fig.7 Example 2: Ej .0, Ejnx (k =1,2,3),and & (k = 1,2,3,4), for n = n; = {40, 60, 80, 100}
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Fig. 8 Example 3: Ej 0. Ejni (k = 1,2.3),and & (k = 1,2,3,4), for n = n; = {40, 60, 80, 100}
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Fig.9 Example 4: E; , 0, Ej,n,k (k=1,2,3),and ¢ (k =1, 2,3,4), forn = n; = {40, 60, 80, 100}
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Fig. 10 Example 5: E; , 0, Ej’,,yk (k=1,2,3),and ¢ (k =1, 2,3,4), forn = n; = {40, 60, 80, 100}
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where 6 € [0, w]. The graphs of generating functions are shown in left panel of
Fig. 4, and the approximations ¢, for k = 1,2, 3, 4 are shown in the right panel.
Remark that min g(9) =0,V € [0, =], f(0) = 0, and furthermore r is monotone.
We set n = n; € {40, 60, 80, 100} and m = 2.

Example 5 Let g, f, and r be the functions defined as

© = 20438 000)= 2 cos20) + - cos(36) = (3 — cos®) + — cos(20)) (3 + 2cos(®))
f =7 7 cos 7 cos 7 cos = cos 7 cos cos ,
g(6) = 3+ 2cos(0),

R ACO N kS
r@) = 20) =3 —cos(®) + 17 cos(20) ,

where 0 € [0, 7 ]. The graphs of generating functions are shown in left panel of Fig. 5,
and the approximations ¢, for k = 1, 2, 3, 4 are shown in the right panel. Notice that
ming(d) > 0,V0 € [0, 7], f”(0) # 0, and furthermore r is non monotone. We set
n = ny € {40, 60, 80, 100} and m = 2.

The numerical tests related to Examples 1 and 2, as in Figs. 6 and 7, show that the
error expansion (1) behaves as expected. In Fig. 11, we also see that the approximated
Cr can be used for a large n to approximate the error term to (or almost to) machine
precision.

In the numerical tests associated with Examples 3 and 4, as in Figs. 8 and 9, we
observe again that the error expansion is in accordance with (1). We also note a
slight deviation for the largest eigenvalue and this has to be expected since we have
r(01,,) — oo as n — oo for Example 3 (on the other hand for Example 4 we
notice r(6,,,) — 00 as n — 00). However, the approximation of the eigenvalues of
Pn(f, g) is excellent and almost to machine precision as reported in Fig. 12.

In the numerical test related to Example 5, we have a non monotone region for
6 € [0, 2tan~!(,/3/17)] where the proposed expansion does not work. Indeed, addi-
tional errors are introduced when compared to E , o, since the sampling of (0}, »,)
leads to a poorer approximation after ordering than the procedure given by sampling
r(0} ;) first and then picking samples after ordering. However, the expansion is

logy |errors|
logy |errors|

-12

-14 PN - 1 - - bid 1y~
- &% > ] R i \ \ W'
\\ PR | ' \'.. ) -14 - v SOy i 1) 1

VN LT J (i) y
ey \ \
-16 b v 5

0 /4 /2 3r/4 ™ 0 7r‘/4 7.')2 3r/4 ™
0 0

Fig. 11 Example 1 and 2: the errors logo | E, uy,0 and logy | Ej, s, 4] for the 100 indices j; of n7 =
6463 in (18), corresponding to n; = 100, and using ¢k, k = 1, 2, 3, 4, computed with m = 2
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1
' . \

1 . ’ Al 177 1
o i \l.l"* AN YT [T SR :
g SR "y utet by Wy
v oy g ' '

\
\
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WRE 1 T
\ T i (e 1 \ LEYS
W oty TS VY R AL
AR RV AL A U I RS
J 1 oIv 1
\ Wy “"‘H'.‘ y

.
Al TR ) /,
S |,lly\,‘i -10

R

'Y !
0 /4 /2 3 /4 ™ 0 /4 /2 3m/4 x
0

Fig. 12 Example 3 and 4: the errors log;( | Ej, ;0] and logq |Ej7,,17,4| for the 100 indices j7 of n7 =
6463 in (18), corresponding to n; = 100, and using ¢, k = 1, 2, 3, 4, computed with m = 2

confirmed for the rest of the domain, as seen in Fig. 10. Furthermore, in Fig. 13, the
expansion works well again for the monotone part, by allowing an approximation
almost to machine precision of the eigenvalues of P, (f, g).

However, even if the eigenvalues lying in the non monotone region give raise to
an irregular error pattern, it seems that there exists a kind of ‘deformed’ periodicity
in the error, like it is formally proven, without deformations, for the eigenvalues of
T.(f), f(B) = 2 —2cos(wh), w > 2 integer, and g(f) = 1 (see [12]). The latter
observation indicates that a more complete study of this ‘deformed’ periodicity has
to be considered in the future.

We finally observe that remarkable numerical results for the eigenvalues of
Pn(f, g), as reported in Figs. 11, 12 and 13, really answer in the positive to the ques-
tion posed in the title of the paper. In fact, we obtain almost machine precision for

1
1
1
! 1
=8 1 1
— 1
g |
z 1 <
5 -10 \ log,g ‘@j:.n;.(ﬂ
= \ A 109;1()‘Ejr.nr.»l|
0 \
o -12+ \ -
\
\
N
4 . 1
N -t .
' ! 7
Y R R L IRV LN
e g s b i T
-16 - " \
0 /4 /2 37 /4 ™
0

Fig. 13 Example 5: the errors logyo | Ej;,n;,0] and log;, \Ej7,,,7,4| for the 100 indices j7 of n; = 6463
in (18), corresponding to n; = 100, and using ¢k, k = 1,2, 3, 4, computed with m = 2. Note the non
monotone part, 6 € [0, 2tan~1 (/3 /17)], where the error is not improved
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the computation of the spectrum of P, (f, g), for large n and only working with few
really small matrices.

5 Conclusions

Bogoya et al. [4—6] have recently obtained the precise asymptotic expansion for the
eigenvalues of a sequence of Toeplitz matrices {7, ()}, under suitable assumptions
on the associated generating function f. In this paper, we have shown numeri-
cal evidence that some of these assumptions can be relaxed and extended to the
case of a sequence of preconditioned Toeplitz matrices {P,(f, g) = Tn’1 @ T, (N},
for f trigonometric polynomial, g nonnegative, not identically zero trigonometric
polynomial, » = f/g, and where the ratio r plays the same role as f in the non-
preconditioned case. The first-order asymptotic term of the expansion has been also
proven using purely linear algebra tools.

Moreover, based on the eigenvalue asymptotics, we devised an extrapolation algo-
rithm for computing the eigenvalues of preconditioned banded symmetric Toeplitz
matrices with a high level of accuracy, with a relatively low computational cost, and
with potential application to the computation of the spectrum of differential opera-
tors. In fact, up to low rank corrections, matrices of the form P, (f, g) appear in the
context of the spectral approximation of differential operators in which a low rank
correction of 7,(g) is the mass matrix and a low rank correction of 7,,(f) is the
stiffness matrix. We carried out also preliminary numerical tests confirming that the
same kind of asymptotic expansion holds, at least in the context of the Isogeometric
approximation of second-order differential operators.

Therefore, a plan for the future has to include:

the theoretical proof of the asymptotic expansion in (1) for o > 1;
the analysis of the non monotone case and its relations with the study in [12] for
the special case where f(0) = 2 — 2cos(wf), w > 2 integer, and g(0) = 1;

e the extension of the results by [1] to the preconditioned Toeplitz case and the
study of its connection with the general expansion in (1);

e the extension of the numerical and theoretical study to a multidimensional, block
setting, with special attention to the matrices coming from the approximation of
elliptic differential operators.
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Appendix

Theorem 1 Let f, g be real-valued cosine trigonometric polynomials (RCTP) on
[0, w] with Mg = maxg > 0 and mg =ming > 0. If r = é is monotone on [0, ]
then 3C > 0 such that
T
)

‘ e
Aj(Pulf. 8)) r<n+

<Ch YjVn, (19)

where

Pn(f, g) is the “preconditioned” matrix P, (f, g) = Tn’1 @ T, (f),
)‘l(Pn(fv g))’ )\2(7311(]‘7 g))’ ceey )\n(Pn(f, g)) are the eigenvalues Ofpn(f9 g);
arranged in nondecreasing or nonincreasing order, depending on whether r is
increasing or decreasing,

e )= ﬁ and 6, = % = jmh.

Proof For the sake of simplicity, we assume that r is nondecreasing (the other case
has a similar proof).

Notice that the conditions on f and g imply that 7},(g) is positive definite and, by
setting ~ the symbol representing similarity between matrices, we find P, (f, g) ~

T, 2 ()T ()T, "/ (g) so we can order the eigenvalues of P, (£, g) as follows

AM(Pu(f. 8) = 22(Pu(f,8) = -+ = M (Pu(f, 8))-

We remark that
T.(f) = () + Hu(f), (20)
T,(8) = tw(g)+ Hy(g),

n

where, for ¥ RCTP of degree m and Q = ( % sin (%)) , To(Y) is the
i,j=1
following t matrix [3] of size n generated by

7, (¥) = Q diag (w (i»g, 0=0"=07",

and H, (y) is the Hankel matrix

[ s ]
V3
Vm
Vm
R
Ym - Y3 Y
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with rank(H, (y)) < 2(m — 1).

Hence,
Ry = rank(H, (f)) < 2(deg(f) — D),
R, := rank(H,(g)) < 2(deg(g) — 1), (21)
Ryf¢ :=max{Ry, Ro} <2 (max{deg(f), deg(g)} —1).

Let P} be the matrix rn’l (@1 (f),

-1
P =0 (éign(g (’%))) QQ diag (7 (&7))e

Hence, for j =1,...,n

c jn
kj(Pn)=r<n+1>. (22)
By observing that T, (g)T,(f) is similar to T, "/*()T,(f)T, /*(g). using the
MinMax spectral characterization for Hermitian matrices [2], fixed j € {Ry, +

I,...,n=Rggland T C C",dim(T) =n + 1 — j, we obtain
i (Pu(f. 8) =2 (T, (@ Tu ()

=2, (172 @TH T o)

~1)2 —1)2
: xX*T, T.()T, X
= MaXdim(T)=n+1- (mlnxeT, < L >>

x#0
(23)
_ : VTa(f)y
= MaXdim(T)=n+1—; | MIN  xeT, ( *
J 0 YT (8)y
y=T,7 (o)
_ . : . (Y Ty
= MAX i (Fy=nt1—j | M0y f, (y*Tn(g)y ’
y#0

because Tn_l/z(g) is a full rank matrix and, if dim(7) = n + 1 — j, then T .= {y:

y = T,,_l/2(g)x, x # 0,x € T} is a new vector space having the same dimension

n+1—jasT.

Let F be the subspace of C" generated by the union of the columns of matri-
ces H,(f) and H,(g). Because of the particular structure of the columns of Hankel
matrices H,(f) and H,(g), we deduce

dim(F) = max {rank(H,(g)), rank(H, ()} = Ry,
so that
dim(F1) =n — Ry,.
Let us define Wy, = TnFL
n+1—j>dim(Wy,) > max{0, dim(7) + dim(FY) —n} =n +1 -7
+n—Rpg—n=n+1-(j+ Ryyg),
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because n + 1 — (j + Ryg) > 1 for j < n — Ry,. The latter implies in particular
that Wy, # @. Thus, due to the orthogonality, Vy # 0 € Wy o, we find

H,(f)y =0, H,(9)y=0,

so that
V' H,(f)y=0, y*H,(g)y=0.

Hence, from (23)

Aj(Pu(f. 8)) = MaX gim(7y=n+1-j (mi“ye V(e () +Hn ()7

y#

. <.V*(Tn(f)+Hn(f)).V>
7,
0

. - V@ (N +Hy ()Y
= MAX gim(F)=n+1- Wy (y*(rn O+ H, () ))
y#FU

_ A . Y (f)y
= maxdim(T):nHij (mlnyev:({,g (y*‘l'n(g)y
y#0

B A . Yt (f)y
= MmaXy, =FnFt (mlnyewﬁg’ (Y*T”(g)y
dim(T)=n+1-j 70

< max 5 min__. Yu(f)y
= nt+l—jz=dim(Wy,g)=n+1-(j+Rye) YEWrg, \ v ta(g)y
y#0

(24)

= max

. min o @n (N P ex
nt+l—jzdim(W)zn+1-(j+Ry;) yeWy,, x*x
y#0
X:f»}/z(g)."
= max{Aj(Pn’), )‘j+1 (Pnr), e A’j"’Rﬁg (P’f)}
=Aj+R; (Pr)-

By fixing j € {Rfg+1,...,n — Ryg}and T C C", dim(T) = j, analogously
we obtain

w—1/2 —1/2
Aj(Pu(f, 8)) = Mingim(r)=; <maxxer, ( L OLiNT, W))

x#0

) Y*Tu(f)
= MiNgim(7)=,; | MaX xeT, (y*T:(g))y/)
x#0

y=1;, gy (25)
J— 1 ~ ~ y*Tn(f)y
= MG (Fy=j maxyiTo’ (y*Tn(g)y
y#FU

i (Y (D +H ()Y
= Mgin(f)=; (maxye#’g, (y*(rn (OFHa(2)y )) :
yFU

Let us define Wy, =7 N FL,
j = dim(Wy ) > max{0, dim(T) +dim(F) —n} = j+n—Ryg—n = j— Ry,

because j— Ry, > 1for j > Ry +1. The latter implies in particular that Wy . # 0,
and hence, due to the orthogonality, Vy # 0 € Wy ,, we have

H,(f)y =0, H,(g)y=0,
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and therefore
Y'H,(f)y =0, y*H(g)y =0.
Thus, from (25)

. in. . Y )+ Hy (F)y
i (Pulf 8)) 2 Ml ) (ma"yiz&g’ ( ¥ (on () Fo ()7 ))
— min. - Y (f)y
= MmN (= (maxb’d;’{):g’ (y*rn(g)y))
y7u

_ . R YT (f)y 26
= miny,  _fapl | MAXyew;,. (y*rn ©)y (20
dim(f)=j e

> min

N Y (f)y
j=dim(Wy )= j—Rpg ma"erg’g’ (y*mg)y)
yFY

= min{A;(PF), hjo1 (PY), .. A, (PD)
= )&j—Rf,g(PnTl
By exploiting the previous inequality, relations (22) and (24), we obtain for j =
Rpg+1,...,n— Ry,

(=97 T T (j+s)m
(L) =B = P < ) = (LEST) e

where s = Ry, .
The function r is a RCTP on [0, 7] and a monotone increasing function so we have,
VnandVj=s+1,...,n—s,

7 (Puf. 8)—r (nf—”) <r (M>—r (%) =@ < I lowsh

+1 n+1
(28)
with 6 € (% “;j:}”) and
3 (Palfi8) — 7 (n’L) > (%) . (%) > (I lloosh. (29)
By setting C = ||r/||cos7, fors +1 < j < n — s, we obtain
3j (Pulf. 8) — (i> < Ch. (30)
n+1

Furthermore, from [11]V j =1, ..., n, we know that

where

m, = min r(@); m, = max r(),
0€l0,7] 0¢€l0,7]

with strict inequalities that is m, < 1;(P,(f, g)) < M, if m, < M,, while the case
m, = M, is in fact trivial. Hence, forn —s < j <n

jm jm nmw
(L) o] < ()~ (25)

(n— j)m
n+1

n+1

S

=

< I @)
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JT_ nmw
n+1’ n+l

‘r( Iz )—A,-(ﬂ(f,g))

n—+1
() ) ol
n—+1 n—+1 n+1

where 6 € ( ).Ifn —s < j <nmnthen|n — j| <s,so that

< I lloosTh = Ch.

Forl<j<s+1

jm
‘r< )—/\j(Pn(f,g))

S <
n+1 -

’

whereé‘_e(n”?,n]%).lflfj<s+1then|j—1| < s, S0
(<) =3Pt e| = 11 llsosth = Ch.
n+1 / -
Hence,

<Ch VjVn.

. (I
3 (Pa(f. 8)) ’<n+1)

Here, we present a second proof of the previous theorem.

Proof We adopt the very same notation used for the first proof. First, we notice that
the low rank matrices H, (f) and H, (g) are also Hermitian matrices because T, ( f),
T,(g), t,(f), and 7,,(g) are Hermitian matrices. Let x; and A; (P, (f, g)) be a pair
eigenvector and eigenvalue of P, (f, g). Then we can write

Pulf, 8)xi = Ai (Pu(f, 8))Xi.

By multiplying the previous equation from the left by the matrix 7,,(g) = 7,(g) +
H, (g), we obtain

(T (f) + Ha () Xi = &i (Pu(f, 8)) (Ta(8) + Hn(8)) Xi,
which is equivalent to
(T (f) + Hu(f) = 2i (Pa(f. 8)) Ha () Xi = Ai (Pu(f, 8)) Ta(8)Xi-

Finally, by setting y; = ‘L',: /2 (g)x; and by multiplying from the left by the matrix
r{l/z(g), we have

T 2(9) (T (f) + Hu(f) — 2 (Pu(f, 8)) Ha(9)) T 2(2)yi = hi (Pulf, ) Vi
31)
Equation (31) tells us that X; (P, (f, g)) is also the eigenvalue of
o 2 (9) (@ (f) + Hu(f) — Ai (Pu(f, 8)) Ha() T 2 (2).
We can write
o2 (8) (4 (f) + Ha(f) = 1i (Pu(f, 8)) Ha(@) T /7 ()
as
o 2@t ()T (@) + 1 (@) (Hu(f) = i (Pu(fs ) Hu(@)) T 2 (2)
= 1,(f/9) + T 2 (&) (Hy(f) — Ai (Pu(f, ) Ho(@) T 2(8).  (32)
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Notice that the rank of any linear combination of H,(f) and H,(g) is Ry, =
max{rank(H, (f)), rank(H,(g))} and the argument is the special Hankel structure of
H,(f) and H,(g). As a conclusion, from the expression above, using the MinMax
characterization and the interlacing theorem for Hermitian matrices, we write

hi—Ry (T (f/8)) = Xi (Pu(f, 8) < Aitrs (T (f/8)), (33)

wherei € {Ry,—1,---,n—Ry,,}, which leads again to the proof of Theorem 1. [

Remark With regard to Theorem 1, the case where r is bounded and nonmonotone
is even easier. If we consider 7, the monotone nondecreasing rearrangement of r on
[0, ], taking into account that the derivative of r has at most a finite number S of
sign changes, we deduce that 7 is Lipschitz continuous and its Lipschitz constant is
bounded by ||7’ || (notice that 7 is not necessarily continuously differentiable, but the
derivative of 7 has at most S points of discontinuity). Furthermore, the eigenvalues

of 7, (r) are exactly given
jm
;
n+1

so that, by ordering these values nondecreasingly, we deduce that they coincide with
7(xj1), with x; 5, of the form %(1 4+ o(1)). With these premises, the proof follows
exactly the same steps as in Theorem 1, using the MinMax characterization and the

interlacing theorem for Hermitian matrices.
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