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Summary

We consider the B-spline isogeometric analysis approximation of the Lapla-
cian eigenvalue problem —Au = Au over the d-dimensional hypercube (0, 1)¢.
By using tensor-product arguments, we show that the eigenvalue-eigenvector
structure of the resulting discretization matrix is completely determined by the
eigenvalue-eigenvector structure of the matrix LE{’ ! arising from the isogeomet-
ric analysis approximation based on B-splines of degree p of the unidimensional
problem —u” = Au. Here, n is the mesh fineness parameter, and the size of LEf’]
is N(n,p) = n + p — 2. In previous works, it was established that the normal-
ized sequence {n‘zLEf’ I enjoys an asymptotic spectral distribution described by
a function e,(0), the so-called spectral symbol. The contributions of this paper
can be summarized as follows:

1. We prove several important analytic properties of the spectral symbol e, (6).
In particular, we show that e, (6) is monotone increasing on [0, z] for all
p > 1and thate,(6) — 62 uniformly on [0, 7] as p — co.

2. Forp = 1and p = 2, we show that L,[f] belongs to a matrix algebra associ-
ated with a fast unitary sine transform, and we compute eigenvalues and
eigenvectors of L',f’]. In both cases, the eigenvalues are given by e,(6;,,),
Jj=1,..,n+p - 2,whereb;, = jz/n.

3. For p > 3, we provide numerical evidence of a precise asymptotic expan-
sion for the eigenvalues of n‘zLEf’], excluding the largest ng”t =p—2+
mod( p, 2) eigenvalues (the so-called outliers). More precisely, we numerical-
ly show that for every p > 3, every integer a > 0, every n, and every j =
1, ... ,N(n,p) - ng“t,

o
A (n_zL,[f]> = ep(0pn) + 3P0 )H* + E!

Jj.na’
k=1

where

« the eigenvalues of n‘zL[,f’] are arranged in ascending order, /ll(n‘zLLp')
< oo € Appoa(n2LPY;
. {cl[f] }i=12. .. is a sequence of functions from [0, 7] to R, which depends

only on p;
e h=1/nand¥;, = jrhforj =1, ... ,n;and
. Eﬁ.pr]w = O(h**!) is the remainder, which satisfies |E£f’,]l,a| < CPlpett for

some constant Cf,p I depending only on a and p.
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We also provide a proof of this expansion fora« = Oandj = 1, ... ,N(n,p) —
(4p — 2), where 4p — 2 represents a theoretical estimate of the number of

outliers ng‘“.

4. We show through numerical experiments that, for p > 3 and k > 1, there
exists a point 8(p, k) € (0, z) such that c}j’l(e) vanishes on [0, 8( p, k)]. More-
over, as it is suggested by the numerics of this paper, the infimum of 6(p, k)
overall k > 1, say y,, is strictly positive, and the equation 4 j(n‘zLE’]) =
e,(0; ) holds numerically whenever 6;,, < 6(p), where 6(p) is a point in
(0,y,] which grows with p.

5. For p > 3, based on the asymptotic expansion in the above item 3, we pro-
pose a parallel interpolation-extrapolation algorithm for computing the
eigenvalues of L,[f], excluding the n)™" outliers. The performance of the
algorithm is illustrated through numerical experiments. Note that, by
the previous item 4, the algorithm is actually not necessary for computing the
eigenvalues corresponding to points ;, < 6(p).

KEYWORDS
eigenvalues and eigenvectors, isogeometric analysis and B-splines, Laplacian eigenvalue problem,
mass and stiffness matrices, polynomial interpolation and extrapolation, spectral symbol and

asymptotic eigenvalue expansion

1 | INTRODUCTION

Isogeometric analysis (IgA) is a modern paradigm for analyzing problems governed by partial differential
equations (PDEs); see the work of Cottrell et al.! Due to its capability to enhance the connection between numerical sim-
ulation and computer-aided design (CAD) systems, IgA is gaining more and more attention over time. In particular, the
spectral investigation of matrices arising from the IgA discretization of PDEs has become a topic of interest in the scien-
tific community, mainly due to the superiority of IgA over the classical finite element analysis (FEA) in approximating
the spectrum of the underlying differential operator.2-® It is also worth recalling that recent spectral distribution results
for IgA discretization matrices’~!3 turned out to be the keystone for designing fast IgA solvers.!416

In the present paper, motivated by the aforesaid interest, we perform a detailed spectral analysis of the matrices arising
from the B-spline IgA discretization of the Laplacian eigenproblem —Au = Au. Our main results, which will be detailed
in Section 1.2, complement those of other works’!* and deliver a fast (parallel) interpolation-extrapolation algorithm for
computing the eigenvalues of the considered IgA matrices.

1.1 | Problem setting

Consider the one-dimensional Laplacian eigenvalue problem

{—u”(x) = u®x), xe,1),

u(0) = u(l) = 0. W

The corresponding weak formulation reads as follows: Find eigenvalues A € R* and eigenfunctions u € Hé(O, 1) such
that, for allv € H;(0, 1),

a(u,v) = A(u,v),
where

1 1
a(u,v) = / u oV (x)dx,  (u,v) = / u()v(x)dx.
0 0
In Galerkin's method, we choose a finite-dimensional vector space % C Hé(O, 1), we set N = dim 7', and we look for

approximations of the exact eigenpairs

A =j*m%, u(x) =sin(jzx), j>1, )
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by solving the following Galerkin problem: Find 4,5 € R* andu;o € #" ,forj = 1, ... ,N, such that, forallve 7,
ajz ,v) = Ay Wi, V). (3)

Assuming the numerical eigenvalues 4; 4  are arranged in ascending order, the pair (4,9 , u; 9 ) is taken as an approx-

imation of the pair (4;,u;) forallj = 1, ... ,N. The numbers 4;4 /4; — 1, j =1, ... ,N, are referred to as the (relative)
eigenvalue errors. If {¢;, ... , @y} is a basis of 7, in view of the canonical identification between each v € %" and its
coefficient vector with respect to {¢,, ... , @y}, solving the Galerkin problem (3) is equivalent to solving the generalized
eigenvalue problem
Kujg = Ajor Mu; o, 4)
where u; 5 is the coefficient vector of u; 5 with respect to {¢, ... , @y} and
1 N
K =[alg; o)., = [ / ¢}(X)¢§(X)dX] , (5)
0 i,j=1
1 N
M =[(;, o1, = [ / <pj(x)coi(X)dX] - (6)
0 i,j=1
The matrices K and M are referred to as the stiffness matrix and the mass matrix, respectively. Both K and M are always
symmetric positive definite, regardless of the chosen basis functions ¢, ... , py. Moreover, it is clear from (4) that the
numerical eigenvalues Aj,7",j = 1, ... , N, are just the eigenvalues of the matrix
L=M'K. 7
Now, for p,n > 1let
Ni’[p], i=1, ... ,n+p, (8)
be the B-splines of degree p > 1 and smoothness CP~!(R) defined over the knot sequence
0,...012 . n=1, 1
—— nn n — —
p+1 p+1

The B-splines (8) form a basis for the spline space

n’n

Vnip) = {VEC‘H[OJ] oY [22) eP,fori=0, ...,n—l},

where P, is the space of polynomials of degree at most p. Except for the first and the last one, all the other B-splines vanish
on the boundary of [0, 1]. In particular, the B-splines

Ni+1,[p], i=1, ...,I’l+p—2, (9)

form a basis for the space
Wn,[p] = {V S %n,[p] :v(0)=v(1) = 0} .
We refer the reader to Figure 1 for the graphs of the B-splines (8) corresponding to the degree p = 3. For more on B-splines,
including the precise definition of the functions (8), see the works of de Boor!” and Schumaker.!8
In the IgA approximation of (1) based on uniform B-splines of degree p > 1, we look for approximations of the exact
eigenpairs (2) by using the Galerkin method described above, in which the basis functions ¢, ... , @y are chosen as the

1 T T T T T T T T T
0.8
0.6
0.4

0.2

0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIGURE 1 Cubic B-splines {Ny 3}, ... , N, 433} for the knot sequence {0,0,0,0, i %, e "74, 1,1,1,1} (n = 10)
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B-splines Ny [p|, ... , Nu4+p—1,p), and consequently, the vector space 7" is equal to %', ;. The resulting stiffness and mass
matrices (5)-(6) are given by
1 n+p—2
K}lPJ = [/ NJ’.H![p](x)Ni’H’[p](x)dx] , (10)
0 ij=1
1 n+p-2
MY = [ / N,»H,[p](x)Nm,[p](x)dx] : 11)
0 i,j=1
and the numerical eigenvalues Aﬁ”’i, Jj =1, ....,n+p—2,are the eigenvalues of the matrix
-1
L = (M,[f]> K. 12)

For more details on IgA, we refer the reader to the work of Cottrell et al.!
Let ¢, be the B-spline of degree g > 0 corresponding to the knot sequence {0, 1, ... ,q + 1}. The function ¢, is usually
referred to as the cardinal B-spline of degree q and is recursively defined as follows!”:

do(t) = yop®), tER,

+1-—-t¢
bg(b) = éqbq_l(t) + qT¢q_1<t— 1), teR g>1,

where y|o 1) is the characteristic (indicator) function of the interval [0, 1). Let

14
fp 1 [0,7] = R, fp(0) = —¢’2’p+1(p +1)-2 Z ¢’2’p+1(p +1-k)cos(kf), p=>1, (13)
k=1
p
gp - [0,7] = R, 9p(0) = Popr1(p+1) +2 Z ¢2p+1(p + 1 — k) cos(ko), p=0, (14)
k=1
fp(0)
e, : [0,7] = R, ey(0) = g;’(g), p>1 (15)

It was proved in section 3 in the work of Garoni et al.® that*

fp(0) = (2 = 2cos(0))gp-1(0), 0 € [0, r], p>1, (16)
4 p+1
(;) < gp(0) < gp(0) = 1, 6 € [0, 7], p>0, 17)

so in particular, the function e, () is well defined. From the analysis in section 10.7 in the work of Garoni et al.12, we
know that the three sequences of matrices {n‘lK,[f’ ]}n, {nMElP ! b, {n‘zLE’]}n have an asymptotic spectral distribution
(in the Weyl sense) described by the functions f,(0), g,(6), e,(8), respectively; that is, for any sufficiently large n, up to a
small number of outliers, the eigenvalues of n‘lK,[qp ! (respectively, nMLp I, n‘zLEf]) are approximately given by the samples
of fp(Q) (respectively, g,(0), e,(6)) over some uniform grid in [0, z]. This is illustrated in Figure 2 for the matrix n‘zLE’ ! and
forp = 1, ... ,6. Following the terminology in section 3.1 in the work of Garoni et al.,'* we refer to f,(9), g,(9), ey(6)
as the spectral symbols of {n‘lK,[f’ J b {nM,'f’ I s {n‘zL,[f] }n, respectively. For more details on the spectral distribution of
a sequence of matrices, see the work of Garoni et al.!2

1.2 | Contributions of this work

The main contributions of this work can be summarized as follows. Throughout this paper, we will use the notations
np = p—2+mod(p,2) and N(n,p) = n + p — 2.

1. We prove several important analytic properties of the spectral symbol e,(6). In particular, we show that e,(6) is mono-
tone increasing on [0, z] for all p > 1 and that e,(6) — 67 uniformly on [0, 7] as p — 0. Incidentally, we also show that

*Note that in the work of Garoni et al.,’ the function G,p(0) is denoted by h,(6).
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FIGURE 2 Comparison between the eigenvalues of n‘ZLLp] and the graph of e,(9) forn = 50 and p = 1, ... ,6. The eigenvalues of n‘zLZ’]
are sorted in ascending order and are represented by the thick dots placed at the points (0 ,,, 4 j(n‘zLLp])), j=1,...,n—mod(p,2), where
0;n = jz/n. The eigenvalues 4; (n‘zLLp]) forj > n — mod(p, 2) are the so-called outliers and are positioned outside the domain [0, z]

the ratio w,(0) = g,(68)/gp-1(0) satisfies 1/3 < w,(d) < 1forallp > 1and § € [0, z]. The latter result was already
conjectured in the works of Donatelli et al.!*!® on the basis of numerical experiments, and it was therein exploited to
design/analyze fast solvers for IgA discretization matrices.

2. Forp = 1and p = 2, we compute eigenvalues and eigenvectors of LE{’ 1. In both cases, the eigenvalues are given
by ep(0,) forj = 1,...,n + p — 2, where 0;, = jz/n. The exact computation of eigenvalues and eigenvectors

is made possible by the fact that the matrices K,[f I, M,llp | L,'f’J belong to the same matrix algebra, which is the tau
algebra 7,_1(0,0) for p = 1 and the algebra 7,(—1, —1) for p = 2 (we are using the notations from the work of
Bozzo etal.!?). It is worth noting that both these algebras are related to fast unitary sine transforms,'® which implies that
many numerical linear algebra computations involving the matrices K,[lp ],M,[f |, LEf’] (matrix—vector products, solutions
of linear systems, inversions, etc.) are stable and fast.

3. For p > 3, we provide numerical evidence of a precise asymptotic expansion for the eigenvalues of n‘zLEf’ !, Such an
expansion, which obviously begins with the spectral symbol e,(6), is in force for the whole of the spectrum except
for the largest n)™ eigenvalues (the so-called outliers; see Figure 2). To be more precise, we show through numerical
experiments that for every p > 3, every integer « > 0, every n, and every j = 1, ... ,N(n,p) — ng“t = n — mod(p, 2),
we have

A (n_zLEf]> =ep(0;,0) + ch[cp](aj,n)hk + Eﬁl,)jl,a’ (18)
k=1
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where

« the eigenvalues of n‘zLE’] are arranged in ascending order, /Il(n‘ngf’ h<... < /lnﬂ,_z(n‘zLEf]);

. {c][f] }k=12. ... is a sequence of functions from [0, ] to R, which depends only on p;

e h= % and §;, = ’7” =jmhforj =1, ... ,n;and

« E®' = O(he*!) is the remainder (the error), which satisfies the inequality B | < C(Ep The+1 for some constant Cap !

J.n,a Jj.na
depending only on a and p.

We refer the reader to Appendix B for a proof of the expansion (18)fore« = Oandj = 1, ... ,N(n,p) — (4p — 2), where
4p — 2 represents an estimate, solely based on interlacing/rank-correction arguments, of the actual number of out-
liers nlo,ut. We note that (18) is formally the same as the expansions for the eigenvalues of Toeplitz and preconditioned
Toeplitz matrices, which have been conjectured and validated through numerical experiments in other works.?*-?!
In the case of Toeplitz matrices, the eigenvalue expansion has also been proved by Bogoya et al. in a sequence of recent
papers.??2* Furthermore, basic eigenvalue expansions (and related extrapolation techniques) have been used in other
works?>?6 in the context of finite element approximations of differential problems. In the light of these considera-
tions, the expansion (18) is not completely unexpected, because n‘zL,[f] is “almost” a preconditioned Toeplitz matrix
as n=2LP" = (nMPH1(n1KPY), and nM?', n=1K'P! are Toeplitz matrices, up to low rank corrections. To be precise, let
T,»(a) be the Toeplitz matrix of size m generated by the function a € L!( -z, ), that is,

Qo Ay A_p -+- -+ A—(m-1)
a; e :
m a, :
T(a) = [ai—j]i’jzl = a, |
a_i
am—l ...... a2 al ao

where the numbers a; = i /7 a@)e~*?dg, k € Z, are the Fourier coefficients of a. Then,

nKP = Tuepa(f) + Y, 19)
l’lM,If)J = Tnip-2(gp) + S,[f)], (20)
where f), g, are defined in (13)—-(14) and
(R¥) =0, 2p<i<n-p-1 = rank(R¥)<4p-2, @
ij
(SE’]) =0, 2p<Li<n-p-1 = rank(S,[;D])S‘lP_Z; 22)
ij

see section 4.1 in the work of Garoni et al.’

4. We show through numerical experiments that, for p > 3 and k > 1, there exists a point 8(p,k) € (0,x) such
that CE)](G) vanishes over [0, (p, k)]. Moreover, as it is suggested by the numerics of this paper, it is very likely that
yp = infi>16(p,k) > 0 forall p > 3. This is consistent with another crucial numerical observation, namely the fact
that, for all p > 3, the equation 4 j(n‘zLEf’]) = ep(0; ) holds numerically whenever 0;,, < 6(p), with (p) being a point
in (0,y,]. In addition, 6(p) apparently grows with p, that is, the portion of the spectrum of 4; (n‘ZLLp]) which is exactly
described by e,(0), at least from a numerical viewpoint, increases with p.

5. For p > 3, based on the expansion (18) and drawing inspiration from the work of Ekstrém et al.,”” we propose a
parallel interpolation-extrapolation algorithm for computing the eigenvalues of L,[f], excluding the np"* outliers. The
performance of the algorithm is illustrated through numerical experiments. Note that we actually need to compute
only the eigenvalues of LE’] corresponding in the expansion (18) to points 6;,, > 6(p), because whenever 6, < 0(p),
we numerically have 4; (LE{’ = n’e,(0; ) by the previous item 4.

6. We present a detailed extension of the whole analysis to the general d-dimensional setting, in which problem (1) is
replaced by (32). By using tensor-product arguments, we show that the eigenvalue-eigenvector structure of the matrix
arising from the IgA approximation of (32) is completely determined by the eigenvalue-eigenvector structure of the

matrix LEf]. In short, the analysis of LE’ Vis enough to cover also the multidimensional case.
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1.3 | Organization of the paper

The paper is organized as follows. In Section 2, we report the properties of e,(6) (and wy()) that we shall prove in
this paper; for ease of reading, the corresponding technical proofs are deferred to Appendix A. In Section 3, we com-
pute eigenvalues and eigenvectors of the matrix LE’] forp = 1and p = 2. In Section 4, assuming the asymptotic
eigenvalue expansion (18), we present our parallel interpolation-extrapolation algorithm for computing the eigenvalues
of LE{’] for p > 3, excluding the ngm outliers. In Section 5, we provide numerical experiments in support of both the
asymptotic eigenvalue expansion (18) and the properties described in item 4 of Section 1.2. Moreover, we numerically
illustrate the performance of the algorithm presented in Section 4. In Section 6, we extend the whole analysis carried
out in Sections 3-5 to the multidimensional setting by showing appropriate tensor-product arguments that the multidi-
mensional case reduces to the unidimensional case. Finally, in Section 7, we draw conclusions and outline future lines of
research.

2 | PROPERTIES OF THE SPECTRAL SYMBOL e,(0)

The spectral symbol e,(8) enjoys the properties reported in Theorems 1 and 2, whose proofs are collected in Appendix A.
We note that the convergence expressed in Theorem 1 was numerically observed by Ekstrom et al.> and represents a
starting point for the research program outlined in remark 15 in the work of Garoni et al.?

Theorem 1. The function e,(9) converges uniformly to 6* on [0, z] as p — oo.

Theorem 2. The function e,(0) is monotone increasing on [0, z| forall p > 1.

As a by-product of the proofs of Theorems 1 and 2, in Appendix A, we also prove the following result for the function

3(0)
>
@ P=

wp 1 [0,7] = R, wy(0) =

Theorem 3. Forp > 1and 6 € [0, z], we have

<wy(0) < 1. (23)

W | =

Note that the bounds in (23) are sharp. Indeed, w,(0) = 1forallp > 1andw,(x) = 1/3. Theorem 3 provides theoretical
support to the numerically observed p-robustness of the solvers devised by Donatelli et al.!*¢ for IgA linear systems; see,
in particular, section 5.5 in the work of Donatelli et al.'*

3 | EIGENVALUES AND EIGENVECTORS OF LE,p] FOR p=1AND p=2

In this section, we compute the exact spectral decomposition of the matrix LE’] forp = 1andp = 2. Asapreliminary step,
we recall some properties of the matrix algebras 7, (¢, ¢) introduced by Bozzo et al.'’ fore, ¢p € {0,1, —1}. It will turn out
that K,ﬂ”, ML“,LL“ belong to 7,,-1(0,0), and K,[,Z],M,[f], LLZ] belong to 7,,(— 1, — 1), and this will be the key for computing
the eigenvalues and eigenvectors of both LI and L!?',

3.1 | The matrix algebras tp,(c, ¢) for e, ¢ € {0,1,— 1}

Following the work of Bozzo et al.,' forany m > 2and anye,¢ € {0,1, — 1}, we define the tridiagonal matrix

e 1 0 ---0
1 O . .
0o -

Hp(e, ¢) = 0 | = T,,(2cos8)) + cerel + penel,

(e}

[}

_o L
S~
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where e; is the ith vector of the canonical basis of R™. Because H, (¢, ¢) is real and symmetric, it can be decomposed as

Hy(€e, ) = Qu(e, $)Din(e, 9)Qule, d),

where Q,,(¢, ¢) is a real unitary matrix, and D,, (e, ¢) is a real diagonal matrix. The matrix algebra generated by Hy, (¢, ¢)
is denoted by 7,,(€, ¢p) and is given by

Tm(e, d) = {Qm(€, §)DuQm(e, )" : Dy, is a diagonal matrix of size m} .

It turns out that the matrix Q,,(e, ¢) is a fast trigonometric transform such that the matrix-vector product Q,,(e, p)v
can be computed in O(m log m) operations. Moreover, the diagonal entries of the matrix D,,(e, ¢) (i.e., the eigenvalues of
H, (e, ¢)) are equal to the samples of the function 2 cos(#) over a uniform grid in [0, 7].

The cases of interest in this paperaree = ¢ = 0Oande = ¢ = —1.Fore = ¢ = 0, the matrix algebra 7,,(0, 0) is the
so-called tau algebra, which was originally introduced in the work of Bini et al.?° In this case, the sampling grid is

and we have

Dp(0,0) = diag [2005( J7 )]
m

j=1,....m +1
.. m
[ 2 . ijr
0,0) = sin .
On(0:0 m+1[ (m+1>]i'—l
sJ=
Fore = ¢ = -1, the sampling grid is
‘]_n.? .] = 1? ’m7
m

and we have
D,,(-1,-1) = diag [2 cos <]—ﬂ>] ,
j=1,....m m

. . m 1 2’ f P ’
Qn(-1,-1) = \/E [kjsin <M>] k= /\/— i m
" 2m ij=1 1, otherwise.

L=

For more details on the matrix algebras 7,,(¢, ¢), we refer the reader to the work of Bozzo et al.'®

3.2 | Eigenvalues and eigenvectors of L,[f’ "forp=1

In the case p = 1, the stiffness and mass matrices K. and M have size n — 1, and a direct computation shows that

2 -1
. -1 2 -1
n 'K = o = Tyr (f1) = 2Ip1 — Hqa(0,0),
-1 2 -1
-1 2
4 1
14 1
1 2 1
nMLﬂ — 2 = n—1(91) =z, + _Hn—1(07 0),
6 141 3 6
1 4

where I, is the m X m identity matrix, and f;, g are given by (13)-(14) for p = 1, that is,
f1(8) = 2 — 2 cos(0),

2 1
91(9) = g + § COS(@).
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It follows that both KL” and ME] belong to the tau algebra z,,_;(0,0). Moreover, based on the results of Section 3.1,
we have

n KM = 21,1 — Hy-1(0,0) = Q,-1(0,0) < diag [ﬁ <J§>]> Qn-1(0,0)7,

Jj=1,....,n-1

My = 5 o1+ H,,_l(o, 0) = Qn1(0, 0)< diag [91 (jn )]) Qn-1(0,0)".

Jj=1,...,n—1
Given the algebra structure of 7,,_1(0, 0), we obtain
n 2L = (nM) 7 (n7KY) = Qua(0,0) ( diag [el <J: )] ) Qn-1(0.0)",
j=1,....n—-1
where

J1(6) _ 6(1 — cos(8))

al) =) = 2t cos)

as defined by (15) for p = 1. In particular, LI’ belongs to the tau algebra z,_1(0,0) just like K.'! and M, and the
eigenvalues and eigenvectors of LE] are given by

3.3 | Eigenvalues and eigenvectors of L,[f ! for p=2

In the case p = 2, the stiffness and mass matrices K and M'?! have size n, and a direct computation shows that

[ 8 -1 -1
-1 6 —2 -1
-1-2 6 ~2-1
) G W | = Tu() + R,
6 1.2 6 -2 -1
“1-2 6 -1
~1-1 8
[40 25 1 i
25 66 26 1
1 26 66 26 1
M = = = Tu(g) + S,
1 26 66 26 1
1 26 66 25
1 25 40

where f>, g, are given by (13)-(14) for p = 2, that is,

f(0)=1- % cos(f) — % cos(260),

13 1
=_—+= — cos(2
92(0) = + % cos(0) + Ocos( ),
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and R, S are matrices of rank 4 given by

21
1
R =1 ,

6 1

12

—-26 —1

g2 1 -
2~
120 1
-1 -26
We note that both n~'K!* and nM'?' are of the form
b c
c
Ap(a,b,c) = Ty(a + 2bcos(0) + 2ccos(20)) + Ry(b,c), Ru(b,c) = — . (24)
c
cb
Indeed,
_112 1 1
n 1Kr[z] =A, <1,—§,—g> ,
nM? = A, (E, 1_3, L) .
20 60 120

Now, any matrix of the form (24) is a polynomial in H,(— 1, — 1), and precisely,
Apn(a,b,c) = (a =20, + bH,(-1,-1) + cH,(-1, —=1)2.

It follows that A, (a, b, ¢) belongs to the matrix algebra 7,( — 1, — 1). Moreover, based on the results of Section 3.1, we have

a + 2bcos <J—”> + 2ccos <2]—”>]> Qu(-1,-1)7.
n n

In particular, K2 and M'? belong to z,(— 1, — 1) and
)it

nM,! =Qn<—1,—1)< diag [92< ”)]) Qu(-1,-1)T.

Jj=1,....n

An(a,b,c) = Qu(-1,-1) < diag
j=1

RO}

=¥

n 'K = Qn(—l,—1)< diag [h(

Jj=1,....n

s |\.

Given the algebra structure of 7,(— 1, — 1), we obtain
n 2L = (nM,[f])_l (n'KP) = Qu(~1,-1) < diag [ez (%)]) Qu(-1,-1)7,
j=1,....n

where
S2(8)  20(3 — 2 cos(9) — cos(26))

g2(0) 33 +26c0s(0) + cos(26)

as defined by (15) for p = 2. In particular, L'”! belongs to the algebra z,(—1, — 1) just like K'*' and M'?, and the
eigenvalues and eigenvectors of LLZ] are given by

j T
n’e, <J—>, j=1,...,n,
n

2i—1)j " e
\/zkfsin @-viz\|" o _fuNa dfg=n g,
n 2n i1 1, otherwise,

Remark 1. According to a private communication received by the fifth author, Tani proposed a preconditioner based
on the fast sine transform Q,( — 1, — 1) for solving linear systems arising from the IgA discretization of unidimensional

ex(0) =
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differential problems. For the case p = 2, the performance of the preconditioner was extremely good: just one Krylov
iteration. The theoretical explanation of such an excellent behavior lies precisely in the exact spectral decomposi-
tions obtained in this subsection, where it is shown that Q,,(— 1, — 1) diagonalizes simultaneously the three matrices
K2 M2 L2 Note that decompositions of this kind can also be used for accelerating the convergence of the recently
proposed iterative solvers for IgA linear systems, such as multigrid-based and preconditioned Krylov-based methods;
see the works!#163% and the references therein.

Remark 2. The results of Sections 3.2 and 3.3 show that K,[IP ], MLP ],L,[f ] belong to the same matrix algebra for p =1, 2.
Does this property remains true for p > 3? The answer is “no”. Indeed, if KLP ],Mi,p I, LLP ! belong to the same matrix
algebra, then K'*! and M'”' commute. We numerically verified that K'*' and M?' do not commute for p > 3.

4 | ALGORITHM FOR COMPUTING THE EIGENVALUES OF LLP] FOR p>3

Assuming the expansion (18) and drawing inspiration from the work of Ekstrom et al.,?’ in this section, we propose a
parallel interpolation-extrapolation algorithm for computing the eigenvalues of LLP | excluding the ngut outliers. In what
follows, for each positive integer n € N = {1,2,3, ... } and each p > 3, we define nlPl = n — mod( D, 2). Moreover, with
each positive integer n, we associate the step size h = % and the grid points 0;, = jzh,j = 1, ... ,n. For notational
convenience, unless otherwise stated, we will always denote a positive integer and the associated step size in the same
way. For example, if the positive integer is n, the associated step size is h; if the positive integer is n,, the associated step
size is hy; if the positive integer is 7, the associated step size is h; etc. Throughout this section, we make the following
assumptions:

e p>3andn,ng,a € N are fixed parameters.
o« ng =28 pfork =1, ... ,a.
i = 2"‘1]'1 forj =1, ... ,mandk = 1, ... ,a;j;istheindexin {1, ... ,n;} such that §; , = 0; .

A graphical representation of the grids {6y, ...,0n,.n,},k = 1, ... ,a, isreported in Figure 3forn; = 5anda = 4.
For each fixed j; = 1, ... ,n[lp], we apply « times the expansion (18) with n = ny,n,, ... .0 andj = ji,j,, ... 5 Jj,-
Because ), 5, = 0),n, = -+ - = 0, ,, (by definition of j,, ... ,j,), we obtain
lpl  _ lp] [p] 2 [p] [p]
Ejl,nl,O =G (0j1an1)h1 + G (0j1sn1)h1 L N (gjlv'ﬁ)h‘lx + Ejl,nl,a
(pl  _ _.lp] [p] 2 [p] [p]
E; wo=0 (Oj,n)ha + ¢y (0, n)h5 + - -+ ¢y (0,005 + E; na 25)
[p] [p] [p] 2 [p] [p]
E; yo=6 (Oj,n)he + ¢ (), n)hG + -+ ¢y (0),0,)hg + E;
where
[l _ —-27Lp] -
BP o= (mPL) - @), k=1, .0,
and
[p] [Plpa+1 -
E; na S Co b k=1, ..,a (26)
4?)()()()()()()( X X X X X X X X X X X X X X X X X X X X X X X X X X X X
3F x x x X X X X X X X X X X X X 4§
~2
2 - x x x x x L
1r L
0 /5 27 /5 3n/5 4 /5 ™
0

FIGURE 3 Representation of the grids {0y, ..., 04}, k = 1, ... ,a,forn, = 5anda = 4
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Let] Z’gp ](¢9j1 nl[) o ,olp ](0/-1,"1) be the approximations of cgp ](Hjl,nl), .. cP ](Ojl,nl) obtained by removing all the errors
p p : o T .
RS Ej o in (25) and by solving the resulting linear system as follows:
E[P] — ~[P](9 )I’l + E.[P](e )hZ 4 E[P](e_ )ha
Jj1.11,0 Ji-m /11 Jis a Ji:m /7
[pl  _ =[Pl ~[p] ~[p]
E/pn 0~ lp (Gjl’nl )h2 + Czp (Gjl’nl )h% Tt Cap (ef‘lv"l)hgt (27)
E[P] ~[P](9. )h + E[P](e )hZ 4+ E[P](e )ha
Jalg,0 T 1 Jin /T 2 J1 /T a a Ji:n /" a
Note that this way of computing approximations for c[lp I iy )s e s cE,p I ;,.n,) is completely analogous to the Richardson

extrapolation procedure that is employed in the context of Romberg integration to accelerate the convergence of the
trapezoidal rule (see section 3.4 in the work of Stoer et al.3!). In this regard, the asymptotic expansion (18) plays here the
same role as the Euler-Maclaurin summation formula (see section 3.3 in the work of Stoer et al.?!). For more advanced
studies on extrapolation methods, we refer the reader to Brezinski et al.3? The next theorem shows that the approximation
error [c}P (0}, n,) — EP0), )| is O(ZFD).

Theorem 4. There exists a constantA,[,p] depending only on a and p such that, for j; =1, ..., ngp] andk =1, ... ,a,

AP0, ) = BN, n)| < AP RITFL, (28)

Proof. Itis a straightforward adaptation of the proof of theorem 1 in the work of Ekstrom et al.?” O

Now, fixan indexj € {1, ... ,nPl}. To compute an approximation of A j(n‘zLELP D) through the expansion (18), we would
need the value c}cp ](9 ;) foreachk = 1, ... ,a. Of course, c}cp ](9 ;) is not available in practice, but we can approximate it
by interpolating in some way the values Eip ](9 i )1 =1, ... [p ! For example, we may define E[p ](0) as the interpolation

lpl

polynomial of the data (8, n,.&” (0),.n,)). j1 =1, ....n}"",—so that &"(6) is expected to be an approximation of c;"'(6)

over the whole interval [0, z]—and take ?:,[cp ](0 ;,n)asan approx1rnat10n to cgcp ] (0 ). It is known, however, that 1nterpolat10n
over a large number of uniform nodes is not advisable as it may give rise to spurious oscillations (Runge's phenomenon).
It is therefore better to adopt another kind of approximation. An alternative could be the following: We approximate
c}cp 1(6) by the spline function é“’ 1(9) which is linear on each interval [0},.n,- 0} +1.n, ] and takes the value E[‘D ](¢9j1 n,) at o

1M
forallj; =1, .. [p |, This strategy usually removes any spurious oscillation, but it is not accurate. In partlcular it does
not preserve the accuracy of approximation at the nodes 6;, , established in Theorem 4, that is, there is no guarantee
that |cP'(0) — &7'0)] < BP'he™*1 for 0 € [0, 7] or |c“’](9, ) — P00 < BPR for j = 1, ..., nlP!, with B
being a constant depending only on a and p. As proved in Theorem 5, a local approximation strategy that preserves the
accuracy (28), at least if c[P 16) is sufficiently smooth, is the following: Let 60, ... ;6@ **D be ¢ — k + 1 points of

the grid {6y,, ... WP } Wthh are closest to the point 6;,", and let E[p ](0) be the 1nterpolat10n polynomial of the data
(6?(1),2‘:5{‘J lomy), .. (0("’ "“) ¢lp ](9(" k+1)y); then, we approximate c[p ](01 ) by c”:[p ](0, n)- Note that, by selecting a — k + 1

points from {0y ,,, ..., 0,n n, }, we are implicitly assuming that ngp J >a—k+1.
o

Theorem 5. Letp > 3and1 < k < «a, and suppose n[lp] >a—k+1and cl[{p] € Co "0, z]. Forj = 1, ... ,nlPl if

oW, ... .0 *Varea — k + 1 points of {f1n,, ... 0,01, } which are closest to 6;,, and ifél[cp]],(e) is the interpolation
1 5

polynomial of the data (0(1),(":}("](0(1))), oo, (B Ellcp](f)("‘k“))), then

0, — 82 0;)| < B R (29)
for some constant B‘[xp ! depending only on a and p.

Proof. 1tis a straightforward adaptation of the proof of theorem 2 in the work of Ekstrom et al.?’ O

"These @ — k + 1 points are uniquely determined by 6;,, except in the following two cases: (a) 6;,, coincides with a grid point ¢ imsanda — k + 1is

even; (b) 6;,, coincides with the midpoint between two consecutlve grid points 6; , ,8; +1,,and @ — k + 1is odd.
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We are now ready to formulate our algorithm for computing the eigenvalues of LLP | excluding the outliers. Note that
this algorithm is suited for parallel implementation for the same reason why algorithm 1 in the work of Ekstrém et al.?’”
is; see remark 4 in the work of Ekstrom et al.?”

Algorithm 1. Given p > 3 and n,n;,a € Nwith ngp 1> a, we compute the approximations of the eigenvalues A; (L,[f D)

forj =1, ...,nl" as follows.

1 Forji=1, ... ,n[lp], compute Ellp](ﬁjl,nl), ,&E,P](ejl,nl) by solving (27).

2. Forj=1,...,nP

o fork =1, ... ,q,

- determine @ — k + 1 points 0V, ...,0@ D € {0, , ...,0, », } Which are closest to 6 ,;
(e

- compute f:][fj,](e,,n), where El[fj 10) is the interpolation polynomial of the data
1) =[Pl (1) (a—k+1) =[Pl pla—k+1)y .
(60,87 @), ... (6=, ));

« compute 1;(n2Ly") = e(8;.) + Ty 671(6;,00" and Z;(L,) = n2Z;(n L),

3. Return (L (LP), ..., Aun(LP) as an approximation to (A, (L), ..., Aun (L))

Remark 3. Algorithm 1 is specifically designed for computing the eigenvalues of LELP "in the case where n is quite
large. When applying this algorithm, it is implicitly assumed that n; and « are small (much smaller than n), so that
each ny = 2K~1n, is small as well and that the computation of the eigenvalues of LEf; |_which is required in the first
step—can be efficiently performed by any standard eigensolver (e.g., the MATLAB e ig function).

The last theorem of this section provides an estimate for the approximation error made by Algorithm 1.

Theorem 6. Let p > 3, n!P! > n[lp] > a and cl[{p] € C**10, x| fork = 1, ... ,a Let Gy (LI, ..., dun(LPY) be the

approximation of (/ll(LLp T (LLP ) computed by Algorithm 1. Then, there exists a constant D‘[xp ! depending only
on a and p such that, for j = 1, ..., nl?),

3 (L) =) (LLPJ)‘ < D'nhs. (30)

Proof. By (18) and Theorem 5,

‘AJ- <n_2L,[1p]) s <n_2L,[1p]>‘ _

ep(@;0) + D¢l O + D) = ey(600) — D8N0,k
k=1 k=1

J.n.a

a
[p] ~[pl
< ' [P0 - 8201
k=1

h* + |E[.P]

a
< BLPIZh‘f_k+lhk + CLP]ha+1 < DLp]h(fl’l,
k=1

where DI?' = (a + 1) max(B”', CIP!). Multiplying both sides by n?, we get the thesis. O

Note that the error estimate provided by Theorem 6 seems disappointing, due to the presence of the large factor n on
the right-hand side of (30). However, one should take into account that (30) is an absolute error estimate that, moreover,
is uniform in j. Considering that the largest nonoutlier eigenvalue of LLP ! namely A, (LElp h, diverges to co with the same
asymptotic speed as n2, from (30), we obtain the approximate inequality

Antpi (L;p]> — At <L£lp]>

Anlpl <L£,m>

which is a good relative error estimate. We refer the reader to Section 5.2 for several numerical illustrations of the actual
performance of Algorithm 1.

< DP'nih,
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5 | NUMERICAL EXPERIMENTS

In Section 5.1, we implement the program described in items 3 and 4 of Section 1.2. In other words, we validate through
numerical experiments the expansion (18) for p > 3; we numerically show, for p > 3 and k > 1, the existence of a point
0(p, k) € (0, ) such that cl[{p ](0) vanishes over [0, 8(p, k)]; and we provide numerical evidence of the fact that the infimum

¥p = infi>16(p, k) is strictly positive and that the equation 4 j(n‘zLElp ]) = ep(#; ) holds numerically whenever §;,, < 6(p),
with 6(p) being a point in (0, y,]. In Section 5.2, we illustrate the numerical performance of Algorithm 1.

5.1 | Numerical experiments in support of the eigenvalue expansion

Fixp > 3 and a € N. As in Section 4, for every n; € N, we set

ne =2y, k=1, .., a,

jk=2k_lj1, k=1,...,(l, j1=1,...,n1.

In the hypothesis that the expansion (18) holds, we can follow the derivation of Section 4 until Theorem 4 and we conclude
that, foreachk = 1, ... ,eand j; =1, ..., n&p ! the value EI[CP ) j,.n,) computed by solving the linear system (27) converges
to the value cl[{p ](91‘1,'11) as n; — oo with the same asymptotic speed as h‘f‘k“. In other words, in the hypothesis that the

expansion (18) holds, if we plot the values EI[CP ] (0}, n,) versus the points 8; , forj; =1, ..., n&p ], the resulting picture should
converge as n; — oo to the graph of a function from [0, z] to R, which is, by definition, c][(p ](9). The next examples show
that this is in fact the case, thus providing a validation of the expansion (18). The examples also support the following

conjectures:

« The limit function cl[{p ](0) vanishes over an interval [0, 8(p, k)] with 8(p, k) € (0, x);
« yp = infi>10(p, k) > 0;

o A j(n‘zLLp ]) = ey(0, ) numerically whenever ¢;, < 6(p), where 0(p) is a point in (0,y,], which grows with p.
Example 1. Fixp = 3 andleta = 3. In Figure 4, we plot the pairs

(Hjlynl,?:'][:)] (91-13,,1)) y jl = 1, ey n[131 =n; — 1, (31)

for n; = 200,300,400 and k = 1,2,3. We note that, for each fixed k, the graph of the pairs (31) is essentially the
same for all the considered values of n;. In other words, this graph converges to the graph of a function CE](G) as
n; — oo, and the convergence is essentially reached already for n; = 200, at least from the point of view of graphical
visualization. Moreover, the limit function c][f](@) is apparently zero over an interval [0, 6(3, k)], where 6(3, k) € (0, x).
An g-approximation of (3, k) is obtained as the limit of 9,(1‘?(3, k) for n; —» oo, where

1M :

9'(151)(3,16) = rnax{Hj 1<ji1<n -1, ’51[(3](01»1,"1)

< ¢ for all i1<j1},

and ¢ is a fixed threshold. Table 1 shows the values fol) (3,k) computed for k = 1,2,3 and n; = 200, 300,400, 500, 600
with the fixed threshold ¢ = 0.0005. Both Figure 4 and Table 1 suggest that (3, k) grows with k. In particular, we
may expect that

y3 =inf 6(3,k) = 6(3,1) > 0.
k1

In Figure 5, we plot the errors |EE,3r]1,0| = |/1j(n‘2L£l3]) — e3(0; )| versus the points 0;, forj = 1, ... ,nPl = n — 1and
n = 750,1000, 1250, 1500. For the same values of n, in Table 2, we record the first index j such that |Efr]l’0| > 10714
and the corresponding grid point 6;,. From Figure 5 and Table 2, we immediately see that a nontrivial portion of
the spectrum of n‘ZLE] is exactly approximated, at least from a numerical viewpoint, by the spectral symbol e3(0).
Moreover, the points 6; , shown in Table 2 apparently form a monotone increasing sequence; the limit of this sequence
asn — oo, say 6(3) = 0.2576, is a point such that the equation /li(n‘zLE]) = e3(0;,,) holds numerically whenever
0i, < 6(3).1In other words, the ratio 8(3)/x = 0.082 represents the portion of the spectrum of n‘zL,[f] which is exactly
described by e3(#), at least numerically.
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-2.5 . . ) o
0 /4 m/2 3r/4 T
0jy.nn
1k ny = 200 // \\ |
= =n; =300 / \
— w11 = 400 / ‘
£ 0 - - -
2 \- 7
= Vo
ﬂxum -1 |‘ "A
Vg
92l \ [
) ) ) \J
0 /4 m/2 3r/4 T
9.71,711
4 , ' '
= A
g L[=—n1 =200 N
= =n; =300 I
— 2+ ey = 400 ’ ‘ 1
= O1f i
= [
Wg 0 -~ !/ i 7
paca-~-] . I ! 7
O 1tk N || i!‘
-2 v
\i
_3 L § ) \
0 T/4 /2 37/4 -
9]'1yﬂ1

FIGURE4 Example 1, p = 3: graph of the pairs (9jl,n175£(3](9/1,n1 N.j; =1, ...,n — 1,forn; = 200,300,400 and k = 1,2,3

TABLE1 Example 1,p = 3:values 6\ (3.k) for k = 1,2,3and n; = 200,300,400, 500, 600,
computed with the threshold ¢ = 0.0005

m 200 300

400 500 600
© sor JE 1 Wr 7%
03, 1) SZ~13509 13509 o~ 13509 I~ 13446 S 13456
093,2) L ~18064 £ ~18012 22E~1.7986 B 517970 3BT 517959
1 200 300 400 500 600
© L26r 1887 sl W 1L
0n(3,3) S~ 19792 E ~ 19687 T ~19713 I ~1.9666 ok ~1.9740
1073 C T T T — ]
1075+ \\
1077+ .
= 1070} 1
G ; 10—11 i
— 13 —mn =750
107 - - = 10001
10—15 - n = 125014
o EE o n = 1500 |

FIGURE 5 Examplel1,p = 3:errors |EE,]L0| versus 0, forj =

/4 m/2
ajJL

1,...,n — land n = 750,1000, 1250, 1500
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TABLE 2 Example 1, p = 3: first index j such
that |Efi’0| > 107'* and corresponding grid point
Ojn» for n = 750,1000, 1250, 1500

n 750 1000 1250 1500
J 58 80 101 123
Ojn 0.2429 0.2513 0.2538 0.2576
0 - — : .
n1 = 200 . /
\ /
—0.05 }|= = ny =300 N\ i A
ey = 400 \.\ ’.-’
z —01r \ i 1
< \ /
* \ i
—0.2} \
‘-,\ /
—0.25¢ . . AV ]
0 /4 /2 3m/4 ™
ejl,n]
T T "
ny = 200 7\
0.01F|= = 5y =300 AR 1
e = 400 /
—~ l'/‘
g 0 g
<
S5 —0.01F
—0.02}+
0 /4 /2 3m/4 ™
1,
0.01 T T T
71 = 200
0008 _ ) = 300
0.006 L| = m = 400
2 0.004} N
i\
= 0.002+ i
(S} i \-
0 ~ ! \ P
i/ \
—0.002 + Vo
L L L AV
0 /4 /2 3r/4 ™
ejlﬂn

FIGURE 6 Example 2, p = 4: graph of the pairs (67,-‘,,,1,E}:”(Q,l,nl N.j; = 1, ... ,ny, forn; = 200,300,400 and k = 1,2,3

TABLE 3 Example 2, p = 4: values 04, k) for k = 1,2,3and n; = 200, 300,400, 500, 600,
computed with the threshold e = 0.0005

n 200 300 400 500 600
094,1) = n15237 M7 515289 1B 415237 22T 515205 22E 41,5237
1 200 300 400 500 600
© 1290 194r 281 LI LI
004,2) 2Z~20263 20316 B2 520263 220232 B 520263
09@4,3) 7 522777 EE 522724 EE 5002698 32 522745 B 5002724
1 200 300 400 500 600

Example 2. In this example we verbatim repeat for the case p = 4 what we have done in Example 1 for p = 3. For
the sake of brevity, we do not include here any comment and we limit to report the exact analogs of Figure 4, Table 1,
Figure 5, and Table 2 in Figure 6, Table 3, Figure 7, and Table 4, respectively.
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10—3
107°+
1077+

= 107t

E; 10—11 ¢

— 13 —n =750
107 r ---n = 1000]T
10715 L ppasd’ n = 1250|
017 m .......... n = 1500

0 w/4 /2 3m/4 ™
gj,n

FIGURE 7 Example2,p = 4:errors |E§4VJIO| versus 0, forj = 1, ... ,nand n = 750,1000, 1250, 1500

TABLE 4 Example 2, p = 4: first index j such
that |Efrjl,0| > 10~'* and corresponding grid point
0;n, for n = 750, 1000, 1250, 1500

n 750 1000 1250 1500

J 71 97 123 152
0jn 0.2974  0.3047  0.3091 0.3183

I
1
bS]

S

IS
0~ D U W

S

/4 /2 3r/4
Ojn

FIGURE 8 Example 3: errors |E;‘;]’0| versus 0;, forj = 1, ... ,n — mod(p,2)and p = 3, ... ,8,withn = 750

Example 3. A comparison between Table 2 and Table 4 shows that the portion of the spectrum of n‘zLLp ! which is
exactly described by e, (6), at least from a numerical viewpoint, grows from 6(3)/z = 0.082forp = 3to6(4)/z ~ 0.101
for p = 4. Actually, this spectrum portion increases more and more with p, that is, 8(p) grows with p; see Figure 8.

5.2 | Numerical experiments illustrating the performance of Algorithm 1

Example 4. Let p = 3. Suppose we want to approximate the eigenvalues of LE] (excluding the n$" = 2 outliers) for
n = 5000. Let ;lj.m)(L,[f]) be the approximation of 4 j(LE]) obtained by applying Algorithm 1 with n; = 25-2™~! and
a = 4.1In Figure 9, we plot the relative errors

[ (1) - 2 (1)
o ()

versus;,forj = 1, ..., n¥ = n—1andm = 1, ... ,4. We see from the figure that the errors decrease rather quickly
as m increases. A careful consideration of Figure 9 also reveals that, aside from the exceptional minima attained in a

neighborhood of § = 0%, the local minima of 55.33['” are attained when 6, is approximately equal to some of the

[3l.m _
jin

#These minima, as well as the highly oscillatory behavior of the error around # = 0, are probably due to the fact that e;() provides a numerically exact
description of the spectrum of n=2L' around 6 = 0; see also Example 1.
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coarse grid points 6;  , j1 = 1, ..., ny. This is no surprise because for 6;,, = 0, , we have 55}(91,0 =.(0),,) and
cl[f](aj,n) = (:][(3](9141,,,1 ), which means that the error of the approximation E]f}(ﬂj,n) ~ CE](ej,n) reduces to the error of the
approximation (“:,[(3](0 i) R cl[f’](ej

L.n,)> that is, we are not introducing further error due to the interpolation process.

Example 5. Let p = 4. Suppose we want to approximate the eigenvalues of LL‘” (excluding the n$" = 2 outliers) for

n = 5000. Let /Tj.m)(L,[f]) be the approximation of 4 j(LEf]) obtained by applying Algorithm 1 with n; = 10-2™~! and
a = 5. In Figure 10, we plot the relative errors

|25 (L) = A7 (L) |

A (L]

[4l.m _

j:n

versus 0, forj = 1, ... ,n"l = nand m = 1, ... ,4. Considerations analogous to those of Example 4 apply also in
this case.

6 | EXTENSION TO THE MULTIDIMENSIONAL SETTING

We present in this section the extension to the multidimensional setting of the analysis carried out in the previous sections.
In what follows, we will systematically use the multi-index notation and the properties of tensor products as described in
sections 2.1.1 and 2.6.1 in the work of Garoni et al.!1* If w; : D; - C,i = 1, ..., d, are arbitrary functions, we will denote
byw; ®: - -®wg : Dy X--- XDy — C the tensor-product function

d
W @ @W)&r, ....&) = [[wi&). (&, ....é) €Dy XX Dy,
i=1

6.1 | Problem setting

Consider the d-dimensional Laplacian eigenvalue problem

_ — d
{ Aux) = Aux), xe 0,17, 32
ux)=0, xe€a((0,1)?).

The corresponding weak formulation reads as follows: find eigenvalues A € R* and eigenfunctions u € Hé((O, 1)%) such
that, for all v € H}((0, 1)9),
a(u,v) = Au,v),

where
a(u,v) = / Vux) - Vvx)dx, (u,v)= / u(x)v(x)dx.
0,1)¢ 0,1)¢
In the “tensor-product version” of Galerkin's method, we choose d finite-dimensional vector spaces #'1, ..., %# 4 C

H;(0,1) and we set
W=W1® - @Wq= spanw; @ @Wq : W E W1, ...,wqg € W) C Hy ((0,1)%).

Then, we define Ny = dim%'s fors = 1, ... ,dand N = (Ny, ... ,Ny), and we look for approximations of the exact
eigenpairs

d d

h= Yk we =[] sinGimx), j= (i, ... €N, (33)
i=1 i=1

by solving the following Galerkin problem: Find ;9 € R* and ujs € #',forj=1, ... ,N, such that, forallve 7",

a(Ujar V) = Ajor W , V). (34)

If {15, ..., ¢N, 51} isabasisof #'sfors = 1, ... ,d, then

Pi=0im® Q@i i=1,..,N,
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is a basis of 7, and in view of the canonical identification between each v € %" and its coefficient vector with respect to

{®1, -.. , N}, solving the Galerkin problem (34) is equivalent to solving the generalized eigenvalue problem
Kujgr = Ajor Mujgyr, (35)
where u; 9, is the coefficient vector of u;5 with respect to {¢,, ... , on},
N N d r—1 d
K = [a(ej, ¢0)] ;- = [/ Vi(x) - V(pi(x)dx] =) <®M<s>> QKD ® <®M(s)) , (36)
(0,1)¢ ij=1 r=1 \ s=1 s=r+1
N N d
M = [(@j 005, = [ / co,-(x)«p,-(x)dx] = QM", (37)
(0,14 ij=1  s=1
and
1 N
K(S) = [/ ¢;’[S](x)¢;![s](x)dx] ’ §= 13 e ’d9
0 ij=1

1 N;
M® = [/ ¢j,[s](X)<pi,[s](x)dx] . os=1,...d

0

i,j=1

The matrices K and M are, respectively, the stiffness matrix and the mass matrix. Both K and M are always symmetric

positive definite, regardless of the basis functions ¢y, ... , @n. Moreover, it is clear from (35) that the numerical eigenvalues

Ajw ,j =1, ... ,N, are just the eigenvalues of the matrix

d r—1 d
L=M"K=) | Ry, |® M")'K” & | Q)1v, |- (38)
r=1 s=1 s=r+1

In the IgA approximation of (32) based on uniform tensor-product B-splines of degree p = (p;, ... ,py), we look for
approximations of the exact eigenpairs (33) by using the tensor-product version of the Galerkin method described above,
in which the basis functions @, g, ..., @n,[s are chosen as the B-splines Ny, ..., Ny 4p _1p) fors = 1, ... ,d, where
the functions Nj 41p1, is = 1, ... ,ns + pg — 2, are defined in (8) for n = nyand p = p,. Setting n = (ny, ... ,ny), the

resulting stiffness and mass matrices (36)-(37) are given by

d r—1 d
-5 (@) orto( @), )

r=1 s=1 s=r+1
d
[ps]
MP = @M, (40)
s=1
and the numerical eigenvalues AJE‘E, j=1,....,n+ p—2, are the eigenvalues of the matrix
1 d r—1 d
L= (M) kP =Y <®Ins+px_2) ® L) ® <®Ing+ps_2> , (41)
r=1 s=1 s=r+1

where the matrices K.”', M'?! L'P! are defined in (10)~(12) for all p, n > 1.

6.2 | Eigenvalue-eigenvector structure of L,[f ]

We now show that the eigenvalue—eigenvector structure of L[,f’] is determined by the eigenvalue-eigenvector structure of
the matrices LLP ! for D € {p;, .- ,py}.- Itwillimmediately follow that the eigenvalues and eigenvectors of L,[f’ Vare explicitly
known for 1 < p < 2, due to the results of Section 3. Moreover, the parallel interpolation-extrapolation algorithm devised
in Section 4 for computing the eigenvalues of LLP ! also allows the computation of the eigenvalues of LE’].

Forp,n > 1, let

-1
L =viPDP(vil) . Dl = diag 4 (L), (42)
Jj=1,...,n+p-2
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be a spectral decomposition of LElp |, Note that such a decomposition exists because LLP I

similarity equation

is diagonalizable, due to the

1/2 -1/2 -1/2 1/2
[p] [p] [p] [p] [p] [p] [p] [p]
= () ki = ()™ (o) (o) ()

It follows from (42) and the properties of tensor products that

d r—1 d
Lr[f] = 2 <®I”s+l?s—2> 03] L’[ﬁ'] ® <®I"s+Ps_2> s
r=1 s=1

s=r+1
d d -1
r—1 d d
- (&) |2 ®sns ) 002 0 (@t )| (@127) @
s=1 r=1 s=1 s=r+1 s=1
which is a spectral decomposition of L[p] More explicitly, let v[p L ,vzljr]p_“ be the columns of V,[lp ! that is, the

eigenvectors of L7,
L[p] lpl _ =4 (L[m) VP! j=1,..,n+p-2,

j.n j.n’
and let

[p] [ps
/ ng’

s, +p—2. (44)

Then, we can rewrite (43) as
LPlylP! = A (L[P]) Pl i1, ....n+p-2

n J" J"

where

(L“’J) 2,1 (L[P') j=1...n+p-2. (45)

In other words, the eigenvalue-eigenvector pairs of L[,f’ Iare

(% (L["]), vP), j=1..n+p-2

with VJ[‘;] and /lj(LEf’]) defined as in (44) and (45), respectively.

7 | CONCLUSIONS AND PERSPECTIVES

We have considered the B-spline IgA approximation of the d-dimensional Laplacian eigenvalue problem (32). Through
tensor-product arguments, we have shown that the eigenvalue-eigenvector structure of the resulting discretization matrix
L,[f’] is completely determined by the eigenvalue—eigenvector structure of the matrix LLP | arising from the B-spline IgA
approximation of the unidimensional eigenproblem (1). As for the matrix LLP 1 we implemented the program detailed in

items 1 to 5 of Section 1.2. We conclude this work by suggesting a few possible future lines of research:

« Provide a formal proof of the asymptotic eigenvalue expansion (18). Considering that the eigenvalue expansion (18) is
strongly connected with the eigenvalue expansion for preconditioned Toeplitz matrices,?® a proof of the former may
suggest the way to prove the latter and vice versa. Insights on how to perform these proofs might be gained from the
works of Bogoya et al.?>>* where a completely analogous eigenvalue expansion was proved for Toeplitz matrices.

« By the results of Bogoya et al.,?>-2* Toeplitz and preconditioned Toeplitz matrices possess asymptotic eigenvalue expan-
sions completely analogous to (18). The matrices arising from the discretization of a linear PDE by a linear numerical
method—hereinafter referred to as PDE discretization matrices—usually have a Toeplitz or Toeplitz-related structure.
For example, in the case of a constant-coefficient PDE, the matrix structure is often a small perturbation of a pure
Toeplitz structure, whereas in the case of a variable-coefficient PDE, the matrix structure is often a so-called (general-
ized) locally Toeplitz structure!?!33334; see in particular section 7.1 in the work of Garoni et al.!? A natural question
then follows: Do we have asymptotic expansions also for the eigenvalues of PDE discretization matrices? This paper
has provided a positive answer in the case where the PDE is the Laplacian eigenproblem (32) and the numerical
method is the B-spline IgA. It is clear, however, that the previous question opens the doors to a series of possible future
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research works, whose purpose is not only to ascertain the existence of an asymptotic eigenvalue expansion for PDE
discretization matrices but also to exploit this expansion (if any) for computing the eigenvalues themselves through
fast interpolation—extrapolation procedures (such as Algorithm 1).
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APPENDIX A

Proofs of the theorems stated in Section 2

We first recall from section 3 in the work of Garoni et al.” that, for every p > 0and 6 € [0, z],

(0 =Y |0 + 2kn)(2, (A1)

keZ

where gﬁ\p is the Fourier transform of the cardinal B-spline ¢,, whose modulus is given by

~ 2 —2cos(0) \ "'
’¢p(9)'2=(+5()> : (A2)

see the work of Chui.?> The next lemma is fundamental to our purposes.
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Lemmal. Forp > land @ € [0, z], we have

(7]
21 —

gn'(n' - 0)(
Proof. From (16) and (A1)-(A2), we obtain

f»(0) = (2 = 2cos(9))P*! Z 1

keZ

9p(0) = 2 = 2cosO)P Y ——

keZ
By setting

2p+2 7] 2p+2 0 2p
<e0)—0> <4 —9( ) 502 ) .
9) <O =0 <dnx -0\ —5) + <27r+9

(0 + 2km)2p+2

(A3)

1 s +1 | L _r
01 2k~ 2 2eos@)Y lmp +2 O+ zkﬂ)zp] :

k#0

oy +1 [ 1 1
= (2 — 2cos(0))? l92p+2 + I; O 2k”)2p+2] )

rp(0) = 6% ) 1 5o

we see that
ep(0) — 0% =

9@
Furthermore,

1p(0) = 1p1(6) = 6% (Ap,4(0) + Ap(0)) .

where

Aps©) =Y

k>1

A, (0)=)]

k>1

Assume 0 € [0, z]. We observe that

which implies that

KO o _

=8 (0 + 2kn)®

1+ r,(0)
1+ 1,1(0)

) s 270 = 151 (0)

Ad
1+ rp1(0) (A9
(A5)

2
L 0 , (A6)

Qkzx + 6)2p

1-
(kx + 0)?
92

(2kr — 0)%p

_—_— <
Qkz + 02 =

T (2kz — 0)? (A7)

92

1, k>1,

1 < 1

1
ApaO) S G—a + 2

k>2
1

kz + 6)2

+o0
L Ak
/1 (2rx + 0)%

1

= Qr+0)%
1

= +
Q2r + 0)%
Similarly,
Az (r — 0)

27(2p — )2z + 6)2p-1

<2 .
227 + 0)%®

AP,—(G) < (2” _ 9)2p+2

Adr(r — 0)

8x(2x — 0) 1
(4r — 0)%p+2 * 1(23 2kz — 0)%P

= (2r — 0)+2
dn(rw — 0)

872w — 0) / oo dx
+ [ —
(4 — 0)2p+2 > Qrx—6)%

8rQr — 0) 1

= (27[ - 9)2p+2
dn(x — 0)

4z — 022 " 27(2p — 1)(4x — )21
5 1

- Qr- 9)2p+2
where we have exploited the fact that

Adr—0 > 27 +0,

20+ 6’

87 (2w — 0) <
(4r —0)2 —

By combining (A4) and (A5) with the obtained upper bounds for A, , and A, _, we get the upper bound in (A3).
To prove the lower bound in (A3), we use the inequality

1

2p+2
@) <6 <(27r + 0)2p+2

— O2p+2 1

(2 — 0)2p+2

+00
+ / 1 + 1 dx
1 Qrx + 0)P*+2  2rk — 0)%P+2

1 1 1

h <(27r + 0)%p+2 * 2r — 9)%p+2 + 2z(2p + 1)

Q2r + 6)%p+1 * @2 - 9)21’“] ) ’
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Note that
1 1 1 1
+ < +—,
QCr+6)7 QRr-6)7 (Br)e x4
because the function on the left-hand side is monotone increasing for 8 € [0, z]. Therefore, forp > 1,

ONP? [ 1 1 1 1 171 32
¥ 95(—) +1+ [ +1] 5—+1+—[—+1]=—.
p1(0) T 32p+2 2(2p + 1) L32p+1 81 6 L27 27

Moreover, from (A6) and (A7), we deduce that

q=1,

dkr(kr + 0) dkr(kmr — 0) S 4x(z — 0)

Ap,+(9) +APs—(0) = Z (2knm + 0)2r+2 Qkzr — 0)»+2 ~ 2z — 9)2p+2'

k>1

Taking into account (A5), we arrive at

0 — pn1(0) _ 4x(x - 0) ( 0 )21’ 27
1+71p0(0) — Qr—02\2r—-6/ 59
In view of (A4), this immediately gives the lower bound in (A3). O

We are now ready to prove Theorems 1 and 3.

Proof of Theorem 1. From the upper bound in (A3), we have

[ 2p+2 2p
max |ep(9)—92 < max 477(71—0)( 0 ) +592< 0 )]

0€[0,x] 0€(0,7] 2 —0 2n+ 0

By setting z = % € [0,1], we obtain

[ 2p+2 2p
b wn-o{2) s
-2 Z

0€[0,x] z€[0,1]

2p+2 1
< max 57° | [ =2~ 1- 2 )+ =—|.
z€[0.1] 2-z 2—-z 32p

Finally, by setting y = zsz € [0, 1] and observing that

2p+2
max y2p+2(1 _ y) — <1 1 > 1 < 1

yelo1] T 2p+3 2p+3 - 2p+3
we get
max ey(6) - 67| < 57° < LI i) .
0€l0,7] 2p+3 3%
This concludes the proof. O

Proof of Theorem 3. For p = 1, the bounds 1/3 < w,(f) < 1 stated in the theorem hold because we know from
(14) that
2 1
9@ =1, ¢i(0) = 373 cos(6).
In the following, we focus on the case p > 2. From (17), it is clear that the bounds hold for & = 0. From (16) and
(A3), we deduce that, for 8 € (0, =],

< 1 /p® _ 2-2cos(9) gp-1(0) <1+47z(7z—9)< 0 0>2P ( 6 >2P

T 02 g0) 62 00 " @r—02\2z - 27+ 6
4n(n—9)< 0 )4 <1>4 3 5 12
+ +5(=) <1+—+—<=.
Qr—-62\2r-0 3/ = 20 81 nx2
Because 5 5
1<—9% < pe@al
2 —2cos(0) 4
we obtain ©
1< gp-1(0) <3,
gp(0)

which is equivalent to 1/3 < w,(0) < 1. O
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In order to prove Theorem 2, further work is needed. In particular, we shall need to analyze the auxiliary functions

@ 2p+1 ) 2p+1 T
Riy(@) = - . kp>1, [0, —] . A8
kp(®) <k71'+60> <k7r—w> p ®€ 2 (A8)

The next three technical lemmas are devoted to this purpose.
Lemma 2. Forp > 1andk > 2, the function

Rk,p+l(w) - Rk,p(w) (A9)

is nonnegative, monotone increasing, and convex for @ € [0, %].

Proof. Assume w € [0, %]. We have

2p+3 2p+1 2p+1 2p+3
Ripi1(@) — Rip(@) =277 =77 + y 7 = P, k> 1,
where
w w
Vi kr —w k kr +w ( )

It is easy to check that y, is a monotone increasing and convex function of w. Similarly, zx is a monotone increasing
and concave function of w. Moreover,

/ 2 1 3
1 Z_k=<9> Z_k=_<1_k> k> 1 (A11)

e 1+2n" ¥, \n v Yk
and 1 )
0<z <y < <=, k>2. Al2
S S o <3 (A12)

Proving the nonnegativity of the function in (A9) is equivalent to showing that

-0 2 (15

In view of (A11), this is equivalent to

1- yi 1
1-22 = (L+2p0P
Because -
1- zg 210
it suffices to prove that
-y 2

(1 + 2yt
A direct computation shows that the above inequality holds for y, € [0,1/3] (it is enough to verify it forp = 1, as
the right-hand side decreases with p). Taking into account (A12), this proves the nonnegativity of (A9) for k > 2.

We now show that the function (A9) is convex. With some elementary manipulations, we obtain

"
Rk

a1 (@) = R;’ép(w) = Ak + By — C — Dy, (A13)

where
Ac=2""(V) [pep + D~ (p+ D@p+ 307, Be=yPy! [2p+1-(p+3)7).
Ce=22""(2)" [p@p+D - (p+D@p+3)2|, De=2"2 [2p+1-@2p+3)2.
From (A12), it follows that, forp > 1and k > 2,
PP+ —(+DRp+3)x; >0, 2p+1—-(2p+3)x >0, X = yi. %

As a consequence, we have By > 0and Dy < 0 because y;(’ > 0 and zl’{’ < 0. In the following, we show that Ay > C.

Taking into account (A11), this is equivalent to proving that

p(2p+1)—(p+1)(2p+3)yi><Z_k>2p—1 ﬁ 2= .
pCp+ 1) = (p+D2p+3)z — \Jk A (1 +2y)2P+3
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Because
p2p+1)—(p+1)(2p+3)y; PP+ -+ 1+ 3)y;
pCp+D - (p+12p+3)z; pCp+1)

s

it suffices to prove that
_@HD@pEy L 1
pp+1) KT (1 42yt
The above inequality holds for p > 1 and y, € [0,1/3] (it is enough to verify it for p = 1). Recalling (A12), this
shows the convexity of (A9).

Finally, the monotonicity of the function (A9) follows from convexity by observing that the first derivative vanishes
atw = 0. 0

Lemma 3. Forp > 1, the function
Ry pi1(®) — Ry p(@) (Al4)

is nonnegative for € [0, wj] and concave for w € (@}, g], where

T 1
L . Al5
“p 2( 48p—1> (AL5)

Proof. Along the proof, we use the same notation as in the proof of Lemma 2. We first address the nonnegativity. With
the same line of arguments as in the proof of Lemma 2, we deduce that the function in (A14) is nonnegative if

1- 2> _—
M= A 2y

The above inequality holds for p > 1 whenever

OSy1S1—

— =y A16
oap e (Al6)

In view of (A10) and (A15), this is equivalent to 0 < @ < wy.
We now prove concavity. Similar to (A13), we have

R//

1p+1(@) — Ril,p(a)) =A1+B —-C,—D,

where
— 2
A =2y () [pep+ D = (p+D2p + 32|, Bi=y»Py/ [2p+1-(@p+3)y7],
C1=2227(2) [p@p+ D=+ D2p + 32|, Di =272 [2p+1-(Cp+3)7].
Because 0 < 71 < % we have
p2p+1)—(+12p+3)22>0, 2p+1-(2p+3)z2>0.
Moreover, for y; > yip,
p2p+1)—(p+1)(2p+3)y7 <0, 2p+1-(2p+3)y}<0.

Hence,A; < 0and C; > Oforw € [w3, %]. In the following, for w € [}, g], we prove that B; < D or, equivalently,

2p+1-(@p+3)y? - <Z1 >sz§’
2p+1-2p+3)2 ~ \»n v
By (A11), this is equivalent to

2p+3)y;—-2p+1) S 1
2p+1-(2p+3)22 ~ (1+2y)%+
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Because

]

@p+3)y;—-@2p+1) . Qp+3)y;—@2p+1) _ <2p+3y2_ > 1 2p+3y2_
2p+1-Qp+3)2 ~ 2p+1-Q2p+ 12 2p+171 1-22 2p+1°7!
it suffices to prove that, for € [w}, g],

2p+3
d y%—1> 1
2p+1

—_—. Al7
@42y (A1)

Note that the left-hand side in (A17) is monotone increasing, whereas the right-hand side is monotone decreasing.
Thus, the observation that the inequality (A17) holds for y; = y; » and p > 1 concludes the proof. O

Lemmad4. Forp > land w € [0, %], we have

1+(P+1) ) Repr(@) —p ) Rip(@) > 0. (A18)

k>1 k>1

Proof. Assume w € [0, g]. When taking the derivative of Ry,

) _ o \*  knx o \? kn
Rk’p(a)) =@+l [(lm + w) (kz + w)? (kﬂ' - co) (kn — a))z] =0, (A19)

we see that Ry ,() is a monotone decreasing function with Ry ;,(0) = 0. In addition,

Tro(3)=Z

k>1 k>1

(A20)

1 _ 1 _
(k+ 12+ k-1 |
SO

14 Y Ripra(@) > 1+ ; Rep (%) —0. (A21)
>

k>1

In the following, we prove that the sum of the remaining terms in (A18) is nonnegative as well, that is,

b Z [Rk,p+1(w) - Rk,p(a))] > 0.
k>1

From Lemmas 2 and 3, it follows that this is true for w € [0, a);]. Therefore, it remains to show that
«
Sp@) = X, [Rep1(@) = Repl@)] 2 Rip(@) = Ripa(@), o€ |05, 2], (A22)
k>2
To this end, we first deduce from (A20) that
T T
e (£) R (5)] =0

]é 2 2

implying that

T b4 1 1
$(5) =R (5) = Riont (5) = 5m = o 20

Moreover, from (A19), we get

4k 1 1
R Ty _ 2 1= _
kp (2) 2p+1) ” [(2k+ 2~ k- 1)z |°

B
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0.05 T T T

—0.05 8

—0.1F 4

—0.15F 1

—0.2

0 /8 /4 3r/8 /2

FIGURE Al Graphs of S;(w) (black), Ry (@) — Ry (@) (blue), and Ty (w) (red). The value o} is marked with a red dot

which gives$

"gul
/N
ST
S——

|

o (555 3 (5115

< 16(p + 1) 2p +3)k 2p+ Dk ]
32p+2 k>3 (2k + 1)2p+4 (2k — 1)2p+2
16(p + 1) 2p+3 2p+1
320427 § & @k + 1@t T 2k - 1)2p+1]
16(p+1) 12 +°°[ 2p+3 2p+1 ]
— 4= d
3ty 5p 2k + 12083 T (2K — 1)t
_le(p+1) 6 2p+3 2p+1
T 3wtp | 5p [Z(p +1)5+2 | 2p3w ]
p+1

< o, =M

From Lemma 2, it follows that S,(w) is convex on [0, %], S0

Sp(@) > (- %) m, + S, (g) = Ty(). (A23)

The straight line T,(w) vanishes at

N b4 7\ 1 b4 1 1 32p-1 b4 8
-5 5 (- ) - - e
2 2/ m, 2 \3wt1 3w3) py1 2 8l(p+1)
and
o= (1-—16 Yo
2 81(p+1)
From Lemma 3, we know that Ry ,(w) — Ry p41(®) is convex on [w},, —] and hence,
T
Rip(@) = Ripn(@) S Tyl@). o€ [op, 2], (A24)

These functions are illustrated in Figure Al. By combining (A23) and (A24), we get (A22). O

We are now ready to prove Theorem 2.

Proof of Theorem 2. Assume 6 € [0, z]. From lemma A.2 in the work of Donatelli et al.,'6 we know that gI’J(H) <o0d
Moreover, by (16)-(17), we have g,(0), f,(8) > 0 and f,(0) = (2 — 2c0s(6))gp-1(0). Finally, from the lower bound

$The equality holds due to the uniform convergence of the series.
INote that in the work of Donatelli et al.,' the function g,(6) is denoted by h,(6).
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WILEY—stets
in (A3), we deduce that f,(0) > 62g,(0). Therefore,
, F3(@)gp(0) = f(0)g,(0)  f1(0) — 6°g,(6)
e)(6) = 9 >
(900)) 9(8)
2sin(@)gp-1(0) + (2 -2 COS(H))g;_l(Q) — Hzg;,(G)
- 9p(0) '
This means that, in order to prove the monotonicity of e, it suffices to show that
Gp(0) = 25in(0)gp-1(0) + (2 — 2cos(6)) g,_;(0) — 67gj(0) > 0. 0 € [0, x]. (A25)

From (14), it follows that g,(0) = g,(z) =0forp >
inequality in (A25) for 6 € (0, x).
Letw = g e (0, %). From the proof of lemma A.2 in the work of Donatelli et al.,'¢ we know that

. 2p+2
gp(0) = Z <;Hj_(2)7)t> )

keZ

0, so that G,(0) = Gp(x) = Oforp > 1.It remains to prove the

and

9p(0) = (p + 1)(sin(w))**! cos(w) Z [ 1 __ tan(w) ] .
ke

7 L@+ kn)?+2 (o + k)P

Therefore, recalling that 2 — 2 cos(6) = 4(sin(w))? and sin(d) = 2 sin(w) cos(w), with some manipulations we obtain

2p+1 @ 2
Gp(0) = 4(sin(w)) >+ <cos(a))(p+1)2( s [1_< ) ]

w+ kx

o \2
+ sin(w) Z (a)+k o [(p+1)<w+k7z) —p]). (A26)
Considering the positivity of the first sum in (A26), it suffices to show that

4(sin(w))2p+2 2p+1 2
T — <1+,§ (= [("“)(zmaiw) ‘p]

_é (k;zai w)2P+1 [(p+ D(kﬂaia))z —P

)zo0

This inequality follows from (A18).

O
APPENDIX B
Proof of the eigenvalue expansion for a =0
This Appendix is devoted to the proof of the following theorem, that is, the expansion (18) for « = O andj =
.»N(n,p) — (4p - 2).
Theorem 7. Foreveryp > 3, everyn,andeveryj = 1, ... ,N(n,p) — (4p — 2) = n — 3p, we have
A (n—ZLLP]) = ep(0;) +E\2). (B1)

where

« the eigenvalues of n2L?" are arranged in ascending order, A;(n2L'") < ... < /ln+p_2(n‘2L,[1p h;
* ey is the function def ined in (15);
e h= —andej,, =1 —]zhfor] =1,..,nand
|E}ﬁ]’0| < Clrlp for some constant C*P! depending only on p.
Proof. Throughout this proof, we will use the simplified notations N = N(p,n) and p = 4p — 2. Moreover, we will
write VC SP.CN to indicate that V is a vector subspace of CN. If A is an N X N matrix and V C sp,(CN , the symbol A(V)
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will denote the subspace of CV defined as {Ax : x € V}. Note that A(V) has the same dimension as V whenever A is
invertible.

We know from section 3 in the work of Serra-Capizzano3® that

TN(fp) = 7"N(fp) +HN(fp)’ (B2)

Tn(gp) = Tn(gp) + Hn(gp), (B3)

where, for any cosine trigonometric polynomial w(0) = yo + 2 Zizl i cos(k6),

« 7n(y) is the tau matrix of order N generated by y, that is, the matrix in zx5(0, 0) defined as

_ . jr )
n(y) = Qn(0,0) <j=C}}?§NW <N—+ T )) Qn(0,0);

» Hy(y) is the Hankel matrix defined as

[v2 w3 - Yy
Y3 -
Yp
Hn(y) = . (B4)
¥p
. Y3
L Yp Y3 Yy

Considering that (Hy(fp));; = (Hn(gp))y =0for2p <i < N—2p + 1 = n — p — 1, in view of (19)-(22), we have

n KPP = oy(f,) + R, (B5)
nMP = y(gp) + S, (B6)

where the rank corrections R%’] = Hn(fp) + Rl[\f] and Sl[\f] = Hn(gp) + S][\f] satisfy

(R,[f])ij:o, p<i<n-p-1 = fank(@é)])ﬁp’ (B7)
(SL"])U;O, p<ign-p-1 = rank ()< (B8)

Because M'”! is symmetric positive definite and L'” = (MP")-1K!?! is similar to (M'P)=1/2KP\(MP1Y-1/2 by the
minimax principle for the eigenvalues of Hermitian matrices?” we have, for everyj = 1, ... ,N,

~1/2 ~1/2
A (n‘%f”) s <n‘2(M£,P]> kP <M£f’]) )

-1/2 -1/2
- [p] [p] [p]
n2x* (an ) kP (an ) x

= max  min
Ve, CN xevV X*X
dim V=N—j+1 X#0
—2# gL Pl
. ny'K,y
= ma(yéN mm/ —
Vgsp 11\ /2 * M
- e(M v, Y y
dimV=N—j+17 ( n ) ™ n
y#0

y* <n_1Kr[1p]> y
= max  min

vc, C¥  yeU .
dimU=N—j+1 Y#0 y <nM" )y

(B9)

Let F be the subspace of CN generated by the union of the nonzero columns of REIP ! and S‘Lp |, By (B7)~(B8), we have
dimF < p and, consequently, dim F+ > N — p. Moreover, if U is any subspace of CN such that dim U = u, we have
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dim(UNFY) =dim U +dim F+ —dim(U+F*) > u+ (N —p)—N = u—p. Thus,forj = 1, ... ,N — p, from (B5)-(B6)
and (B9), we obtain

y* (TN(fp) + IAQIHPI> y
Aj (n—2L£1P1> < ma()éN minl —
US. UnF alp
dim U=pN—j+1 yey;ér:) YTk (TN(gp) + S, ) y
= max mi m
Ugsp.CN yEUnFl y*TN(gp)y
dimU=N—-j+1 Y#0 .
Y n(/fp)y
max - @ -

min
Wgsp.(CN YEW )’>k TN(gp)y

dim W>N—(j+p)+1 Y70 , ,
N -1/2 -1/2
X (TN(gp)) TN(fp)(TN(gp)) X

IA

= max min
WS, CV  xe(ey(g,)'2(W) X*X
dim W>N—(j+p)+1 X£0
. X'1n(ep)x
= max min —
Ve, CY xeV  X*X
dim V>N—(j+p)+1 X#0
X*tn(ep)X

= max min
Ve, CY xeV  X*X

dim V=N—( j+p)+1 *#0

= Ae(en(ep) = ¢, (%) , (B10)

where the last equality is due to the monotonicity of e, (Theorem 2). Similarly, using again the minimax principle for
Hermitian matrices, forj = p + 1, ... , N, we obtain

-1/2 -1/2
A (n—zLLpJ) =4 <n—2 <MLPJ) K (Mhp]>

I
2
5
=i
o
>

Ve, CV xev X*X
dim V=j x#0
—2# 7L P]
. n K
= ml?:N m 1/2 > [prJl >
Vs p\~ * M
dimszj e( n ) 4 y nY
y#0
y* n—le[IP]>y
= min max

U v (m)y

dimU=j Y#
v (a(m+RP )y

> mi%N max -
g, CY yeUnF " Qlp
dimu=; y#0 Y (TN(gP)+S" )y
. Y n(fp)y
= min max ———
UC,, CN yeUnF* Y*Tn(gp)y
dimU=j Y#0
. Y en(fp)y
> WICHI%N yeW y*7n(gp)
” —I;>> y y N gp y
im W>j-p
-1/2 -1/2
. x*(tn(gp)) Ten(fp) (Tnlgp)) X
= min max
WS, CN xe(ay(g,)/2 (W) X*X
dim W>j—p X#0
) X n(ep)X
= min max —
Ve, CN xev X*X
dimV>j—p x#0
) X Tn(ep)X
= min max
Ve, GV xeV X*X
dimV=j—p x#0

= A (tn(ep)) = € <%> ) (B11)
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Putting together (B10) and (B11), we get

(J—pz —271p) (Jj+pm ,
ep <N—-|-1 S/lj <n Zan>Sep N—+1 . j:p+1,,N—p (B12)
From (B12), we immediately obtain
A‘] (n_zL)[qp]> — ep L < max ep M — ep S s ep M — ep T
N+1 N+1 N+1 N+1 N+1
pr .
< ||e1’3||oo]\/v_|_1 <lepllpzh, i=p+1,....N—p. (B13)

Moreover, since the eigenvalues of n—zLLp I are positive (because of the similarity between LLP I"and the symmetric
positive definite matrix (M,”)~/2KP/(MP')=1/2) and e,(0) = 0 = mingepore,(8) (by (16)-(17)), forj = 1, ... ,p,

we have
—27lpl i . —27lpl j
A (n & ) —ep (1\#1)’ if 4; (n 2Lk > —ep(l\;—ﬂ> >0,

_ jr
4 (n ZLLP])_ep <N+1) x (p] :
ep (’—) — A (n‘anp ) , otherwise,

N+1

/1p+1<n‘2L£lp]> - ep<]\f—:1> , if Aj<n‘2L£lp]> - ep<]\f—:1> >0,

ep (1\;_:1) , otherwise,
) Pﬁ&w%?>—%ﬁﬁ%)+q<%%ﬁ—%@§ﬁ,ﬁ@@r%?>—%G%)zQ
<4

ep (1\%) — ep(0), otherwise,

: —27lp] j
< [ Nepllcpmh + liclph, if (n21") - e (35 ) 20,
llep lloph, otherwise,
< 2||el’,||°opn'h. (B14)
Combining (B13) and (B14), we obtain
A(n*ﬁm>—e Jr_ <2|é&|| pzh, j=1,....,N-p. (B15)

J n P N+1 = Pllco

To conclude the proof, we note that the step sizes h = % and H = NLH are such that

N+1l-n_  p-1 p

0<h-H= = <=, (B16)
n(N +1) nn+p-1) n?
and consequently, the grid points #;,, = jzh and ©;, = jzH satisfy
0<%ﬁ—Qm<%? i=1..,n (B17)

Thus, the inequality (B15) yields the thesis (B1) with

[p]
|Ej,n,0

=P&wﬁ$)—m@@ +ep(®;.) — ep(8;.0)]

s%(m%?)—%@m)

<2|lep|| prh + ||ep|| prh = CP'h,  j=1,....N—p,
where CIP! = (2p + p)z|le) || co- O
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